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Fo r a b r id g e le s s c o n n e c t e d g r a p h G, le t D ( G) b e t h e fa m ily o f s t r o n g o r ie n t a t io n s
o f G, a n d d e fi n e t h e o r ie n t a t io n n u m b e r o f G t o b e
−→
d ( G) = m in {d ( D ) |D ∈ D ( G) },
wh e r e d( D ) is t h e d ia m e t e r o f D. A n o r ie n t a t io n o f G is s a id t o b e o p t im a l if
d( D ) =
−→
d ( G) . In t h is t h e s is , we fi r s t e va lu a t e t h e o r ie n t a t io n n u m b e r o f, a n d
p r o vid e o p t im a l o r ie n t a t io n s fo r t h e fo llo win g g r a p h s :
( i) jo in o f Kr, Op a n d Oq;
( ii) c yc le ve r t e x m u lt ip lic a t io n s ;
( iii) g r a p h o b t a in e d wh e n p e d g e s a r e a d d e d b e t we e n Kp a n d Cp in t h e fo r m o f a
p e r fe c t m a t c h in g .
W e n e xt in t r o d u c e a n e w d ir e c t io n in t h e s t u d y o n t h e o r ie n t a t io n n u m b e r o f a
g r a p h . In t h is n e w d ir e c t io n , o u r g e n e r a l p r o b le m is : g ive n a fa m ily o f n d is jo in t
g r a p h s , we c o n s id e r a fa m ily o f b r id g e le s s g r a p h s G k o b t a in e d wh e n a s e t o f k e d g e s
a r e a d d e d t o lin k t h e g ive n g r a p h s a r b it r a r ily. W e a t t e m p t t o
( i) id e n t ify a g r a p h G ∈G k s u c h t h a t
−→
d ( G) ≤
−→
d ( G′ ) fo r a ll G′ ∈G k;
( ii) p r o vid e a n o r ie n t a t io n fo r s u c h a g r a p h G wit h d ia m e t e r
−→
d ( G) .
Fo r e a c h k ≥ n, d e fi n e
−→
d ( k ) = m in {
−→
d ( G) |G ∈G k}. It is c le a r t h a t
−→
d ( k ) is a
d e c r e a s in g fu n c t io n o f k. W e will d is c u s s t h e p r o b le m o f fi n d in g t h e s m a lle s t va lu e
o f k, s a y k∗, s u c h t h a t
−→
d ( k∗ ) ≤ m fo r s o m e p r e -s p e c ifi e d va lu e o f m. Th e qu a n t it y
k∗ t e lls u s t h e m in im u m n u m b e r o f e d g e s t h a t a r e n e e d e d t o b e a d d e d s o t h a t t h e
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fa m ily G ∗k c o n t a in s a t le a s t o n e g r a p h wh o s e o r ie n t a t io n n u m b e r is le s s t h a n o r
e qu a l t o m.
In t h is t h e s is , we will b e d is c u s s in g t h is n e w d ir e c t io n fo r t h e fo llo win g :
( i) a d d in g e xa c t ly p e d g e s b e t we e n Kp a n d Cp;
( ii) a d d in g 2 e d g e s b e t we e n 2 a r b it r a r y g r a p h s G1 a n d G2 wit h o r ie n t a t io n n u m -
b e r s d1 a n d d2 r e s p e c t ive ly;
( iii) a d d in g n e d g e s b e t we e n n c yc le s , wh e r e n ≥ 2 ;
( iv) a d d in g e d g e s b e t we e n Kp a n d Kq;
( v) a d d in g e d g e s a m o n g Kp, Kq a n d Kr;
( vi) a d d in g e d g e s b e t we e n Kp a n d Oq.
Th e s t u d y o f o r ie n t a t io n n u m b e r s a n d o p t im a l o r ie n t a t io n s o f g r a p h s h a ve a p p li-
c a t io n s in t h e d e s ig n o f o n e -wa y s t r e e t s ys t e m s a n d s o lvin g a va r ia n t o f t h e Go s s ip




L e t G b e a c o n n e c t e d g r a p h wit h ve r t e x s e t V ( G) a n d e d g e s e t E ( G) . Fo r v ∈
V ( G) , t h e eccentricity e( v ) o f v is d e fi n e d a s e( v ) = m a x{d ( v, x) |x ∈ V ( G) }, wh e r e
d( v, x ) is t h e d is t a n c e fr o m v t o x. Th e diameter o f G, d e n o t e d b y d ( G) , is d e fi n e d
a s d ( G) = m a x{e ( v ) |v ∈ V ( G) }. L e t D b e a s t r o n g ly c o n n e c t e d d ig r a p h wit h
ve r t e x s e t V ( D ) a n d a r c s e t E ( D ) . Th e n o t io n s e( v ) , d( v, x ) , wh e r e v, x ∈ V ( D ) ,
a n d d ( D ) a r e s im ila r ly d e fi n e d .
A n orientation o f a g r a p h G is a d ig r a p h o b t a in e d fr o m G b y a s s ig n in g t o e a c h
e d g e in G a d ir e c t io n . A n o r ie n t a t io n D o f G is strong if e ve r y t wo ve r t ic e s in D a r e
m u t u a lly r e a c h a b le in D. L e t D ( G) d e n o t e t h e fa m ily o f a ll s t r o n g o r ie n t a t io n s o f
G. A n e d g e e in a c o n n e c t e d g r a p h G is a bridge if G− e is d is c o n n e c t e d . R o b b in s ’
o n e -wa y s t r e e t t h e o r e m [3 5 ] s t a t e s t h a t
‘A c o n n e c t e d g r a p h G a d m it s a s t r o n g o r ie n t a t io n if a n d o n ly if G h a s n o b r id g e s .’
E ffi c ie n t a lg o r it h m s fo r fi n d in g a s t r o n g o r ie n t a t io n fo r a b r id g e le s s c o n n e c t e d
g r a p h c a n b e fo u n d in R o b e r t s [3 6 ], B o e s c h a n d Tin d e ll [3 ] a n d Ch u n g e t a l. [5 ].
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B o e s c h a n d Tin d e ll [3 ] e xt e n d e d R o b b in s ’ r e s u lt t o m ixe d g r a p h s wh e r e e d g e s c o u ld
b e d ir e c t e d o r u n d ir e c t e d . Ch u n g e t a l. [5 ] p r o vid e d a lin e a r -t im e a lg o r it h m fo r
t e s t in g wh e t h e r a m ixe d g r a p h h a s a s t r o n g o r ie n t a t io n a n d fi n d in g o n e if it d o e s .
A s a n o t h e r wa y o f e xt e n d in g R o b b in s ’ t h e o r e m , B o e s c h a n d Tin d e ll [3 ] s u g g e s t e d
t h e s t u d y o f t h e n o t io n ρ( G) o f a b r id g e le s s c o n n e c t e d g r a p h G d e fi n e d b y
ρ ( G) = m in {d( D ) |D ∈ D ( G) } − d( G) .
Th e fi r s t t e r m o n t h e r ig h t o f t h e a b o ve e qu a lit y is e s s e n t ia l. L e t u s wr it e
−→
d ( G) = m in {d ( D ) |D ∈ D ( G) }
a n d c a ll
−→
d ( G) t h e orientation number o f G. Th e p r o b le m o f e va lu a t in g
−→
d ( G) fo r
a n a r b it r a r y c o n n e c t e d g r a p h G is ve r y d iffi c u lt . A s a m a t t e r o f fa c t , Ch v´a t a l a n d
Th o m a s s e n [6 ] s h o we d e a r lie r t h a t t h e p r o b le m o f d e c id in g wh e t h e r a g r a p h a d m it s
a n o r ie n t a t io n o f d ia m e t e r t wo is N P -h a r d .
Applications
Or ie n t a t io n s t h a t m in im iz e t h e d ia m e t e r h a ve s e ve r a l a p p lic a t io n s . R o b b in s
[3 5 ] c o n s id e r e d a s m a ll t o wn ’s t r a ffi c s ys t e m wh e r e it s t wo -wa y s t r e e t s ys t e m c a n
b e r e p r e s e n t e d b y a g r a p h G in t h e fo llo win g wa y:
( i) s t r e e t in t e r s e c t io n s a r e r e p r e s e n t e d b y t h e ve r t e x s e t o f G;
( ii) if it is p o s s ib le t o t r a ve l b e t we e n t wo in t e r s e c t io n s wit h o u t h a vin g t o p a s s
t h r o u g h a t h ir d in t e r s e c t io n , we jo in t h e t wo ve r t ic e s r e p r e s e n t in g t h e t wo
in t e r s e c t io n s wit h a n e d g e .
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Fig u r e 1 .1 s h o ws h o w a s im p le s t r e e t s ys t e m , wh e r e e a c h in t e r s e c t io n is m a r ke d
wit h a ‘J’, c a n b e r e p r e s e n t e d b y a g r a p h G wit h e d g e a n d ve r t e x s e t a s d e fi n e d
a b o ve .
Fig u r e 1 .1
On c e r t a in d a ys , s u c h a s we e ke n d s , p u b lic h o lid a ys o r wh e n t h e t o wn is h o s t in g
a m a jo r c a r n iva l, it m ig h t b e d e s ir a b le t o c o n ve r t t h e t wo -wa y t r a ffi c s ys t e m in t o a
o n e -wa y s ys t e m in o r d e r t o r e g u la t e t r a ffi c fl o w. Th is g ive s r is e t o fi n d in g a s t r o n g
o r ie n t a t io n F fo r t h e g r a p h G. Give n t h e fa m ily D ( G) , wh ic h o r ie n t a t io n F ∈D ( G)
is ‘o p t im a l’ ? Op t im a lit y o f F m a y t a ke d iffe r e n t fo r m s . R o b e r t s [3 6 , 3 7 ], Ch v´a t a l
a n d Th o m a s s e n [6 ] a n d R o b e r t s a n d X u [3 8 -4 1 ] d is c u s s e d 3 fu n c t io n s wh ic h c o u ld
b e m in im iz e d :
( i) D ( F ) = m a x{d ( u, v ) |u, v ∈ V ( F ) };
( ii) L( F ) =
∑
u∈V (F ) m a x{d( u, x ) |x ∈ V ( F ) };
( iii) A( F ) =
∑
u,v∈V (F ) d( u, v ) .
E va lu a t in g
−→
d ( G) fo r G is in fa c t m in im iz in g t h e fi r s t fu n c t io n D ( F ) . In m o s t
3
c a s e s , it is n o t p o s s ib le t o m in im iz e a ll 3 fu n c t io n s a t t h e s a m e t im e . Th u s , o r ie n -
t a t io n s m in im iz in g t h e d ia m e t e r p r o vid e o n e wa y o f o p t im iz in g t h e o n e -wa y s t r e e t
s ys t e m . R o b e r t s a n d X u [3 8 -4 1 ] a n d in d e p e n d e n t ly, K o h a n d Ta n [1 4 ], in ve s t i-
g a t e d g r id g r a p h s wit h r e s p e c t t o t h e fi r s t t wo fu n c t io n s wh ile K o h a n d Ta y [1 7 ]
c o n s id e r e d a n n u la r g r a p h s ( s e e a ls o [2 ]) , wit h c ir c u la r b e lt wa ys a n d s p o ke s h e a d in g
o u t wa r d fr o m t h e c e n t e r wit h r e s p e c t t o t h e fi r s t fu n c t io n . Fo r t h is t h e s is , we will
b e lo o kin g a t o p t im a lit y in t e r m s o f m in im iz in g t h e fi r s t fu n c t io n . Mo r e p r e c is e ly,
g ive n a b r id g e le s s c o n n e c t e d g r a p h G, a n o r ie n t a t io n D o f G is s a id t o b e optimal
if d( D ) =
−→
d ( G) .
Op t im a l o r ie n t a t io n s m in im iz in g t h e d ia m e t e r c a n a ls o b e u s e d t o s o lve a va r ia n t
o f t h e Go s s ip P r o b le m o n a g r a p h G. Th e Go s s ip P r o b le m a t t r ib u t e d t o B o yd b y
H a jn a l e t a l. [1 2 ] is s t a t e d a s fo llo ws :
‘Th e r e a r e n la d ie s , a n d e a c h o n e o f t h e m kn o ws a n it e m o f s c a n d a l wh ic h
is n o t kn o wn t o a n y o f t h e o t h e r s . Th e y c o m m u n ic a t e b y t e le p h o n e , a n d
wh e n e ve r t wo la d ie s m a ke a c a ll, t h e y p a s s o n t o e a c h o t h e r , a s m u c h s c a n d a l
a s t h e y kn o w a t t h a t t im e . H o w m a n y c a lls a r e n e e d e d b e fo r e a ll la d ie s kn o w
a ll t h e s c a n d a l?’
Th is p r o b le m h a s b e e n t h e s o u r c e o f m a n y p a p e r s t h a t h a ve s t u d ie d t h e s p r e a d
o f in fo r m a t io n b y t e le p h o n e c a lls , c o n fe r e n c e c a lls , le t t e r s a n d c o m p u t e r n e t wo r ks .
Th e va r ia n t o f t h e p r o b le m t h a t le n d s it s e lf we ll t o o u r a r e a o f s t u d y is t h e half-
duplex model wh e r e a ll p o in t s s im u lt a n e o u s ly b r o a d c a s t it e m s t o a ll o t h e r p o in t s
in s u c h a wa y t h a t it e m s a r e c o m b in e d a t n o c o s t a n d a ll lin ks a r e s im u lt a n e o u s ly
u s e d b u t in o n ly o n e d ir e c t io n a t a t im e . In t h is p r o b le m , Fr a ig n ia u d a n d L a z a r d
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[7 ] s h o we d t h a t t h e t im e t a ke n fo r t h e g o s s ip t o b e c o m p le t e d is b o u n d e d b e lo w b y
d( G) a n d a b o ve b y m in { 2 d ( G) ,
−→
d ( G) }. S o m e o f t h e c la s s e s o f g r a p h s c o n s id e r e d in
[7 ] we r e c o m p le t e g r a p h s , c yc le s , c a r t e s ia n p r o d u c t o f c yc le s a n d c a r t e s ia n p r o d u c t
o f p a t h s . Ot h e r c la s s e s o f g r a p h s o f in t e r e s t in t h e a r e a o f c o m m u n ic a t io n n e t wo r ks
s u c h a s t h e h yp e r c u b e g r a p h s a n d t h e d e B r u ijn g r a p h s we r e a ls o d is c u s s e d .
A new dir ection
Th e n o t io n o f o r ie n t a t io n n u m b e r s h a s b e e n s t u d ie d fo r va r io u s c la s s e s o f g r a p h s
in c lu d in g c o m p le t e g r a p h s [3 2 , 3 , 2 9 ], c o m p le t e m u lt ip a r t it e g r a p h s [3 3 , 1 0 , 1 1 , 5 ],
c a r t e s ia n p r o d u c t s o f g r a p h s [1 3 , 7 -2 4 , 2 7 , 3 3 , 3 8 -4 1 , 4 2 ] a n d G-ve r t e x m u lt ip lic a -
t io n s o f g r a p h s [2 5 ]. W e p r e s e n t s e ve r a l r e s u lt s t h a t a r e r e le va n t t o t h is t h e s is . Th e
fi r s t r e s u lt , o n c o m p le t e g r a p h s , wa s o b t a in e d b y P le s n ik [3 2 ], a n d in d e p e n d e n t ly
b y B o e s c h a n d Tin d e ll [3 ], a n d Ma u r e r [2 9 ].
T heor em 1.1 Fo r n ≥ 3 , le t Kn b e a c o m p le t e g r a p h o f o r d e r n. Th e n
−→
d ( Kn ) =


2 if n = 4 ;
3 if n = 4 .
S o lt ´ e s [4 2 ] wa s t h e fi r s t t o o b t a in a c o m p r e h e n s ive r e s u lt o n c o m p le t e b ip a r t it e
g r a p h s . In d e p e n d e n t ly, Gu t in [9 ] a ls o p r o ve d t h e r e s u lt b y m a kin g u s e o f a r e s u lt in
c o m b in a t o r ic s , n a m e ly, S p e r n e r ’s L e m m a . W e d e la y t h e s t a t e m e n t o f t h is le m m a
u n t il S e c t io n 2 .1 , wh e r e a b r ie f s u r ve y o f e xis t in g r e s u lt s o n c o m p le t e b ip a r t it e a n d
c o m p le t e n-p a r t it e g r a p h s will b e p r e s e n t e d .
Fo r c a r t e s ia n p r o d u c t s o f g r a p h s , we p r e s e n t t h r e e r e s u lt s b e lo w, t h e fi r s t t wo
o b t a in e d b y K o h a n d Ta y ( [1 9 ], [1 7 ]) wh ile t h e t h ir d b y K o h a n d L e e [1 3 ].
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T heor em 1.4 Fo r m ≥ 2 a n d n ≥ 2 ,
−→
d ( Km × Pn ) =


n+ 2 if ( m,n ) ∈ { ( 2 , 3 ) , ( 2 , 5 ) , ( 3 , 2 ) };
n+ 1 o t h e r wis e .
T heor em 1.5 Fo r n ≥ 2 a n d k ≥ 2 ,
−→
d ( C2n × Pk ) =


n+ 2 if k = 2 a n d n ≡ 1 m o d 2 ;
n+ 3 if k = 2 a n d n ≡ 0 m o d 2 ;
n+ 3 if k = 3 ;
n+ k − 1 ifk ≥ 4 .
T heor em 1.6
−→
d ( C2n+1 × Pk ) =


n+ k if n ≥ 4 , k ≥ 4 ;
n+ k + 1 if n ≥ 6 , k = 3 ;
n+ k + 2 if n ≥ 4 , k = 2 .
Fo r a c o m p r e h e n s ive s u r ve y o n t h e e xis t in g r e s u lt s o n o r ie n t a t io n n u m b e r s o f
g r a p h s , r e a d e r s m a y r e fe r t o K o h a n d Ta y [2 6 ].
W e b e g in Ch a p t e r 2 wit h a s h o r t s u r ve y o n s o m e e xis t in g r e s u lt s o n t h e o r i-
e n t a t io n n u m b e r s o f t h e jo in o f t wo o r m o r e g r a p h s . S e ve r a l r e s u lt s o b t a in e d b y
K o h a n d Ta n [1 6 ] p r o vid e t h e m o t iva t io n fo r t h e d is c u s s io n in S e c t io n 2 .2 , wh e r e
we c o n s id e r t h e jo in o f a c o m p le t e g r a p h wit h t wo e m p t y g r a p h s . Th e c h a p t e r
t h e n c o n t in u e s in S e c t io n 2 .3 b y lo o kin g a t t h e o r ie n t a t io n n u m b e r s o f a c la s s o f
g r a p h s s t u d ie d b y K o h a n d Ta y [2 5 ], kn o wn a s ve r t e x m u lt ip lic a t io n s o f a g r a p h
G. S e c t io n 2 .4 c o n s id e r s t h e p r o b le m o f ‘a d d in g e d g e s ’ b e t we e n a c o m p le t e g r a p h
a n d a c yc le o f t h e s a m e o r d e r . Th e s ig n ifi c a n c e o f t h e d is c u s s io n in S e c t io n 2 .4
is t h a t it p r o vid e s a n in t r o d u c t io n t o a n e w d ir e c t io n in t h e s t u d y o f o r ie n t a t io n
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n u m b e r s o f g r a p h s . Th e s e c t io n b e g in s b y fi r s t e va lu a t in g t h e o r ie n t a t io n n u m b e r
o f t h e g r a p h G wh ic h is o b t a in e d wh e n p e d g e s a r e a d d e d b e t we e n Kp a n d Cp in
t h e fo r m o f a p e r fe c t m a t c h in g . N o t e t h a t t h e wa y e d g e s a r e a d d e d b e t we e n t h e
t wo g r a p h s is ‘fi xe d ’, r a t h e r like in t h e jo in s o f g r a p h s o r ve r t e x m u lt ip lic a t io n s o f a
g r a p h d is c u s s e d in S e c t io n s 2 .2 a n d 2 .3 . B y a llo win g t h e p e d g e s t o b e ‘a r b it r a r ily’
a d d e d b e t we e n Kp a n d Cp, we o b t a in a family o f g r a p h s G . In t h is n e w d ir e c t io n
o f s t u d y, o u r g e n e r a l p r o b le m is : g ive n a fa m ily o f d is jo in t g r a p h s , we fi r s t c o n s id e r
t h e fa m ily o f b r id g e le s s g r a p h s G n o b t a in e d wh e n a s e t o f n e d g e s a r e a d d e d t o lin k
t h e g ive n g r a p h s a r b it r a r ily, a n d t h e n a t t e m p t t o id e n t ify a g r a p h G ∈ G n s u c h
t h a t
−→
d ( G) ≤
−→
d ( G′ ) fo r a ll G′ ∈ G n.
In Ch a p t e r 3 , we b e g in b y c o n s id e r in g t h e fa m ily o f g r a p h s o b t a in e d wh e n t wo
e d g e s a r e a d d e d b e t we e n t wo g r a p h s G1 a n d G2 wit h o r ie n t a t io n n u m b e r s p a n d q
r e s p e c t ive ly. D e n o t in g t h is fa m ily b y G 2, we o b t a in s o m e b o u n d s o n
d( G 2 ) = m in {
−→
d ( G) |G ∈ G 2}.
N o t e t h a t in g e n e r a l, wh e n k e d g e s a r e a d d e d t o lin k n g r a p h s a r b it r a r ily, it is o n ly
m e a n in g fu l t o s t u d y t h e fa m ily o f g r a p h s o b t a in e d wh e n k ≥ n, in o r d e r fo r t h e
fa m ily G k t o c o n t a in a t le a s t o n e b r id g e le s s c o n n e c t e d g r a p h . Th e r e m a in d e r o f
Ch a p t e r 3 c o n s id e r s lin kin g n c yc le s b y a d d in g e xa c t ly n e d g e s a r b it r a r ily b e t we e n
t h e m .
V e r y o ft e n , we wis h t o kn o w if a g r a p h c a n b e o r ie n t e d t o a t t a in a c e r t a in
d ia m e t e r . Give n n d is jo in t g r a p h s a n d s o m e fi xe d in t e g e r k ≥ n, we c o n s id e r
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o p t im a l o r ie n t a t io n s o f a ll G ∈ G k a n d c o m p a r e t h e ir o r ie n t a t io n n u m b e r s . B y
e va lu a t in g t h e qu a n t it y
−→
d ( k ) = m in {
−→
d ( G) |G ∈ G k},
we fi n d o u t
( i) h o w t h e k e d g e s c a n b e a d d e d t o t h e n g r a p h s ; a n d
( ii) h o w a ll t h e e d g e s in t h e r e s u lt in g g r a p h c a n b e o r ie n t e d
s o t h a t t h e d ia m e t e r o f t h e r e s u lt in g g r a p h is
−→
d ( k ) . Th is t e ll u s , in a wa y, t h e
‘b e s t wa y’ k e d g e s c a n b e a d d e d t o n d is jo in t g r a p h s wit h m in im iz in g t h e d ia m e t e r
o f t h e r e s u lt in g g r a p h in m in d . A s
−→
d ( k ) is a d e c r e a s in g fu n c t io n o f k, a n a t u r a l
qu e s t io n wo u ld b e t o fi n d t h e s m a lle s t va lu e o f k, s a y k∗, s u c h t h a t
−→
d ( k∗ ) ≤ m,
a p r e -s p e c ifi e d o r ie n t a t io n n u m b e r . In Ch a p t e r 4 , we s t u d y t h e a d d in g o f e d g e s
b e t we e n g r a p h s fr o m t h is p e r s p e c t ive . W e will c o n s id e r fa m ilie s o f g r a p h s o b t a in e d
wh e n e d g e s a r e a d d e d b e t we e n t wo c o m p le t e g r a p h s ( S e c t io n 4 .1 ) , t h r e e c o m p le t e
g r a p h s ( S e c t io n 4 .2 ) a n d b e t we e n a c o m p le t e g r a p h a n d a n e m p t y g r a p h ( S e c t io n
4 .3 ) .
N otation and T er minology
W e will n o w s t a t e s e ve r a l g e n e r a l n o t a t io n t h a t a r e a p p lic a b le t o a ll c h a p t e r s o f
t h is t h e s is . S p e c ifi c n o t a t io n u s e d in a p a r t ic u la r c h a p t e r will b e m e n t io n e d la t e r
wh e n t h e y fi r s t o c c u r .
Fo r a n y g r a p h G a n d x ∈ V ( G) , t h e degree o f x in G is t h e n u m b e r o f e d g e s
in c id e n t t o x in G a n d is d e n o t e d b y dG ( x) o r s im p ly d ( x ) , if t h e r e is n o d a n g e r o f
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c o n fu s io n . Th e maximum degree o f G, d e n o t e d b y ∆ ( G) is t h e m a xim u m d e g r e e
a m o n g t h e ve r t ic e s o f G. Fo r a n y s u b s e t A o f V ( G) , G − A is t h e s u b g r a p h o f G
in d u c e d b y V ( G) \ A. Th e complement o f a g r a p h G is d e n o t e d b y G¯.
A g r a p h G is s a id t o b e isomorphic t o a n o t h e r g r a p h H, wr it t e n G ∼= H,
if t h e r e is a b ije c t io n ϕ : V ( G) → V ( H ) s u c h t h a t uv ∈ E ( G) if a n d o n ly if
ϕ ( u) ϕ( v ) ∈ E ( H ) .
Fo r a n y d ig r a p h F a n d x, y ∈ V ( F ) , we wr it e ‘x→ y’ o r ’y ← x’ if x is a d ja c e n t
t o y in F . A ls o , fo r A,B ⊆ V ( F ) , we wr it e ‘A→ B’ o r ’B ← A’ if x→ y in F fo r
a ll x ∈ A a n d fo r a ll y ∈ B. W h e n A = {x}, we s h a ll wr it e ‘x → B’ o r ‘B ← x’
fo r A → B. A ls o , le t O ( x ) = {v ∈ V ( F ) |x → v} a n d I ( x ) = {v ∈ V ( F ) |v → x}.
If x is n o t a d ja c e n t t o y in F , we wr it e x → y. Th e converse o f F , d e n o t e d b y F¯ ,
is t h e d ig r a p h o b t a in e d fr o m F b y r e ve r s in g e a c h a r c in F . Fo r a n y t wo ve r t ic e s
u, v ∈ V ( F ) , le t dF ( u, v ) , o r d( u, v ) , if t h e r e is n o d a n g e r o f c o n fu s io n , b e t h e
d is t a n c e fr o m u t o v in F .
Give n t wo g r a p h s G1 a n d G2 o f o r d e r m a n d n r e s p e c t ive ly, t h e ir cartesian
product G = G1 × G2 h a s V ( G) = V ( G1 ) × V ( G2 ) a n d t wo ve r t ic e s ( u1, u2 ) a n d
( v1, v2 ) o f G a r e a d ja c e n t if a n d o n ly if e it h e r ‘u1 = v1 a n d u2v2 ∈ E ( G2 ) ’ o r ‘u2 = v2
a n d u1v1 ∈ E ( G1 ) ’.
Fo r a r e a l x, le t x d e n o t e t h e g r e a t e s t in t e g e r n o t e xc e e d in g x a n d x d e n o t e
t h e s m a lle s t in t e g e r n o t le s s t h a n x.
In g e n e r a l, fo r a n y o t h e r n o t a t io n n o t s p e c ifi c a lly d e fi n e d h e r e , we r e fe r t o
Ch a r t r a n d a n d L e s n ia k [4 ].
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Chapter 2
Or ientation number s of some
classes of gr aphs and a new
dir ection
Th e fi r s t s e c t io n o f t h e c h a p t e r b e g in s wit h a s u r ve y o n t h e e xis t in g r e s u lt s
wit h r e g a r d s t o t h e o r ie n t a t io n n u m b e r s o f t h e jo in o f g r a p h s . Th is is fo llo we d
b y a d is c u s s io n o n t h e jo in o f a c o m p le t e g r a p h wit h t wo e m p t y g r a p h s . Th e
c h a p t e r c o n t in u e s b y lo o kin g a t ve r t e x m u lt ip lic a t io n s o f a g r a p h G. Th is c la s s o f
g r a p h s wa s s t u d ie d b y K o h a n d Ta y [2 5 ] a n d we s h a ll b e lo o kin g , in p a r t ic u la r , a t
c yc le -ve r t e x m u lt ip lic a t io n s .
A c o m m o n t h e m e b e t we e n t h e t wo c la s s e s o f g r a p h s a b o ve is t h a t b o t h c a n b e
vie we d a s g r a p h s o b t a in e d b y a d d in g a s e t o f e d g e s lin kin g u p a fa m ily o f g r a p h s
G1, G2,..., Gr. Mo r e p r e c is e ly, t h e jo in o f t wo g r a p h s G1 a n d G2 is in fa c t t h e g r a p h
o b t a in e d wh e n t h e s e t o f e d g e s {uv|u ∈ V ( G1 ) , v ∈ V ( G2 ) } is a d d e d b e t we e n G1
1 0
a n d G2.
N o t e t h a t in b o t h t h e c la s s e s a b o ve , t h e e d g e s a d d e d b e t we e n va r io u s g r a p h s
a r e n o t a r b it r a r y, b u t in s t e a d h a ve t o fo llo w c e r t a in r u le s . Th e fi r s t p a r t o f t h e
fi n a l s e c t io n c o n t in u e s wit h t h e id e a o f ‘a d d in g e d g e s ’ b y e va lu a t in g t h e o r ie n t a t io n
n u m b e r o f t h e g r a p h o b t a in e d wh e n p e d g e s a r e a d d e d b e t we e n Kp a n d Cp in
t h e fo r m o f a p e r fe c t m a t c h in g . In a t h e m e t h a t will fe a t u r e p r o m in e n t ly fo r t h e
r e m a in in g o f t h e t h e s is , we c o n c lu d e t h is c h a p t e r b y e xa m in in g t h e family o f g r a p h s
( r a t h e r t h a n ju s t a particular g r a p h ) o b t a in e d b y a d d in g p e d g e s b e t we e n Kp a n d
Cp in a n ‘a r b it r a r y’ m a n n e r .
2.1 A sur vey of some existing r esults.
R e c a ll t h a t t h e join o f t wo g r a p h s G a n d H, d e n o t e d b y G + H, is d e fi n e d b y
V ( G +H ) = V ( G) ∪ V ( H ) a n d E ( G +H ) = E ( G) ∪ E ( H ) ∪ {uv|u ∈ V ( G) , v ∈
V ( H ) }. Th e o r ie n t a t io n n u m b e r s o f t wo c o m m o n c la s s e s o f g r a p h s kn o wn a s wh e e ls
a n d fa n s ( s e e Fig u r e s 2 .1 .1 a n d 2 .1 .2 ) we r e o b t a in e d in [3 1 ].
Fig u r e 2 .1 .1 Fig u r e 2 .1 .2
W h e e l o f o r d e r 5 Fa n o f o r d e r 8
1 1
N o t e t h a t a wh e e l o f o r d e r n is is o m o r p h ic t o Cn−1 + O1 wh e r e a s a fa n o f o r d e r n
is is o m o r p h ic t o Pn−1 +O1.
T heor em 2.1.1 L e t Wn b e t h e wh e e l o f o r d e r n ≥ 4 . Th e n
−→
d ( Wn ) =


3 if n = 4 , 5 ;
4 if n ≥ 6 .
¤
T heor em 2.1.2 L e t Fn b e t h e fa n o f o r d e r n ≥ 4 . Th e n
−→
d ( Fn ) =


3 if n = 4 , 5 ;
4 if n ≥ 6 .
¤
A s a n e xt e n s io n o f Th e o r e m s 2 .1 .1 a n d 2 .1 .2 , we h a ve t h e fo llo win g t wo r e s u lt s
o b t a in e d in [3 1 ] a n d [2 8 ] r e s p e c t ive ly.
T heor em 2.1.3 Fo r k ≥ 2 a n d n ≥ 3 ,
−→
d ( Cn +Ok ) =


2 if ( n, k ) = ( 4 , 2 ) ;
3 o t h e r wis e .
¤
T heor em 2.1.4 Fo r k ≥ 2 a n d n ≥ 3 ,
−→
d ( Pn +Ok ) = 3 .
¤
Th e fo llo win g t h e o r e m g ive n in [2 8 ] o n t h e jo in o f a n y t r e e wit h a n e m p t y g r a p h
g e n e r a lis e s Th e o r e m 2 .1 .4 .
1 2
T heor em 2.1.5 If Tn is a t r e e o f o r d e r n, t h e n
−→
d ( Tn +Ok ) = 3 fo r a ll n ≥ 3 a n d
k ≥ 2 .
¤
Th e c o m p le t e b ip a r t it e g r a p h K ( p, q ) is is o m o r p h ic t o Op + Oq. S im ila r ly,
t h e c o m p le t e m u lt ip a r t it e g r a p h s c a n a ls o b e vie we d a s t h e jo in o f s e ve r a l e m p t y
g r a p h s . S o lt ´ e s [4 2 ] wa s t h e fi r s t t o o b t a in a c o m p r e h e n s ive r e s u lt o n c o m p le t e
b ip a r t it e g r a p h s .
T heor em 2.1.6 Fo r q ≥ p ≥ 2 ,
−→
d ( K ( p, q ) ) =





















Gu t in [9 ] a ls o p r o ve d t h e a b o ve r e s u lt b y m a kin g u s e o f t h e fo llo win g we ll kn o wn
r e s u lt in c o m b in a t o r ic s .
Lemma 2.1.7 (Sper ner ’s Lemma) L e t p b e a p o s it ive in t e g e r a n d le t S b e a
c o lle c t io n o f s u b s e t s o f { 1 , 2 , ..., p} s u c h t h a t X ⊆ Y a n d Y ⊆ X fo r a n y t wo








 wit h e qu a lit y o c c u r in g if a n d o n ly if a ll




P le s n ik [3 3 ], Gu t in [1 0 , 1 1 ] a n d K o h a n d Ta n [1 5 , 1 6 ] o b t a in e d t h e fo llo win g
r e s u lt fo r t h e c o m p le t e n-p a r t it e g r a p h s .
1 3
T heor em 2.1.8 Fo r e a c h n ≥ 3 ,
2 ≤
−→
d ( K ( p1, p2, ..., pn ) ) ≤ 3 .
¤









N o t in g t h a t K (
r︷ ︸︸ ︷
1 , 1 , ..., 1 , p, q ) ∼= Kr+Op+Oq, t h e fo llo win g r e s u lt s fr o m [1 6 ] p r o vid e
t h e m a in m o t iva t io n fo r t h e n e xt s e c t io n .
T heor em 2.1.9 L e t G = K ( 1 , 1 , p, q ) , wh e r e {p, q} is a c o -p a ir wit h q ≥ p ≥ 2 .
Th e n
−→
d ( G) = 2 .
¤
T heor em 2.1.10 L e t G = K ( 1 , 1 , 1 , p, q ) . If {p, q} is a c o -p a ir , t h e n
−→
d ( G) = 2 .
¤
T heor em 2.1.11 L e t H b e a g r a p h a n d G = H + K ( 1 , 1 ) . If
−→
d ( H ) = 2 , t h e n
−→
d ( G) = 2 .
¤
1 4
2.2 Join of Kr, Op and Oq.
B y Th e o r e m 2 .1 .9 , we kn o w t h a t if {p, q} is a c o -p a ir , t h e n
−→
d ( K ( 1 , 1 , p, q ) ) = 2 .
W h a t if {p, q} is n o t a c o -p a ir ? In t h is s e c t io n , we fi r s t e va lu a t e t h e o r ie n t a t io n
n u m b e r o f K ( 1 , 1 , p, q ) wh e n {p, q} is n o t a c o -p a ir a n d t h e n e xt e n d o u r d is c u s s io n
t o K (
r︷ ︸︸ ︷
1 , 1 , ..., 1 , p, q ) fo r r ≥ 3 . D e fi n e a fu n c t io n f o n a ll p o s it ive in t e g e r s x ( > 1 )
b y









Th r o u g h o u t t h is s e c t io n , le t K ( p1, p2, ..., pn ) d e n o t e t h e c o m p le t e n-p a r t it e g r a p h
h a vin g pi ve r t ic e s in t h e i t h p a r t it e s e t Vi fo r e a c h i = 1 , 2 , ..., n. N o t e t h a t Kn ∼=
K ( p1, p2, ..., pn ) , wh e r e p1 = p2 = ... = pn = 1 a n d Kr+Op+Oq ∼= K (
r︷ ︸︸ ︷
1 , 1 , ..., 1 , p, q ) .
A ls o , K2 +Op +Oq ∼= K ( 1 , p) +K ( 1 , q ) , wh e r e K ( 1 , p) is a star o f o r d e r p+ 1 .
L e t V ( K ( 1 , p) ) = A∪{a}, wh e r e A = {a1, a2, ..., ap} a n d V ( K ( 1 , q ) ) = B∪{b},
wh e r e B = {b1, b2, ..., bq}. Th e e d g e s e t s o f K ( 1 , p) a n d K ( 1 , q ) a r e {aai|1 ≤ i ≤ p}
a n d {bbj| 1 ≤ j ≤ q} r e s p e c t ive ly. W e d e n o t e t h e jo in o f K ( 1 , p) a n d K ( 1 , q ) b y
S ( p, q ) . L e t F b e a n y s t r o n g o r ie n t a t io n o f S ( p, q ) wh e n {p, q} is n o t a c o -p a ir .
Fo r e a c h bi ∈ B, le t Si = O ( bi ) ∩ A. W e a ls o le t A′ = {ai|ai → a in F} a n d
A′′ = A \A′. L ike wis e , B′ = {bj|bj → b in F}, B
′′ = B \B′, A∗ = {ai|b→ ai in F}
a n d A∗∗ = A \ A∗.
Th e fo llo win g s e qu e n c e o f le m m a s will le a d t o t h e e va lu a t io n o f t h e o r ie n t a t io n
n u m b e r o f K2 +Op +Oq wh e n {p, q} is n o t a c o -p a ir , ie . q > f ( p) .
Lemma 2.2.1 If bi a n d bj a r e s u c h t h a t Si = Sj = A in F , t h e n d( F ) > 2 .
P r oof: S u p p o s e d( F ) = 2 a n d S1 = S2 = A. S in c e d( b1, b2 ) ≤ 2 a n d d( b2, b1 ) ≤
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2 , we m a y a s s u m e b1 → b → b2 a n d b2 → a → b1 in F . Th u s , d( ai, b1 ) ≤ 2 a n d
d( ai, b2 ) ≤ 2 fo r i = 1 , ..., p im p ly A→ {a, b}. N o w d( b3, ai ) ≤ 2 , d( b3, b1 ) ≤ 2 a n d
d( b3, b2 ) ≤ 2 im p ly b3 → A ∪ {a, b}. B u t t h e n d ( b1, b3 ) > 2 , a c o n t r a d ic t io n . ( S e e
Fig u r e 2 .2 .1 .)
¤
Fig u r e 2 .2 .1 Fig u r e 2 .2 .2
Lemma 2.2.2 If Si = A fo r s o m e bi ∈ B, t h e n d( F ) > 2 .
P r oof: A g a in we s h a ll p r o ve it b y c o n t r a d ic t io n . S u p p o s e d( F ) = 2 a n d S1 = A.
Fo r t h is p r o o f, we s h a ll le t B∗ = B \ {b1}. N o w if b1 → {a, b} in F , t h e n F is
c le a r ly n o t s t r o n g . If a→ b1 → b, t h e n d ( b∗, b1 ) ≤ 2 fo r a ll b∗ ∈ B∗ im p lie s B∗ → a;
d( ai, b1 ) ≤ 2 fo r a ll ai ∈ A im p lie s A→ a; a n d d( a, b∗ ) ≤ 2 im p lie s a→ b→ B∗ in
F . B u t n o w d ( b, b1 ) > 2 ,a c o n t r a d ic t io n . ( S e e Fig u r e 2 .2 .2 .)
Th e c a s e wh e r e b→ b1 → a is s im ila r b y s ym m e t r y. L e t u s c o n s id e r {a, b} → b1
in F . W e p r o ve t h e fo llo win g 2 c la im s wit h t h e a b o ve o b s e r va t io n t o g e t h e r wit h
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o u r a s s u m p t io n t h a t d ( F ) = 2 .
Claim 1: A′ a n d A′′ a r e b o t h n o n -e m p t y.
It is e a s y t o s e e t h a t s in c e b1 → ai → a fo r s o m e ai ∈ A, A
′ is n o n -e m p t y.
S u p p o s e A′′ is e m p t y ( ie . A → a) . Th e n B′′ \ {b1} h a s t o b e e m p t y a ls o ( ie .
B∗ → b) b e c a u s e if B′′ c o n t a in s s o m e o t h e r bj b e s id e s b1, t h e n d( bj, ai ) ≤ 2 fo r a ll
ai ∈ A im p lie s bj → A. N o w b y L e m m a 2 .2 .1 , Sj = S1 = A im p lie s d ( F ) > 2 , a
c o n t r a d ic t io n . Th u s B∗ → b; a n d d ( a, b∗ ) ≤ 2 fo r a ll b∗ ∈ B∗ im p lie s a→ B∗. W e
a ls o a s s u m e fr o m h e r e t h a t fo r a ll bi ∈ B∗, Si = A.
N o w if A∗ is e m p t y ( ie . A → b) , le t bk ∈ B∗ s u c h t h a t an → bk in F fo r s o m e
an ∈ A. W e c a n a lwa ys fi n d s u c h an s in c e Sk = A. B u t n o w d ( bk, an ) > 2 , a g a in a
c o n t r a d ic t io n . ( S e e Fig u r e 2 .2 .3 .) If A∗∗ is e m p t y ( ie . b → A) , t h e n d( b1, b) > 2 ,
a ls o a c o n t r a d ic t io n . ( S e e Fig u r e 2 .2 .4 .) Th u s A∗ a n d A∗∗ a r e b o t h n o n -e m p t y.
Fig u r e 2 .2 .3 Fig u r e 2 .2 .4
N o w d( b∗, a∗∗ ) ≤ 2 fo r a ll b∗ ∈ B∗ a n d a∗∗ ∈ A∗∗ im p lie s B∗ → A∗∗. ( S e e Fig u r e
2 .2 .5 .) S in c e a → B∗ → {b} ∪ A∗∗, t h e fa c t t h a t d( bi, bj ) ≤ 2 fo r a ll 2 ≤ i, j ≤ q
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im p lie s bi → am → bj fo r s o m e am ∈ A
∗. Th is m e a n s t h a t ( Si∩A
∗ ) ⊆ ( Sj ∩A
∗ ) fo r
a ll 2 ≤ i, j ≤ q. H o we ve r |A∗| = t ≤ p − 1 a n d b y S p e r n e r ’s L e m m a , |B∗| ≤ f ( t) .
Th is im p lie s t h a t q = |B∗|+1 ≤ f ( t ) + 1 < f ( p) , a c o n t r a d ic t io n t o o u r a s s u m p t io n
t h a t q > f ( p) . W e t h u s c o n c lu d e t h a t A′ a n d A′′ a r e b o t h n o n -e m p t y. L e t ai ∈ A′
a n d aj ∈ A
′′. N o t e a ls o t h a t d( a
′′




im p lie s A′′ → b in F .
Fig u r e 2 .2 .5
Claim 2: Th e r e e xis t s s o m e bi ∈ B∗ s u c h t h a t bi → aj in F .
S u p p o s e t h is is n o t t h e c a s e , ie . aj → B
∗. Th e n d ( b∗, aj ) ≤ 2 fo r a ll b
∗ ∈ B∗
im p lie s B∗ → a; a n d fo r a ll al ∈ A \ {aj}, d ( al, aj ) ≤ 2 im p lie s al → a. Th is m e a n s
t h a t A′′ = {aj} a n d A′ = A \ {aj}. ( S e e Fig u r e 2 .2 .6 .) L e t
C ′ = B′ ∩B∗ a n d C ′′ = B′′ ∩B∗.
If C ′ a n d C ′′ a r e b o t h n o n -e m p t y, t h e n d( c′′, a′ ) ≤ 2 fo r a ll c′′ ∈ C ′′ a n d a′ ∈ A′
im p lie s C ′′ → A′; d( a′, c′′ ) ≤ 2 im p lie s A′ → b; a n d d( c′, a′ ) ≤ 2 fo r a ll c′ ∈ C ′
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a n d a′ ∈ A′ im p lie s C ′ → A′ in F . Th u s B∗ → A′, b u t t h e n d ( a′, c′ ) > 2 , a
c o n t r a d ic t io n . ( S e e Fig u r e 2 .2 .7 .)
Fig u r e 2 .2 .6 Fig u r e 2 .2 .7
Fig u r e 2 .2 .8 Fig u r e 2 .2 .9
If C ′ = ∅ a n d C ′′ is n o n -e m p t y ( ie . b → B∗ ) , t h e n in t h is c a s e , we h a ve
{b, aj} → B∗ → a. S im ila r t o t h e a r g u m e n t a b o ve , d( bi, bj ) ≤ 2 fo r a ll 2 ≤ i, j ≤ q
wo u ld im p ly ( Si ∩A′ ) ⊆ ( Sj ∩A′ ) fo r a ll 2 ≤ i, j ≤ q. U s in g S p e r n e r ’s L e m m a , we
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wo u ld a r r ive a t a c o n c lu s io n c o n t r a d ic t in g o u r a s s u m p t io n t h a t q > t. ( S e e Fig u r e
2 .2 .8 .)
If C ′′ = ∅ a n d C ′ is n o n -e m p t y ( ie . B∗ → b) , t h e n in t h is c a s e , d ( a′, b∗ ) ≤ 2 fo r
a ll a′ ∈ A′ a n d b∗ ∈ B∗ im p lie s A′ → B∗; a n d d( aj, a′ ) ≤ 2 im p lie s b → A′. B u t
n o w fo r ai, ak ∈ A
′, we h a ve d( ai, ak ) > 2 . ( S e e Fig u r e 2 .2 .9 .) Th u s we c o n c lu d e
t h a t fo r e a c h aj ∈ A′′, t h e r e e xis t s s o m e bi ∈ B∗ s u c h t h a t bi → aj in F .
W e n o w r e s u m e wit h t h e p r o o f o f t h e L e m m a . L e t aj ∈ A
′′ a n d bi ∈ B
∗ b e s u c h
t h a t bi → aj. N o w if fo r s o m e ak ∈ A′ we h a ve ak → bi, t h e n d ( bi, ak ) ≤ 2 im p lie s
bi → b → ak in F . B u t n o w d ( aj, bi ) > 2 , a c o n t r a d ic t io n . ( S e e Fig u r e 2 .2 .1 0 .)
Th u s we m u s t h a ve bi → A′ a n d b → bi in F . N o w d( bi, b1 ) ≤ 2 im p lie s bi → a;
a n d d( a′, bi ) ≤ 2 fo r a ll a′ ∈ A′ im p lie s A′ → b. S in c e A′′ → b ( s e e t h e la s t lin e in
t h e p r o o f o f Cla im 1 ) , we h a ve A → b. S in c e Sk = A fo r e a c h bk ∈ B∗, t h e r e is a t
le a s t o n e ah ∈ A s u c h t h a t ah → bk in F . In t h is c a s e , d( bk, ah ) ≤ 2 im p lie s bk → a
in F . H e n c e B∗ → a. ( S e e Fig u r e 2 .2 .1 1 .)
Fig u r e 2 .2 .1 0 Fig u r e 2 .2 .1 1
2 0
N o t e t h a t n o w we h a ve B∗ → a a n d A→ b in F . L e t ak ∈ A
′. If t h e r e is s o m e
bn ∈ B∗ s u c h t h a t ak → bn, t h e n d ( bn, ak ) > 2 . Th u s B∗ → ak, a n d d( ak, b∗ ) ≤ 2
fo r a ll b∗ ∈ B∗ im p lie s b → B∗. ( S e e Fig u r e 2 .2 .1 2 .) S in c e B∗ → {ak, a} a n d
b→ B∗, t h e fa c t t h a t d( bi, bj ) ≤ 2 fo r a ll 2 ≤ i, j ≤ q wo u ld im p ly ( Si∩A\{ak} ) ⊆
( Sj ∩ A \ {ak}) fo r a ll 2 ≤ i, j ≤ q. U s in g S p e r n e r ’s L e m m a , we wo u ld a r r ive a t a
c o n c lu s io n c o n t r a d ic t in g o u r a s s u m p t io n t h a t q > f ( p) .
Fig u r e 2 .2 .1 2
Th e p r o o f o f t h e le m m a is t h u s c o m p le t e .
¤
Cor ollar y 2.2.3 If Si = ∅ fo r s o m e bi ∈ B, t h e n d ( F ) > 2 .
P r oof: B y c o n s id e r in g t h e c o n ve r s e o f F , t h is fo llo ws im m e d ia t e ly fr o m L e m m a
2 .2 .2 .
¤
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Lemma 2.2.4 If Si ⊆ Sj fo r s o m e bi, bj ∈ B, t h e n d( F ) > 2 .
P r oof: W it h o u t lo s s o f g e n e r a lit y, we le t S1 ⊆ S2 a n d s u p p o s e d( F ) = 2 . N o w
d( b1, b2 ) ≤ 2 im p lie s e it h e r b1 → b → b2 o r b1 → a → b2. B y s ym m e t r y, we o n ly
c o n s id e r b1 → b → b2. B y t h e a b o ve c o r o lla r y, S1 = ∅ a n d fo r e a c h ai ∈ S1,
d( ai, b1 ) ≤ 2 im p lie s ai → a → b1. Th u s we h a ve S1 → a → b1 in F . N o w if
S1 = S2, le t ak ∈ S2 \ S1 ( ie . b2 → ak → b1 in F ) . Th e n d( b1, ak ) ≤ 2 im p lie s
b → ak; a n d d( ak, b2 ) ≤ 2 im p lie s ak → a → b2 in F . N o w {a, b} → b2, a n d
d( b2, aj ) ≤ 2 fo r a ll 1 ≤ j ≤ p im p lie s S2 = A. Th is , h o we ve r , im p lie s d ( F ) > 2 b y
L e m m a 2 .2 .2 ( s e e Fig u r e 2 .2 .1 3 ) , c o n t r a d ic t in g o u r a s s u m p t io n .
Fig u r e 2 .2 .1 3
If S1 = S2, t h e n d ( b1, b2 ) ≤ 2 a n d d ( b2, b1 ) ≤ 2 im p ly b1 → b → b2 a n d
b2 → a → b1. W e m a y a s s u m e t h a t t h e r e e xis t s am /∈ S1 s in c e if S1 = A, t h e n
a g a in , b y L e m m a 2 .2 .2 , d( F ) > 2 . N o w d ( b2, am ) ≤ 2 a n d d( b1, am ) ≤ 2 im p ly
{a, b} → am. S in c e d ( am, bj ) ≤ 2 fo r a ll 1 ≤ j ≤ q, we h a ve am → B. If t h e r e e xis t s
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a n o t h e r an /∈ S1, u s in g s im ila r a r g u m e n t s , we m u s t h a ve {a, b} → an → B. In t h is
c a s e , d( am, an ) > 2 , a c o n t r a d ic t io n . Th u s we m a y a s s u m e t h a t S1 = S2 = A\{am}.
N o w fo r a ll bj ∈ {b3, b4, ..., bq}, d( bj, b1 ) ≤ 2 a n d d( bj, b2 ) ≤ 2 im p ly bj → {a, b}.
Th u s {b3, b4, ..., bq} → {a, b} in F , a n d fo r a ll ai ∈ A \ {am}, d ( ai, bj ) ≤ 2 fo r 3 ≤
j ≤ q im p lie s ai → bj. H e n c e S1 → {b3, b4, ..., bq} → {a, b}, b u t n o w d( b3, b4 ) > 2 ,
a g a in a c o n t r a d ic t io n . ( S e e Fig u r e 2 .2 .1 4 .)
Fig u r e 2 .2 .1 4
Th u s we h a ve s h o wn t h a t if Si ⊆ Sj fo r s o m e bi, bj ∈ B, t h e n d ( F ) > 2 .
¤
P r opositon 2.2.5 If {p, q} is n o t a c o -p a ir , t h e n
−→
d ( K2 +Op +Oq ) = 3 .
P r oof: B y L e m m a s 2 .1 .7 a n d 2 .2 .4 , it is c le a r t h a t if {p, q} is n o t a c o -p a ir ,
t h a t is , q > f ( p) , t h e n
−→
d ( K2 + Op + Oq ) ≥ 3 . On t h e o t h e r h a n d , b y Th e o r e m
2 .1 .8 ,
−→
d ( K ( 2 , p, q ) ) ≤ 3 wh ic h im p lie s
−→
d ( K2 +Op +Oq ) ≤ 3 .
¤
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L e t u s n o w c o n s id e r K (
r︷ ︸︸ ︷
1 , 1 , ..., 1 , p, q ) wh e n r ≥ 3 . B y Th e o r e m s 2 .1 .9 a n d
2 .1 .1 0 , t o g e t h e r wit h r e p e a t e d a p p lic a t io n o f Th e o r e m 2 .1 .1 1 , we h a ve t h e fo llo win g
p r o p o s it io n .
P r opositon 2.2.6 If {p, q} is a c o -p a ir , t h e n
−→
d ( K (
r︷ ︸︸ ︷
1 , 1 , ..., 1 , p, q ) ) = 2 fo r a ll
r ≥ 2 .
¤
N o w s in c e Kr + Op + Oq is a s u p e r g r a p h o f Or + Op + Oq, b y Th e o r e m 2 .1 .8 ,
2 ≤
−→
d ( Kr +Op +Oq ) ≤ 3 . Fo llo win g fr o m P r o p o s it io n 2 .2 .5 , wh e n {p, q} is n o t a
c o -p a ir , we wis h t o d e t e r m in e if t h e r e e xis t s r ≥ 3 s u c h t h a t
−→
d ( Kr +Op +Oq ) = 2
a n d if t h e r e is , p r o vid e a n e s t im a t e fo r
r¯ = m in {r|
−→
d ( Kr +Op +Oq ) = 2 }.
Th e fo llo win g p r o p o s it io n s h o ws t h a t s u c h r d o e s e xis t .
P r opositon 2.2.7 If {p, q} is n o t a c o -p a ir a n d r ≥ 3 is s u c h t h a t q ≤ f ( p+r− 2 ) ,
t h e n
−→
d ( Kr +Op +Oq ) = 2 .
P r oof: S in c e K ( 1 , 1 , p + r − 2 , q ) is a s p a n n in g s u b g r a p h o f Kr + Op + Oq, if
{p + r − 2 , q} is a c o -p a ir , t h e n b y Th e o r e m 2 .1 .9 ,
−→
d ( K ( 1 , 1 , p + r − 2 , q ) ) = 2
wh ic h , in t u r n , im p lie s
−→
d ( Kr +Op +Oq ) = 2 .
¤
P r opositon 2.2.8 If {p, q} is n o t a c o -p a ir a n d r ≥ 3 is s u c h t h a t q > f ( p + r ) ,
t h e n
−→
d ( Kr +Op +Oq ) = 3 .
P r oof: L e t V ( Oq ) = {b1, b2, ..., bq}. If F is a n y s t r o n g o r ie n t a t io n o f Kr +
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Op + Oq, le t O ( bi ) b e t h e o u t -s e t o f bi in F . S in c e q > f ( p + r ) , t h e r e e xis t
i, j ∈ { 1 , 2 , ..., q} s u c h t h a t O ( bi ) ⊆ O ( bj ) . Th is im p lie s dF ( bi, bj ) > 2 . H e n c e
d( F ) > 2 a n d t h e p r o p o s it io n fo llo ws s in c e
−→
d ( Kr +Op +Oq ) ≤ 3 .
¤
W e c o n c lu d e t h is s e c t io n wit h t h e fo llo win g r e s u lt t h a t g ive s a b o u n d o n r¯.
T heor em 2.2.9 S u p p o s e {p, q} is n o t a c o -p a ir . L e t r∗ b e t h e s m a lle s t in t e g e r r
g r e a t e r t h a n 2 s u c h t h a t q ≤ f ( p+ r − 2 ) . Th e n
−→
d ( Kr +Op +Oq ) =


2 if r ≥ r∗
3 if r ≤ r∗ − 3 .
H e n c e , if r¯ is t h e s m a lle s t in t e g e r s u c h t h a t
−→
d ( Kr¯ + Op + Oq ) = 2 , t h e n r
∗ − 2 ≤
r¯ ≤ r∗.
P r oof: S in c e f ( x) is a n in c r e a s in g fu n c t io n o f x, we s e e t h a t q ≤ f ( p+ r − 2 )
fo r a ll r ≥ r∗. B y P r o p o s it io n 2 .2 .7 , we h a ve
−→
d ( Kr +Op +Oq ) = 2 fo r a ll r ≥ r∗.
On t h e o t h e r h a n d , s in c e r∗ is t h e s m a lle s t in t e g e r s a t is fyin g q ≤ f ( p+ r − 2 ) ,
we h a ve q > f ( p + r∗ − 3 ) ≥ f ( p + r ) fo r a ll r ≤ r∗ − 3 . B y P r o p o s it io n 2 .2 .8 , we
h a ve
−→
d ( Kr +Op +Oq ) = 3 fo r a ll r ≤ r
∗ − 3 .
¤
Remar k: Fu r t h e r r e s e a r c h m a y b e d o n e t o e va lu a t e t h e e xa c t va lu e o f r¯.
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2.3 Cycle ver tex multiplications Cn(s 1 , s 2 , ..., sn).
In t h is s e c t io n , we c o n s id e r a c la s s o f g r a p h s s t u d ie d in [2 5 ] b y K o h a n d Ta y kn o wn
a s G ve r t e x-m u lt ip lic a t io n s . Fo r a c o n n e c t e d g r a p h G o f o r d e r n a n d fo r a n y
s e qu e n c e o f n p o s it ive in t e g e r s ( si ) , le t G( s1, s2, ..., sn ) d e n o t e t h e g r a p h wit h ve r t e x
s e t V ∗ a n d e d g e s e t E∗ s u c h t h a t V ∗ = ∪ni=1Vi, wh e r e Vi’s a r e p a ir wis e d is jo in t s e t s
wit h |Vi| = si, i = 1 , 2 , ..., n, a n d fo r a n y t wo d is t in c t ve r t ic e s x, y ∈ V ∗, xy ∈ E∗
if a n d o n ly if x ∈ Vi a n d y ∈ Vj fo r s o m e i, j ∈ { 1 , 2 , ..., n} wit h i = j s u c h t h a t
vivj ∈ E ( G) . W e c a ll t h e g r a p h G( s1, s2, ..., sn ) a G-ver tex multiplication a n d
G is s a id t o b e a p a r e n t g r a p h o f G( s1, s2, ..., sn ) . Fo r s = 1 , 2 , ..., we s h a ll d e n o t e
G( s, s, ..., s) s im p ly b y G(s). Fo r e xa m p le , wh e n G is t h e g r a p h s h o wn in Fig u r e
2 .3 .1 , G( 1 , 2 , 3 , 4 ) is t h e g r a p h s h o wn in Fig u r e 2 .3 .2 .
Fig u r e 2 .3 .1 Fig u r e 2 .3 .2
Th e fo llo win g t h e o r e m is a fu n d a m e n t a l r e s u lt o n G-ve r t e x m u lt ip lic a t io n o b -
t a in e d b y K o h a n d Ta y in [2 5 ].
T heor em 2.3.1 L e t G b e a c o n n e c t e d g r a p h o f o r d e r n ≥ 3 . Give n si ≥ 2 fo r
e a c h i = 1 , 2 , ..., n, d ( G) ≤
−→
d ( G( s1, s2, ..., sn ) ) ≤ d( G) + 2 .
¤
2 6
W e will a s s u m e t h r o u g h o u t t h is s e c t io n t h a t si ≥ 2 fo r e a c h i = 1 , 2 , ..., n. A s a
r e s u lt o f Th e o r e m 2 .3 .1 , a ll g r a p h s o f t h e fo r m G( s1, s2, ..., sn ) a r e d ivid e d in t o t h e
fo llo win g t h r e e c la s s e s : C i = {G( s1, s2, ..., sn ) |
−→
d ( G( s1, s2, ..., sn ) ) = d( G) + i}, i =
0 , 1 , 2 . In t h is s e c t io n , we s h a ll c o n s id e r t h e c a s e wh e n G is t h e c yc le Cn. Th e
fo llo win g r e s u lt s in [2 5 ] p r o vid e t h e m o t iva t io n fo r o u r in ve s t ig a t io n .
T heor em 2.3.2 L e t G b e a c o n n e c t e d g r a p h o f o r d e r n ≥ 3 . If d( G) ≥ 4 a n d
si ≥ 4 fo r e a c h i = 1 , 2 , ..., n, t h e n G( s1, s2, ..., sn ) ∈ C 0.
¤
T heor em 2.3.3 Fo r n ≥ 6 , Cn ( s1, s2, ..., sn ) ∈ C 0∪ C 1.
¤
Fo r wh a t s e qu e n c e o f in t e g e r s ( si ) , will Cn ( s1, s2, ..., sn ) b e lo n g t o C 0? B e fo r e
we p r o c e e d , le t u s in t r o d u c e s o m e t e r m in o lo g ie s a n d n o t a t io n s t h a t will b e u s e d
t h r o u g h o u t t h is s e c t io n . L e t V ( Cn ) = {1 , 2 , ..., n}. W e s h a ll wr it e , fo r i = 1 , 2 , ..., n,
Vi = { ( p, i ) |1 ≤ p ≤ si} a n d c a ll ( p, i ) t h e pt h ve r t e x in Vi. Th u s t wo ve r t ic e s ( p, i)
a n d ( q, j ) in Cn ( s1, s2, ..., sn ) a r e a d ja c e n t if a n d o n ly if |i − j| = 1 o r n − 1 . L e t
V ∗ b e t h e ve r t e x s e t o f Cn ( s1, s2, ..., sn ) a n d F ∈ D ( Cn ( s1, s2, ..., sn ) ) . Fo r a n y
s u b d ig r a p h A o f F , t h e o u t -s e t , in -s e t a n d e c c e n t r ic it y o f a ve r t e x ( p, i ) in A a r e
d e n o t e d b y OA ( ( p, i ) ) , IA ( ( p, i ) ) a n d eA ( ( p, i) ) r e s p e c t ive ly. Th e s u b s c r ip t A is
o m it t e d if A = F .
Th e fo llo win g le m m a , o b t a in e d b y K o h a n d Ta y in [2 5 ], will b e fo u n d u s e fu l.
Lemma 2.3.4 L e t ti, si b e p o s it ive in t e g e r s s u c h t h a t ti ≤ si fo r 1 ≤ i ≤ n. If
t h e g r a p h G( t1, t2, ..., tn ) a d m it s a n o r ie n t a t io n F in wh ic h e ve r y ve r t e x v lie s o n a
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c yc le o f le n g t h n o t e xc e e d in g m, t h e n
−→
d ( G( s1, s2, ..., sn ) ) ≤ m a x{m, d ( F ) }.
¤
W e s h a ll n o w p r o c e e d t o s h o w t h a t C
(3)
n ∈ C 0 fo r n ≥ 1 0 . Th is s h a ll b e a c c o m -
p lis h e d s e p a r a t e ly b y t wo p r o p o s it io n s , d e p e n d in g o n t h e p a r it y o f n.
P r opositon 2.3.5 W h e n n ≥ 1 0 a n d n is e ve n , t h e n C(3)n ∈ C 0.
P r oof: L e t F ∈ D ( C(3)n ) b e d e fi n e d a s fo llo ws . Fo r 1 ≤ i ≤ n,
( i) if i is o d d , ( 1 , i) → { ( 1 , i + 1 ) , ( 2 , i + 1 ) }, ( 2 , i ) → { ( 2 , i + 1 ) , ( 3 , i + 1 ) },
( 3 , i) → ( 3 , i+ 1 ) ;
( ii) if i is e ve n , ( 1 , i) → ( 2 , i+ 1 ) , ( 2 , i) → { ( 1 , i+ 1 ) , ( 3 , i+ 1 ) }, ( 3 , i ) → ( 2 , i+ 1 ) ;
( iii) fo r a ll ( s, t) , ( p, t+ 1 ) , wh e r e 1 ≤ s, p ≤ 3 a n d 1 ≤ t ≤ n, if ( s, t) → ( p, t+ 1 )
b y ( i) a n d ( ii) a b o ve , t h e n le t ( p, t+ 1 ) → ( s, t) .
N o t e t h a t a d d t io n is m o d u lo n fo r a ll o r ie n t a t io n s d e s c r ib e d in t h is s e c t io n .
It is c le a r t h a t wh e n |i − j| ≤ 1 , d( ( p, i ) , ( q, j ) ) ≤ 3 fo r a ll 1 ≤ p, q ≤ 3 . W e
s h a ll s h o w t h a t d( F ) ≤ n
2











n ) ≤ d ( F ) ,
t h e in e qu a lit y d( F ) ≤ n
2




n ) = d( Cn ) , s o t h a t C
(3)
n ∈ C 0.
B y s ym m e t r y, it s u ffi c e s t o s h o w t h a t e ( ( i, j ) ) ≤ n
2
fo r i = 1 , 2 , 3 a n d j = 1 , 2 .
Co n s id e r ( 1 , 1 ) a n d ( j, q ) fo r 3 ≤ q ≤ n
2
+ 1 . If t h e r e is a p a t h fr o m ( 1 , 1 ) t o
( j, q ) fo r a ll j wh ic h is o f le n g t h q − 1 , t h e n it is c le a r t h a t t h e r e is p a t h o f le n g t h
q fr o m ( 1 , 1 ) t o ( j, q + 1 ) fo r a ll j.
S in c e ( 1 , 1 ) → ( 2 , 2 ) → { ( 1 , 3 ) , ( 3 , 3 ) } a n d ( 1 , 1 ) → ( 1 , 2 ) → ( 2 , 3 ) a r e p a t h s o f
le n g t h 2 fr o m ( 1 , 1 ) t o ( j, 3 ) fo r a ll j, t h e r e a r e p a t h s o f le n g t h q − 1 ( ≤ n
2
) fr o m




L ike wis e , fo r n
2
+ 2 ≤ q ≤ n− 1 , if t h e r e is a p a t h o f le n g t h n− q+ 1 fr o m ( 1 , 1 )
t o ( j, q ) fo r a ll j, t h e n t h e r e is a p a t h o f le n g t h n − q + 2 fr o m ( 1 , 1 ) t o ( j, q − 1 )
fo r a ll j.
S in c e ( 1 , 1 ) → ( 1 , n ) → {( 2 , n− 1 ) , ( 3 , n− 1 ) } a n d ( 1 , 1 ) → ( 3 , n ) → ( 1 , n− 1 )
a r e p a t h s o f le n g t h 2 fr o m ( 1 , 1 ) t o ( j, n − 1 ) fo r a ll j, t h e r e a r e p a t h s o f le n g t h
n− q + 2 ( ≤ n
2
) fr o m ( 1 , 1 ) t o ( j, q ) fo r a ll j a n d n
2
+ 2 ≤ q ≤ n− 1 .
Co n s id e r ( 2 , 1 ) a n d ( j, q ) fo r 3 ≤ q ≤ n
2
+1 . S in c e ( 2 , 1 ) → ( 2 , 2 ) → { ( 1 , 3 ) , ( 3 , 3 ) }
a n d ( 2 , 1 ) → ( 3 , 2 ) → ( 2 , 3 ) a r e p a t h s o f le n g t h 2 fr o m ( 2 , 1 ) t o ( j, 3 ) fo r a ll j, t h e r e
a r e p a t h s o f le n g t h n o t e xc e e d in g n
2





+2 ≤ q ≤ n− 3 , n o t e t h a t t h e fo llo win g p a t h s in F fr o m ( 2 , 1 ) t o ( j, n− 3 )
fo r a ll j a r e o f le n g t h 4 :
( 2 , 1 ) → ( 2 , n) → ( 3 , n− 1 ) → ( 3 , n− 2 ) → ( 1 , n− 3 ) ;
( 2 , 1 ) → ( 2 , n) → ( 3 , n− 1 ) → ( 1 , n− 2 ) → ( 2 , n− 3 ) ;
( 2 , 1 ) → ( 2 , n) → ( 3 , n− 1 ) → ( 1 , n− 2 ) → ( 3 , n− 3 ) .
Th u s t h e r e a r e p a t h s o f le n g t h n o t e xc e e d in g n
2
fr o m ( 2 , 1 ) t o ( j, q ) fo r a ll j a n d
n
2
+ 2 ≤ q ≤ n − 3 . Fo r q = n − 1 , n − 2 , t h e fo llo win g p a t h s fr o m ( 2 , 1 ) t o ( j, q )
a r e o f le n g t h n o t e xc e e d in g n
2
:
( 2 , 1 ) → ( 2 , n) → ( 3 , n− 1 ) → ( 3 , n) → ( 1 , n− 1 ) ;
( 2 , 1 ) → ( 2 , n) → ( 3 , n− 1 ) → ( 3 , n− 2 ) → ( 2 , n− 1 ) ;
( 2 , 1 ) → ( 2 , n ) → ( 3 , n− 1 ) → ( 1 , n− 2 ) ;
( 2 , 1 ) → ( 2 , n) → ( 3 , n− 1 ) → ( 1 , n− 2 ) → ( 2 , n− 1 ) → ( 2 , n− 2 ) ;
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( 2 , 1 ) → ( 2 , n ) → ( 3 , n− 1 ) → ( 3 , n− 2 ) .
Co n s id e r ( 3 , 1 ) a n d ( j, q ) fo r 5 ≤ q ≤ n
2
+ 1 . N o t e t h a t t h e fo llo win g p a t h s in F
fr o m ( 3 , 1 ) t o ( j, 5 ) fo r a ll j a r e o f le n g t h 4 :
( 3 , 1 ) → ( 3 , 2 ) → ( 2 , 3 ) → ( 2 , 4 ) → {( 1 , 5 ) , ( 3 , 5 ) };
( 3 , 1 ) → ( 3 , 2 ) → ( 2 , 3 ) → ( 3 , 4 ) → ( 2 , 5 ) .
Th u s t h e r e a r e p a t h s o f le n g t h n o t e xc e e d in g n
2
fr o m ( 3 , 1 ) t o ( j, q ) fo r a ll j a n d
5 ≤ q ≤ n
2
+ 1 . Fo r q = 3 , 4 , t h e fo llo win g p a t h s fr o m ( 3 , 1 ) t o ( j, q ) a r e o f le n g t h
n o t e xc e e d in g n
2
:
( 3 , 1 ) → ( 3 , 2 ) → ( 1 , 1 ) → ( 2 , 2 ) → {( 1 , 3 ) , ( 3 , 3 ) }; ( 3 , 1 ) → ( 3 , 2 ) → ( 2 , 3 ) ;
( 3 , 1 ) → ( 3 , 2 ) → ( 1 , 1 ) → ( 2 , 2 ) → ( 1 , 3 ) → ( 1 , 4 ) ;
( 3 , 1 ) → ( 3 , 2 ) → ( 2 , 3 ) → {( 2 , 4 ) , ( 3 , 4 ) }.
Fo r n
2
+ 2 ≤ q ≤ n − 1 , s in c e ( 3 , 1 ) → { ( 1 , n) , ( 3 , n ) } in F , t h e p r o o f is s im ila r t o
t h a t fo r ( 1 , 1 ) .
Co n s id e r ( 1 , 2 ) a n d ( j, q ) fo r 6 ≤ q ≤ n
2
+ 2 . N o t e t h a t t h e fo llo win g p a t h s in F
fr o m ( 1 , 2 ) t o ( j, 6 ) fo r a ll j a r e o f le n g t h 4 :
( 1 , 2 ) → ( 2 , 3 ) → ( 2 , 4 ) → ( 1 , 5 ) → {( 1 , 6 ) , ( 2 , 6 ) };
( 1 , 2 ) → ( 2 , 3 ) → ( 2 , 4 ) → ( 3 , 5 ) → ( 3 , 6 ) .
Th u s t h e r e a r e p a t h s o f le n g t h n o t e xc e e d in g n
2
fr o m ( 1 , 2 ) t o ( j, q ) fo r a ll j a n d
6 ≤ q ≤ n
2
+ 2 . Fo r q = 4 , 5 , t h e fo llo win g p a t h s fr o m ( 1 , 2 ) t o ( j, q ) a r e o f le n g t h
n o t e xc e e d in g n
2
:
( 1 , 2 ) → ( 2 , 3 ) → ( 2 , 2 ) → ( 1 , 3 ) → ( 1 , 4 ) ;
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( 1 , 2 ) → ( 2 , 3 ) → {( 2 , 4 ) , ( 3 , 4 ) };
( 1 , 2 ) → ( 2 , 3 ) → ( 2 , 4 ) → {( 1 , 5 ) , ( 3 , 5 ) };
( 1 , 2 ) → ( 2 , 3 ) → ( 3 , 4 ) → ( 2 , 5 ) .
Fo r n
2
+ 3 ≤ q ≤ n, s in c e ( 1 , 2 ) → ( 3 , 1 ) → {( 1 , n ) , ( 3 , n) } a n d ( 1 , 2 ) → ( 2 , 1 ) →
( 2 , n) a r e p a t h s o f le n g t h 2 fr o m ( 1 , 2 ) t o ( j, n ) fo r a ll j, t h e r e a r e p a t h s o f le n g t h
n o t e xc e e d in g n
2
fr o m ( 1 , 2 ) t o ( j, q ) fo r a ll j a n d n
2
+ 3 ≤ q ≤ n.
Co n s id e r ( 2 , 2 ) a n d 4 ≤ q ≤ n
2
+ 2 . S in c e ( 2 , 2 ) → ( 1 , 3 ) → { ( 1 , 4 ) , ( 2 , 4 ) } a n d
( 2 , 2 ) → ( 3 , 3 ) → ( 3 , 4 ) a r e p a t h s o f le n g t h 2 fr o m ( 2 , 2 ) t o ( j, 4 ) fo r a ll j, t h e r e a r e
p a t h s o f le n g t h n o t e xc e e d in g n
2





+3 ≤ q ≤ n− 1 , n o t e t h a t t h e fo llo win g p a t h s in F fr o m ( 2 , 2 ) t o ( j, n− 1 )
fo r a ll j a r e o f le n g t h 3 :
( 2 , 2 ) → ( 3 , 1 ) → ( 3 , n ) → ( 1 , n− 1 ) ;
( 2 , 2 ) → ( 3 , 1 ) → ( 1 , n) → { ( 2 , n− 1 ) , ( 3 , n− 1 ) }.
Th u s t h e r e a r e p a t h s o f le n g t h n o t e xc e e d in g n
2
fr o m ( 2 , 2 ) t o ( j, q ) fo r a ll j a n d
n
2
+ 3 ≤ q ≤ n− 1 . Fo r q = n, t h e fo llo win g p a t h s fr o m ( 2 , 2 ) t o ( j, q ) a r e o f le n g t h
n o t e xc e e d in g n
2
:
( 2 , 2 ) → ( 3 , 1 ) → {( 1 , n ) , ( 3 , n) };
( 2 , 2 ) → ( 3 , 1 ) → ( 3 , n) → ( 2 , 1 ) → ( 2 , n) .
Co n s id e r ( 3 , 2 ) a n d 4 ≤ q ≤ n
2
+ 2 . S in c e ( 3 , 2 ) → ( 2 , 3 ) in F , t h e p r o o f is s im ila r




+3 ≤ q ≤ n− 1 , n o t e t h a t t h e fo llo win g p a t h s in F fr o m ( 3 , 2 ) t o ( j, n− 1 )
fo r a ll j a r e o f le n g t h 3 :
( 3 , 2 ) → ( 1 , 1 ) → ( 3 , n ) → ( 1 , n− 1 ) ;
( 3 , 2 ) → ( 1 , 1 ) → ( 1 , n) → { ( 2 , n− 1 ) , ( 3 , n− 1 ) }.
Th u s t h e r e a r e p a t h s o f le n g t h n o t e xc e e d in g n
2
fr o m ( 3 , 2 ) t o ( j, q ) fo r a ll j a n d
n
2
+ 3 ≤ q ≤ n− 1 . Fo r q = n, t h e fo llo win g p a t h s fr o m ( 3 , 2 ) t o ( j, q ) a r e o f le n g t h
n o t e xc e e d in g n
2
:
( 3 , 2 ) → ( 1 , 1 ) → { ( 1 , n) , ( 3 , n ) }; ( 3 , 2 ) → ( 1 , 1 ) → ( 1 , n ) → ( 2 , 1 ) → ( 2 , n ) ;
Th e p r o o f o f P r o p o s it io n 2 .3 .5 is t h u s c o m p le t e .
¤
P r opositon 2.3.6 W h e n n ≥ 1 1 a n d n is o d d , t h e n C(3)n ∈ C 0.
P r oof: L e t F ∈ D ( C(3)n ) b e d e fi n e d a s fo llo ws . Fo r 1 ≤ i ≤ n− 2 ,
( i) if i is o d d , ( 1 , i) → ( 2 , i+ 1 ) ,( 2 , i) → { ( 1 , i+ 1 ) , ( 3 , i+ 1 ) } ,( 3 , i ) → ( 2 , i+ 1 ) ;
( ii) if i is e ve n , ( 1 , i ) → { ( 1 , i + 1 ) , ( 2 , i + 1 ) }, ( 2 , i) → {( 2 , i + 1 ) , ( 3 , i + 1 ) },
( 3 , i) → ( 3 , i+ 1 ) ;
( iii) {( 1 , 1 ) , ( 2 , 1 ) } → ( 1 , n) → ( 3 , 1 ) , ( 1 , 1 ) → ( 2 , n) → { ( 2 , 1 ) , ( 3 , 1 ) }, ( 3 , 1 ) →
( 3 , n) → {( 1 , 1 ) , ( 2 , 1 ) };
( iv) ( 3 , n− 1 ) → ( 1 , n) → {( 1 , n− 1 ) , ( 2 , n− 1 ) }, { ( 2 , n− 1 ) , ( 3 , n− 1 ) } → ( 2 , n ) →
( 1 , n− 1 ) , { ( 1 , n− 1 ) , ( 2 , n− 1 ) } → ( 3 , n ) → ( 3 , n− 1 ) ;
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( v) fo r a ll ( s, t ) , ( p, t+ 1 ) , 1 ≤ s, p ≤ 3 , 1 ≤ t ≤ n, if ( s, t ) → ( p, t+ 1 ) b y ( i) -( iv)
a b o ve , t h e n le t ( p, t+ 1 ) → ( s, t ) .
It c a n b e c h e c ke d e a s ily t h a t if p = q, t h e n d( ( i, p) , ( j, q ) ) ≤ 5 fo r a ll i, j = 1 , 2 , 3 .
N o w le t n′ = n− 1 a n d d e n o t e t h e o r ie n t a t io n o f C(3)n′ d e s c r ib e d in P r o p o s it io n 2 .3 .5
b y H. If H ′ is t h e s u b d ig r a p h o f H d e fi n e d b y
H ′ = H − {( 1 , 1 ) ( 1 , 2 ) , ( 1 , 1 ) ( 2 , 2 ) , ( 2 , 1 ) ( 2 , 2 ) , ( 2 , 1 ) ( 3 , 2 ) , ( 3 , 1 ) ( 3 , 2 ) , ( 1 , 2 ) ( 2 , 1 ) ,
( 1 , 2 ) ( 3 , 1 ) , ( 2 , 2 ) ( 3 , 1 ) , ( 3 , 2 ) ( 1 , 1 ) }
a n d F ′ is t h e s u b d ig r a p h o f F in d u c e d b y { ( i, p) |1 ≤ i ≤ 3 , 1 ≤ p ≤ n − 1 }, t h e n
H ′ a n d F ′ a r e is o m o r p h ic . Th is o b s e r va t io n ju s t ifi e s t h e fo llo win g :
Obser vation 1: If |p − q| ≤ n−1
2




 fo r i, j =
1 , 2 , 3 .
Ob s e r va t io n 1 , t o g e t h e r wit h t h e n e xt e ig h t o b s e r va t io n s , c o n s t it u t e s t h e p r o o f
o f t h e in e qu a lit y d( F ) ≤ n
2












d( F ) , t h e in e qu a lit y d( F ) ≤ n
2




n ) = d( Cn ) , s o t h a t C
(3)
n ∈ C 0.
Obser vation 2: If n+3
2
≤ q ≤ n − 3 , t h e n d( ( i, 1 ) , ( j, q ) ) ≤ n − q + 1 fo r
i, j = 1 , 2 , 3 .
P r oof: S in c e n+3
2
≤ q ≤ n− 3 , we h a ve 2 ≤ ( n− 1 ) − q ≤ n−5
2
. B y t h e p r o o f o f
P r o p o s it io n 2 .3 .5 , fo r a ll ( j, q ) , j = 1 , 2 , 3 , t h e r e e xis t s a p a t h o f le n g t h ( n− 1 ) − q
fr o m ( 1 , n − 1 ) t o ( j, q ) . L ike wis e , t h e r e e xis t s a p a t h o f le n g t h ( n − 1 ) − q fr o m
( 3 , n− 1 ) t o ( j, q ) . S in c e { ( 1 , 1 ) , ( 2 , 1 ) } → ( 1 , n ) → ( 1 , n− 1 ) a n d ( 3 , 1 ) → ( 3 , n ) →
( 3 , n− 1 ) in F , t h e r e e xis t p a t h s o f le n g t h n− 1 − q + 2 = n− q + 1 fr o m ( i, 1 ) t o
( j, q ) fo r i, j = 1 , 2 , 3 .
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Obser vation 3: If n − 2 ≤ q ≤ n, t h e n d ( ( i, 1 ) , ( j, q ) ) ≤ 4 fo r i = 1 , 2 a n d
j = 1 , 2 , 3 , a n d d ( ( 3 , 1 ) , ( j, q ) ) ≤ 5 fo r j = 1 , 2 , 3 .
P r oof: Th e fo llo win g p a t h s in F ju s t ify t h e o b s e r va t io n :
( 1 , 1 ) → {( 1 , n ) , ( 2 , n) }, ( 1 , 1 ) → ( 1 , n) → ( 3 , 1 ) → ( 3 , n ) ,
( 1 , 1 ) → ( 1 , n) → { ( 1 , n− 1 ) , ( 2 , n− 1 ) },
( 1 , 1 ) → ( 1 , n) → ( 2 , n− 1 ) → ( 3 , n) → ( 3 , n− 1 ) ,
( 1 , 1 ) → ( 1 , n) → ( 1 , n− 1 ) → { ( 1 , n− 2 ) , ( 3 , n− 2 ) },
( 1 , 1 ) → ( 1 , n) → ( 2 , n− 1 ) → ( 2 , n− 2 ) ,
( 2 , 1 ) → ( 1 , n) , ( 2 , 1 ) → ( 1 , n ) → ( 2 , n− 1 ) → {( 2 , n ) , ( 3 , n) },
( 2 , 1 ) → ( 1 , n) → { ( 1 , n− 1 ) , ( 2 , n− 1 ) },
( 2 , 1 ) → ( 1 , n) → ( 2 , n− 1 ) → ( 3 , n) → ( 3 , n− 1 ) ,
( 2 , 1 ) → ( 1 , n) → ( 1 , n− 1 ) → { ( 1 , n− 2 ) , ( 3 , n− 2 ) },
( 2 , 1 ) → ( 1 , n) → ( 2 , n− 1 ) → ( 2 , n− 2 ) ,
( 3 , 1 ) → ( 3 , n) , ( 3 , 1 ) → ( 3 , n ) → ( 1 , 1 ) → {( 1 , n ) , ( 2 , n) },
( 3 , 1 ) → ( 3 , n) → ( 3 , n− 1 ) ,
( 3 , 1 ) → ( 3 , n) → ( 3 , n− 1 ) → ( 1 , n) → { ( 1 , n− 1 ) , ( 2 , n− 1 ) },
( 3 , 1 ) → ( 3 , n) → ( 3 , n− 1 ) → { ( 1 , n− 2 ) , ( 3 , n− 2 ) },
( 3 , 1 ) → ( 3 , n) → ( 3 , n− 1 ) → ( 3 , n− 2 ) → ( 2 , n− 1 ) → ( 2 , n− 2 ) .
Obser vation 4: If 1 ≤ p ≤ n−3
2
a n d n+3
2
≤ q ≤ n s u c h t h a t q − p > n−1
2
, t h e n
d( ( i, p) , ( j, q ) ) ≤ n−1
2
fo r i, j = 1 , 2 , 3 .
P r oof: W e fi r s t a s s u m e t h a t n+3
2
≤ q ≤ n − 3 . Co n s id e r a n y ( i, p) ∈ V ( F ) .
Cle a r ly, t h e r e e xis t s a p a t h o f le n g t h p − 1 fr o m ( i, p) t o s o m e ve r t e x ( k, 1 ) . B y
Ob s e r va t io n 2 , t h e r e e xis t s a p a t h o f le n g t h a t m o s t n− q + 1 fr o m ( k, 1 ) t o ( j, q ) .
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Th u s t h e r e e xis t s a p a t h o f le n g t h ( p− 1 ) + ( n− q+ 1 ) = n− ( q− p) ( < n+1
2
) fr o m
( i, p) t o ( j, q ) .
N o w a s s u m e t h a t n − 2 ≤ q ≤ n. W e c o n s id e r p = 1 , 2 a n d p ≥ 3 s e p a r a t e ly.
W h e n p = 1 , 2 , s in c e { ( 1 , 2 ) , ( 3 , 2 ) } → ( 1 , 1 ) a n d ( 2 , 2 ) → ( 2 , 1 ) , b y Ob s e r va t io n 3 ,
it is c le a r t h a t d ( ( i, p) , ( j, q ) ) ≤ 5 . W h e n 3 ≤ p ≤ n−5
2
, t h e n t h e r e e xis t a p a t h o f
le n g t h p− 1 fr o m ( i, p) t o ( 1 , 1 ) a n d a ls o a p a t h o f le n g t h p− 1 fr o m ( i, p) t o ( 3 , 1 ) .
Fr o m t h e p r o o f o f Ob s e r va t io n 3 , we s e e t h a t
d ( ( 1 , 1 ) , ( j, q ) ) ≤ 3 if ( j, q ) = ( 3 , n− 1 ) a n d d ( ( 3 , 1 ) , ( 3 , n− 1 ) ) = 2 .
Th u s t h e r e e xis t s a p a t h o f le n g t h a t m o s t p − 1 + 3 = p + 2 ( ≤ n−1
2
) fr o m ( i, p)
t o ( j, q ) . W h e n p = n−3
2
, we o n ly n e e d t o c o n s id e r q = n− 1 , n. Fr o m t h e p r o o f o f
Ob s e r va t io n 3 , we h a ve
d( ( 1 , 1 ) , ( j, q ) ) ≤ 2 if j = 1 , 2 a n d d( ( 3 , 1 ) , ( 3 , q ) ) ≤ 2 .
Th u s t h e r e e xis t s a p a t h o f le n g t h a t m o s t p − 1 + 2 = p + 1 = n−1
2
fr o m ( i, p) t o
( j, q ) .
Obser vation 5: If 3 ≤ q ≤ n−3
2
, t h e n d ( ( i, n− 1 ) , ( j, q ) ) ≤ q+1 fo r i, j = 1 , 2 , 3 .
P r oof: S in c e 3 ≤ q ≤ n−3
2
, b y t h e p r o o f o f P r o p o s it io n 2 .3 .5 , fo r a ll ( j, q ) ,
j = 1 , 2 , 3 , t h e r e e xis t s a p a t h o f le n g t h q − 1 fr o m ( 2 , 1 ) t o ( j, q ) . S in c e { ( 1 , n −
1 ) , ( 2 , n − 1 ) } → ( 3 , n ) → ( 2 , 1 ) a n d ( 3 , n − 1 ) → ( 2 , n ) → ( 2 , 1 ) in F , t h e r e e xis t
p a t h s o f le n g t h ( q − 1 ) + 2 = q + 1 fr o m ( i, n− 1 ) t o ( j, q ) fo r i, j = 1 , 2 , 3 .
Obser vation 6: If 1 ≤ q ≤ 2 , t h e n d( ( i, n − 1 ) , ( j, q ) ) ≤ 4 fo r i = 1 , 3 a n d
j = 1 , 2 , 3 , a n d d ( ( 2 , n− 1 ) , ( j, q ) ) ≤ 3 fo r j = 1 , 2 , 3 .
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P r oof: Th e fo llo win g p a t h s in F ju s t ify t h e o b s e r va t io n :
( 1 , n− 1 ) → ( 3 , n) → {( 1 , 1 ) , ( 2 , 1 ) },
( 1 , n− 1 ) → ( 3 , n) → ( 3 , n− 1 ) → ( 1 , n) → ( 3 , 1 ) ,
( 1 , n− 1 ) → ( 3 , n) → ( 1 , 1 ) → ( 2 , 2 ) ,
( 1 , n− 1 ) → ( 3 , n) → ( 2 , 1 ) → { ( 1 , 2 ) , ( 3 , 2 ) },
( 2 , n− 1 ) → ( 2 , n) → {( 2 , 1 ) , ( 3 , 1 ) },
( 2 , n− 1 ) → ( 3 , n) → ( 1 , 1 ) ,
( 2 , n− 1 ) → ( 2 , n) → ( 2 , 1 ) → { ( 1 , 2 ) , ( 3 , 2 ) },
( 2 , n− 1 ) → ( 2 , n) → ( 3 , 1 ) → ( 2 , 2 ) ,
( 3 , n− 1 ) → ( 2 , n) → {( 2 , 1 ) , ( 3 , 1 ) },
( 3 , n− 1 ) → ( 2 , n) → ( 1 , n− 1 ) → ( 3 , n) → ( 1 , 1 ) ,
( 3 , n− 1 ) → ( 2 , n) → ( 2 , 1 ) → { ( 1 , 2 ) , ( 3 , 2 ) },
( 3 , n− 1 ) → ( 2 , n) → ( 3 , 1 ) → ( 2 , 2 ) .
Obser vation 7: If n+3
2
≤ p ≤ n − 1 a n d 1 ≤ q ≤ n−3
2
s u c h t h a t p − q > n−1
2
,
t h e n d ( ( i, p) , ( j, q ) ) ≤ n−1
2
fo r i, j = 1 , 2 , 3 .
P r oof: W e fi r s t a s s u m e t h a t 3 ≤ q ≤ n−3
2
. Co n s id e r a n y ( i, p) ∈ V ( F ) . Cle a r ly,
t h e r e e xis t s a p a t h o f le n g t h n − 1 − p fr o m ( i, p) t o s o m e ve r t e x ( k, n − 1 ) . B y
Ob s e r va t io n 5 , t h e r e is a p a t h o f le n g t h a t m o s t q+ 1 fr o m ( k, n− 1 ) t o ( j, q ) . Th u s
t h e r e e xis t s a p a t h o f le n g t h ( n− 1 − p) + q + 1 = n− ( p− q ) ( < n+1
2
) fr o m ( i, p)
t o ( j, q ) .
A s s u m e n o w t h a t 1 ≤ q ≤ 2 . W e c o n s id e r p = n− 2 , n− 1 a n d n+3
2
≤ p ≤ n− 3
s e p a r a t e ly. W h e n p = n − 2 , n − 1 , s in c e {( 1 , n − 2 ) , ( 3 , n − 2 ) } → ( 2 , n − 1 ) a n d
( 2 , n − 2 ) → ( 1 , n − 1 ) in F , b y Ob s e r va t io n 6 , it is c le a r t h a t d ( ( i, p) , ( j, q ) ) ≤ 5 .
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W h e n n+5
2
≤ p ≤ n − 3 , t h e r e e xis t s a p a t h o f le n g t h ( n − 1 − p) fr o m ( i, p)
t o ( 2 , n − 1 ) . Fr o m Ob s e r va t io n 6 , we s e e t h a t t h e r e e xis t s a p a t h o f le n g t h n o t
e xc e e d in g n − 1 − p + 3 = n − p + 2 ( ≤ n−1
2
) fr o m ( i, p) t o ( j, q ) . W h e n p = n+3
2
,
we o n ly n e e d t o c o n s id e r q = 1 . Fr o m t h e p r o o f o f Ob s e r va t io n 6 , we s e e t h a t
d( ( 2 , n− 1 ) , ( j, 1 ) ) = 2 fo r a ll j = 1 , 2 , 3 . S in c e t h e r e is a p a t h o f le n g t h n− 1 − p
fr o m ( i, p) t o ( 2 , n− 1 ) , t h e r e e xis t s a p a t h o f le n g t h n− 1 −p+ 2 = n−p+ 1 = n−1
2
fr o m ( i, p) t o ( j, 1 ) .
Obser vation 8: Fo r a ll i, j = 1 , 2 , 3 , d ( ( i, n−1
2
) , ( j, n) ) ≤ n−1
2
a n d d( ( i, n+1
2




P r oof: Cle a r ly, t h e r e a r e p a t h s o f le n g t h n−1
2
− 1 fr o m ( i, n−1
2
) t o ( 1 , 1 ) a n d
( 3 , 1 ) . S in c e ( 1 , 1 ) → {( 1 , n) , ( 2 , n) } a n d ( 3 , 1 ) → ( 3 , n) , t h e r e e xis t s a p a t h o f
le n g t h n−1
2
− 1 + 1 = n−1
2
fr o m ( i, n−1
2
) t o ( j, n) . L ike wis e , t h e r e a r e p a t h s o f
le n g t h ( n− 1 ) − ( n+1
2
) fr o m ( i, n+1
2
) t o ( 2 , n− 1 ) a n d ( 3 , n− 1 ) . S in c e ( 2 , n− 1 ) →
{ ( 2 , n ) , ( 3 , n) } a n d ( 3 , n− 1 ) → ( 1 , n) , t h e r e e xis t s a p a t h o f le n g t h n−3
2
+ 1 = n−1
2
fr o m ( i, n+1
2
) t o ( j, n) .
Obser vation 9: Fo r a ll i, j = 1 , 2 , 3 a n d q = 1 , 2 , ..., n− 1 , d( ( i, n) , ( j, q ) ) ≤ n−1
2
.
P r oof: It is c le a r t h a t d ( ( i, n ) , ( j, 1 ) ) ≤ 3 a n d d ( ( i, n ) , ( j, n − 1 ) ) ≤ 3 fo r
a ll j = 1 , 2 , 3 . Co n s id e r 2 ≤ q ≤ n−1
2
. N o t e t h a t ( 2 , 1 ) → { ( 1 , 2 ) , ( 3 , 2 ) } a n d
( 3 , 1 ) → ( 2 , 2 ) . S in c e ( 2 , n) → { ( 2 , 1 ) , ( 3 , 1 ) }, t h e r e e xis t s a p a t h o f le n g t h 2
fr o m ( 2 , n) t o ( j, 2 ) a n d c o n s e qu e n t ly, t h e r e e xis t s a p a t h o f le n g t h q fr o m ( 2 , n)
t o ( j, q ) . S im ila r ly, n o t e t h a t ( 2 , 1 ) → { ( 1 , 2 ) , ( 3 , 2 ) } a n d ( 1 , 1 ) → ( 2 , 2 ) . S in c e
( 3 , n) → {( 1 , 1 ) , ( 2 , 1 ) }, s im ila r a r g u m e n t s s h o w t h a t t h e r e e xis t s a p a t h o f le n g t h
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q fr o m ( 3 , n ) t o ( j, q ) .
Co n s id e r ( 1 , n) . N o t e t h a t ( 1 , n) → ( 3 , 1 ) → ( 2 , 2 ) → ( 2 , 3 ) → { ( 1 , 4 ) , ( 3 , 4 ) }
a n d ( 1 , n ) → ( 3 , 1 ) → ( 2 , 2 ) → ( 3 , 3 ) → ( 2 , 4 ) . Th u s t h e r e e xis t s a p a t h o f le n g t h 4
fr o m ( 1 , n) t o ( j, 4 ) a n d c o n s e qu e n t ly, t h e r e e xis t s a p a t h o f le n g t h q fr o m ( 1 , n) t o
( j, q ) , wh e r e 4 ≤ q ≤ n−1
2
. Fo r q = 2 , 3 , t h e fo llo win g p a t h s o f le n g t h n o t e xc e e d in g
5 ju s t ify t h e o b s e r va t io n :
( 1 , n ) → ( 3 , 1 ) → ( 2 , 2 ) → ( 2 , 1 ) → { ( 1 , 2 ) , ( 3 , 2 ) },
( 1 , n ) → ( 3 , 1 ) → ( 2 , 2 ) → { ( 2 , 3 ) , ( 3 , 3 ) },
( 1 , n ) → ( 3 , 1 ) → ( 2 , 2 ) → ( 3 , 3 ) → ( 1 , 2 ) → ( 1 , 3 ) .
Co n s id e r n+1
2
≤ q ≤ n − 2 . N o t e t h a t ( 1 , n − 1 ) → {( 1 , n − 2 ) , ( 3 , n − 2 ) } a n d
( 2 , n− 1 ) → ( 2 , n− 2 ) . S in c e ( 1 , n ) → { ( 1 , n− 1 ) , ( 2 , n− 1 ) }, t h e r e e xis t s a p a t h o f
le n g t h 2 fr o m ( 1 , n) t o ( j, n− 2 ) a n d c o n s e qu e n t ly, t h e r e is a p a t h o f le n g t h n− q
( ≤ n−1
2
) fr o m ( 1 , n ) t o ( j, q ) .
Co n s id e r ( 2 , n) . N o t e t h a t ( 2 , n) → ( 1 , n− 1 ) → ( 1 , n− 2 ) → { ( 2 , n− 3 ) , ( 3 , n−
3 ) } a n d ( 2 , n) → ( 1 , n − 1 ) → ( 3 , n − 2 ) → ( 1 , n − 3 ) . Th u s t h e r e e xis t s a p a t h
o f le n g t h 3 fr o m ( 2 , n) t o ( j, n− 3 ) a n d c o n s e qu e n t ly, t h e r e e xis t s a p a t h o f le n g t h
n − q ( ≤ n−1
2
) fr o m ( 2 , n ) t o ( j, q ) , wh e r e n+1
2
≤ q ≤ n − 3 . Fo r q = n − 2 , t h e
fo llo win g p a t h s o f le n g t h n o t e xc e e d in g 5 ju s t ify t h e o b s e r va t io n :
( 2 , n ) → ( 1 , n− 1 ) → {( 1 , n− 2 ) , ( 3 , n− 2 ) },
( 2 , n ) → ( 1 , n− 1 ) → ( 1 , n− 2 ) → ( 2 , n− 1 ) → ( 2 , n− 2 ) .
Co n s id e r ( 3 , n ) . N o t e t h a t ( 3 , n) → ( 3 , n − 1 ) → ( 3 , n − 2 ) → ( 1 , n − 3 ) a n d
( 3 , n) → ( 3 , n− 1 ) → ( 1 , n− 2 ) → { ( 2 , n− 3 ) , ( 3 , n− 3 ) }. Th u s t h e r e e xis t s a p a t h
o f le n g t h 3 fr o m ( 3 , n) t o ( j, n− 3 ) a n d c o n s e qu e n t ly, t h e r e e xis t s a p a t h o f le n g t h
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n − q ( ≤ n−1
2
) fr o m ( 3 , n ) t o ( j, q ) , wh e r e n+1
2
≤ q ≤ n − 3 . Fo r q = n − 2 , t h e
fo llo win g p a t h s o f le n g t h n o t e xc e e d in g 5 ju s t ify t h e o b s e r va t io n :
( 3 , n ) → ( 3 , n− 1 ) → {( 1 , n− 2 ) , ( 3 , n− 2 ) },
( 3 , n ) → ( 3 , n− 1 ) → ( 3 , n− 2 ) → ( 2 , n− 1 ) → ( 2 , n− 2 ) .
Th e a b o ve n in e o b s e r va t io n s o n t h e o r ie n t a t io n F ju s t ify o u r c la im t h a t d ( F ) ≤
n
2
 a n d t h e p r o o f o f P r o p o s it io n 2 .3 .6 is t h u s c o m p le t e .
¤
T heor em 2.3.7 Fo r a ll n ≥ 1 0 a n d si ≥ 3 fo r e a c h i = 1 , 2 , ..., n, Cn ( s1, s2, ..., sn ) ∈
C 0.
P r oof: It is e a s ily c h e c ke d t h a t in t h e o r ie n t a t io n s F p r o vid e d in P r o p o s it io n s
2 .3 .5 a n d 2 .3 .6 , e ve r y ve r t e x o f V ( F ) lie s o n a 4 -c yc le . Th e o r e m 2 .3 .7 n o w fo llo ws
im m e d ia t e ly fr o m L e m m a 2 .3 .4 .
¤
P r opositon 2.3.8 Fo r n = 6 , 7 , C
(3)
n ∈ C 1.
P r oof: N o t e t h a t d ( C6 ) = d( C7 ) = 3 . W e s h a ll p r o ve t h e r e s u lt fo r C
(3)
6 . Th e
r e s u lt fo r C
(3)
7 c a n b e s h o wn s im ila r ly. B y Th e o r e m 2 .3 .3 , we o n ly n e e d t o s h o w
t h a t if F ∈ D ( C(3)6 ) , t h e n d ( F ) > 3 .
L e t F ∈ D ( C(3)6 ) . Fir s t o b s e r ve t h a t fo r a ll ( i, j ) ∈ V ( C
(3)
6 ) , if ( i, j ) → { ( k, j +
1 ) |k = 1 , 2 , 3 } in F , t h e n d ( ( 1 , j + 2 ) , ( i, j ) ) ≥ 4 . Co n s id e r t h e ve r t e x ( 1 , 1 ) .
S in c e C
(3)
6 is a 6 -r e g u la r g r a p h , we m a y a s s u m e , wit h o u t lo s s o f g e n e r a lit y, t h a t
|O ( ( 1 , 1 ) ) | ≤ 3 a n d {( 2 , 2 ) , ( 3 , 2 ) } → ( 1 , 1 ) → ( 1 , 2 ) in F . N o w if d( F ) ≤ 3 , t h e n
d( ( 1 , 1 ) , ( i, 3 ) ) ≤ 3 fo r i = 1 , 2 , 3 wh ic h im p lie s t h a t ( 1 , 2 ) → { ( i, 3 ) |i = 1 , 2 , 3 }.
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B u t t h e n d( F ) ≥ 4 b y t h e a b o ve o b s e r va t io n . Th u s C(3)6 ∈ C 1.
¤
P r opositon 2.3.9 Fo r n = 8 , 9 , C
(3)
n ∈ C 1.
P r oof: N o t e t h a t d ( C8 ) = d( C9 ) = 4 . W e s h a ll p r o ve t h e r e s u lt fo r C
(3)
8 . Th e
r e s u lt fo r C
(3)
9 c a n b e s h o wn s im ila r ly. A g a in , we o n ly n e e d t o s h o w t h a t if F ∈
D ( C(3)8 ) , t h e n d( F ) > 4 .
L e t F ∈ D ( C(3)8 ) a n d s u p p o s e d ( F ) ≤ 4 . Fo r e a c h ( p, q ) ∈ V ( F ) , d e fi n e
A( p, q ) = {( i, q + 1 ) | 1 ≤ i ≤ 3 , ( p, q ) → ( i, q + 1 ) in F}
B ( p, q ) = { ( j, q − 1 ) |1 ≤ j ≤ 3 , ( p, q ) → ( j, q − 1 ) in F}.
S im ila r t o t h e p r o o f o f P r o p o s it io n 2 .3 .8 , if we a s s u m e d( F ) ≤ 4 , t h e n |A( p, q ) | = 3
a n d |B ( p, q ) | = 3 fo r a ll ( p, q ) ∈ V ( C(3)8 ) . B y c o n s id e r in g t h e c o n ve r s e o f F , it is
e a s y t o s e e t h a t if d( F ) ≤ 4 , t h e n |A( p, q ) | a n d |B ( p, q ) | a r e b o t h n o n -z e r o . W e
s h a ll n o w c o n s id e r 2 c a s e s .
Case 1: Fo r s o m e 1 ≤ q ≤ 8 , s a y q = 1 , we h a ve |A( i, 1 ) | = 2 fo r a ll i = 1 , 2 , 3 .
S in c e |A( i, 1 ) | = 2 a n d |B ( i, 2 ) | = 0 fo r a ll i = 1 , 2 , 3 , we m a y a s s u m e , wit h -
o u t lo s s o f g e n e r a lit y, t h a t ( 3 , 2 ) → ( 1 , 1 ) → { ( 1 , 2 ) , ( 2 , 2 ) }, ( 1 , 2 ) → ( 2 , 1 ) →
{ ( 2 , 2 ) , ( 3 , 2 ) } a n d ( 2 , 2 ) → ( 3 , 1 ) → {( 1 , 2 ) , ( 3 , 2 ) } in F . ( S e e Fig u r e 2 .3 .3 .)
S in c e d( F ) ≤ 4 , d ( ( i, 4 ) , ( j, 1 ) ) = 3 fo r a ll i, j = 1 , 2 , 3 . N o w if |B ( 1 , 4 ) | = 1 ,
t h e n d( ( 1 , 4 ) , ( j, 1 ) ) = 3 im p lyin g |B ( i, 3 ) | = 3 fo r s o m e i, wh ic h is n o t p o s s ib le .
Th u s |B ( i, 4 ) | = 2 fo r a ll i = 1 , 2 , 3 . W e m a y n o w a s s u m e , wit h o u t lo s s o f g e n -
e r a lit y, t h a t {( 1 , 4 ) , ( 3 , 4 ) } → ( 1 , 3 ) → ( 2 , 4 ) , { ( 1 , 4 ) , ( 2 , 4 ) } → ( 2 , 3 ) → ( 3 , 4 ) a n d
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{ ( 2 , 4 ) , ( 3 , 4 ) } → ( 3 , 3 ) → ( 1 , 4 ) in F . ( S e e Fig u r e 2 .3 .4 .)
Fig u r e 2 .3 .3 Fig u r e 2 .3 .4
S u p p o s e ( 1 , 3 ) → ( 1 , 2 ) in F . ( Th e c a s e wh e n ( 1 , 2 ) → ( 1 , 3 ) is s im ila r b y
s ym m e t r y.) If |B ( 1 , 3 ) | = 1 , t h e n d( ( 1 , 4 ) , ( 1 , 1 ) ) = d( ( 1 , 4 ) , ( 3 , 1 ) ) = 3 im p ly-
in g ( 2 , 3 ) → { ( 2 , 2 ) , ( 3 , 2 ) }. B u t t h e n d( ( 2 , 1 ) , ( 3 , 4 ) ) > 4 , a c o n t r a d ic t io n . S o
|B ( 1 , 3 ) | = 2 . If ( 3 , 2 ) → ( 1 , 3 ) → ( 2 , 2 ) , t h e n d ( ( 1 , 1 ) , ( 2 , 4 ) ) > 4 ; wh e r e a s if
( 2 , 2 ) → ( 1 , 3 ) → ( 3 , 2 ) , t h e n d ( ( 3 , 1 ) , ( 2 , 4 ) ) > 4 , a c o n t r a d ic t io n in e it h e r c a s e .
Case 2: Fo r a ll 1 ≤ q ≤ 8 , t h e r e e xis t s s o m e 1 ≤ iq ≤ 3 s u c h t h a t |A( iq, q ) | = 1 .
N o t e t h a t in t h is c a s e , we m a y a ls o a s s u m e t h a t fo r a ll 1 ≤ q ≤ 8 , t h e r e e xis t s
s o m e 1 ≤ jq ≤ 3 s u c h t h a t |B ( jq, q ) | = 1 . W e s h a ll a s s u m e t h a t { ( 1 , 2 ) , ( 3 , 2 ) } →
( 2 , 1 ) → ( 2 , 2 ) a n d { ( 2 , 3 ) , ( 3 , 3 ) } → ( 1 , 4 ) → ( 1 , 3 ) in F . N o t e t h a t d( ( 2 , 1 ) , ( i, 4 ) ) =
3 a n d d ( ( 1 , 4 ) , ( i, 1 ) ) = 3 fo r a ll i = 1 , 2 , 3 . It is c le a r t h a t |B ( 1 , 3 ) | = 2 a n d we m a y
a s s u m e , b y s ym m e t r y, t h a t ( 1 , 3 ) → ( 1 , 2 ) . N o w if ( 3 , 2 ) → ( 1 , 3 ) → ( 2 , 2 ) , t h e n
|A ( 2 , 2 ) | = 2 wh ic h im p lie s t h a t ( 2 , 2 ) → { ( 2 , 3 ) , ( 3 , 3 ) }. Th is o r ie n t a t io n is t h e n
s im ila r t o t h e c a s e wh e n ( 2 , 2 ) → ( 1 , 3 ) → ( 3 , 2 ) b y c o n s id e r in g it s c o n ve r s e . S o we
m a y a s s u m e , wit h o u t lo s s o f g e n e r a lit y, t h a t ( 2 , 2 ) → ( 1 , 3 ) → ( 3 , 2 ) in F .
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S in c e d( ( 2 , 1 ) , ( 1 , 4 ) ) = 3 , we m u s t h a ve e it h e r ( 2 , 2 ) → ( 2 , 3 ) o r ( 2 , 2 ) → ( 3 , 3 ) .
W it h o u t lo s s o f g e n e r a lit y, we a s s u m e t h a t ( 3 , 3 ) → ( 2 , 2 ) → ( 2 , 3 ) in F .
Fig u r e 2 .3 .5
S in c e d ( ( 1 , 4 ) , ( 1 , 1 ) ) = d( ( 1 , 4 ) , ( 3 , 1 ) ) = 3 , we m u s t h a ve e it h e r ‘( 1 , 2 ) → ( 1 , 1 )
a n d ( 3 , 2 ) → ( 3 , 1 ) ’ o r ‘( 3 , 2 ) → ( 1 , 1 ) a n d ( 1 , 2 ) → ( 3 , 1 ) ’ in F . B y s ym m e t r y,
we o n ly n e e d t o c o n s id e r t h e c a s e t h a t ( 1 , 2 ) → ( 1 , 1 ) a n d ( 3 , 2 ) → ( 3 , 1 ) . ( S e e
Fig u r e 2 .3 .5 .) Ob s e r ve t h a t ( 3 , 1 ) → ( 1 , 2 ) a n d ( 1 , 1 ) → ( 3 , 2 ) . N o w a s |B ( 1 , 2 ) | =
|B ( 3 , 2 ) | = 2 , we m u s t h a ve |B ( 2 , 2 ) | = 1 a n d t h u s we a s s u m e , b y s ym m e t r y,
t h a t ( 3 , 1 ) → ( 2 , 2 ) → ( 1 , 1 ) . A s |A( 1 , 1 ) | = 1 , |A( 3 , 2 ) | = 2 . Th u s ( 3 , 2 ) →
{ ( 2 , 3 ) , ( 3 , 3 ) }, wh ic h in t u r n im p lie s t h a t ( 2 , 3 ) → ( 1 , 2 ) → ( 3 , 3 ) in F .
W e n o w c o n s id e r |B ( 2 , 4 ) |. If |B ( 2 , 4 ) | = 2 a n d ( 3 , 3 ) → ( 2 , 4 ) → {( 1 , 3 ) , ( 2 , 3 ) },
t h e n d ( ( 2 , 1 ) , ( 2 , 4 ) ) > 4 . If ( 2 , 3 ) → ( 2 , 4 ) → { ( 1 , 3 ) , ( 3 , 3 ) }, t h e n ( 1 , 3 ) →
( 3 , 4 ) → ( 2 , 3 ) b u t d ( ( 3 , 4 ) , ( 3 , 1 ) ) > 4 . If ( 1 , 3 ) → ( 2 , 4 ) → {( 2 , 3 ) , ( 3 , 3 ) }, t h e n
d( ( 1 , 1 ) , ( 2 , 4 ) ) > 4 . If |B ( 2 , 4 ) | = 1 a n d { ( 2 , 3 ) , ( 3 , 3 ) } → ( 2 , 4 ) → ( 1 , 3 ) , t h e n
( 1 , 3 ) → ( 3 , 4 ) → {( 2 , 3 ) , ( 3 , 3 ) } b u t d( ( 1 , 1 ) , ( 3 , 4 ) ) > 4 . If { ( 1 , 3 ) , ( 3 , 3 ) } →
( 2 , 4 ) → ( 2 , 3 ) , t h e n d( ( ( 2 , 4 ) , ( 3 , 1 ) ) > 4 . If { ( 1 , 3 ) , ( 2 , 3 ) } → ( 2 , 4 ) → ( 3 , 3 ) ,
t h e n d ( ( 2 , 4 ) , ( 2 , 1 ) ) > 4 .
4 2
W e h a ve e xh a u s t e d a ll p o s s ib ilit ie s a n d t h u s p r o ve d t h a t if F ∈ D ( C(3)8 ) , t h e n
d( F ) > 4 = d( C8 ) . Th e p r o o f fo r C
(3)
9 is s im ila r .
¤
Co m b in in g P r o p o s it io n s 2 .3 .8 a n d 2 .3 .9 , we a r r ive a t t h e fo llo win g t h e o r e m .
T heor em 2.3.10 Fo r 6 ≤ n ≤ 9 , C(3)n ∈ C 1.
¤
B y Th e o r e m 2 .3 .2 , we h a ve Cn ( s1, ..., sn ) ∈ C 0 fo r a ll si ≥ 4 a n d n ≥ 8 . Th e
n e xt p r o p o s it io n c o n s id e r s C
(4)
n fo r n = 6 , 7 .
P r opositon 2.3.11 Fo r n = 6 , 7 , C
(4)
n ∈ C 0.
P r oof: W e p r o vid e t wo o r ie n t a t io n s fo r C
(4)
6 a n d C
(4)
7 wit h o r ie n t a t io n n u m b e r
e qu a l t o 3 . D e fi n e t h e fo llo win g o r ie n t a t io n F o f C
(4)
6 . Fo r a ll ( i, j ) ∈ V ( C
(4)
6 ) ,
( i) if j is o d d , ( 1 , j ) → { ( 1 , j + 1 ) , ( 2 , j + 1 ) }, ( 2 , j ) → { ( 3 , j + 1 ) , ( 4 , j + 1 ) },
( 3 , j ) → { ( 1 , j + 1 ) , ( 3 , j + 1 ) } a n d ( 4 , j ) → {( 2 , j + 1 ) , ( 4 , j + 1 ) };
( ii) if j = 2 , 4 , { ( 1 , j ) , ( 4 , j ) } → {( 3 , j + 1 ) , ( 4 , j + 1 ) } a n d {( 2 , j ) , ( 3 , j ) } →
{( 1 , j + 1 ) , ( 2 , j + 1 ) }; a n d if j = 6 , {( 1 , 6 ) , ( 4 , 6 ) } → { ( 3 , 1 ) , ( 4 , 1 ) } a n d
{( 2 , 6 ) , ( 3 , 6 ) } → {( 1 , 1 ) , ( 2 , 1 ) };
( iii) fo r a ll ( i, j ) ( p, j + 1 ) ∈ E ( C(4)6 ) , if ( i, j ) → ( p, j + 1 ) in ( i) a n d ( ii) , t h e n le t
( p, j + 1 ) → ( i, j ) .
Fig u r e 2 .3 .6 s h o ws p a r t o f t h e o r ie n t a t io n . N o t e t h a t o n ly t h o s e a r c s d e s c r ib e d in
( i) a n d ( ii) a b o ve a r e s h o wn . It is e a s ily ve r ifi e d t h a t d( F ) = 3 .
To s h o w t h a t C
(4)
7 ∈ C 0, we p r o vid e a n o r ie n t a t io n F
′ o f C
(4)
7 s a t is fyin g d( F
′ ) =
d( C7 ) = 3 . W e m o d ify F d e fi n e d fo r C
(4)
6 s lig h t ly, a n d Fig u r e 2 .3 .7 s h o ws t h e
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o r ie n t a t io n F ′. Fo r c la r it y p u r p o s e s , n o t a ll a r c s a r e s h o wn , a n d fo r a ll ( i, j ) ( p, j +
1 ) ∈ E ( C(4)7 ) , if ( i, j ) → ( p, j + 1 ) in Fig u r e 2 .3 .7 , t h e n ( p, j + 1 ) → ( i, j ) in F
′. It
c a n b e c h e c ke d t h a t d ( F ′ ) = 3 , a n d t h e p r o o f o f t h e p r o p o s it io n is c o m p le t e .
Fig u r e 2 .3 .6
Fig u r e 2 .3 .7
¤
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P r opositon 2.3.12 Fo r s = 3 , 4 , C
(s)
5 ∈ C 1.
P r oof: Co n s id e r a n y s t r o n g o r ie n t a t io n F o f C
(3)
5 . If ( 1 , 1 ) → ( 1 , 2 ) in F , t h e n
d( ( 1 , 2 ) , ( 1 , 1 ) ) ≥ 3 , s o d ( F ) ≥ 3 . S in c e d ( C5 ) = 2 , C
(3)
5 ∈ C 1∪ C 2. It c a n b e
s h o wn s im ila r ly t h a t C
(4)
5 ∈ C 1∪ C 2. Fig u r e s 2 .3 .8 s h o ws a n o r ie n t a t io n F o f C
(3)
5
s a t is fyin g d ( F ) = 3 .
Fig u r e 2 .3 .8
Fig u r e 2 .3 .9
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Fo r c la r it y p u r p o s e s , n o t a ll a r c s a r e s h o wn , a n d fo r a ll ( i, j ) ( p, j+1 ) ∈ E ( C(3)5 ) ,
if ( i, j ) → ( p, j+ 1 ) in Fig u r e 2 .3 .8 , t h e n ( p, j+ 1 ) → ( i, j ) in F . Fig u r e 2 .3 .9 s h o ws
a n o r ie n t a t io n F ′ o f C
(4)
5 s a t is fyin g d( F
′ ) = 3 a n d t h e p r o o f o f t h e p r o p o s it io n is
c o m p le t e .
¤
Th e fo llo win g t a b le g ive s a s u m m a r y o f t h e r e s u lt s o n t h e o r ie n t a t io n n u m b e r s
o f c yc le ve r t e x m u lt ip lic a t io n s :
n ∈ C 0, C 1 o r C 2? R e m a r ks
3 C
(s)
3 , s ≥ 2 C 1 S e e R e m a r k 1 b e lo w.
4 C4 ( s1, s2, s3, s4 ) , C 1 if {s1 + s3, s2 + s4} S e e R e m a r k 2 b e lo w.
si ≥ 2 is a c o -p a ir , C 2 o t h e r wis e
5 C
(s)
5 , s = 3 , 4 C 1 P r o p o s it io n 2 .3 .1 2
6 C
(s)
6 , s = 3 , 4 C 1 if s = 3 , Th e o r e m 2 .3 .1 0
C 0 if s = 4 P r o p o s it io n 2 .3 .1 1
7 C
(s)
7 , s = 3 , 4 C 1 if s = 3 , Th e o r e m 2 .3 .1 0
C 0 if s = 4 P r o p o s it io n 2 .3 .1 1
8 C
(3)
8 C 1 Th e o r e m 2 .3 .1 0
C8 ( s1, ..., s8 ) , si ≥ 4 C 0 Th e o r e m 2 .3 .2
9 C
(3)
9 C 1 Th e o r e m 2 .3 .1 0
C9 ( s1, ..., s9 ) , si ≥ 4 C 0 Th e o r e m 2 .3 .2
≥ 1 0 Cn ( s1, ..., sn ) , si ≥ 3 C 0 Th e o r e m 2 .3 .7
Remar ks:
( 1 ) N o t e t h a t C3 ( s1, s2, s3 ) ∼= K ( s1, s2, s3 ) . In p a r t ic u la r , C
(s)
3
∼= K ( s, s, s) a n d it
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wa s s h o wn in [1 0 , 1 1 , 3 3 , 1 5 ] t h a t
−→




( 2 ) Th e o r ie n t a t io n n u m b e r o f C4 ( s1, s2, s3, s4 ) c a n b e d e t e r m in e d r e a d ily b y Th e -
o r e m 2 .1 .6 s in c e C4 ( s1, s2, s3, s4 ) ∼= K ( s1 + s3, s2 + s4 ) .
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2.4 Adding exactly p edges between Kp and Cp.
A s m e n t io n e d a t t h e b e g in n in g o f t h is c h a p t e r , we will n o w c o n t in u e wit h t h e id e a
o f ‘a d d in g e d g e s ’ b e t we e n g r a p h s . L e t u s fi r s t c o n s id e r t h e g r a p h o b t a in e d wh e n
p e d g e s a r e a d d e d b e t we e n Kp a n d Cp, p ≥ 9 , in t h e fo r m o f a p e r fe c t m a t c h in g .
Mo r e p r e c is e ly, le t V ( Cp ) = {u1, u2, ..., up}, V ( Kp ) = {v1, v2, ..., vp} a n d G b e t h e
g r a p h o b t a in e d wh e n t h e s e t o f e d g e s {uivi|i = 1 , 2 , ..., p} a r e a d d e d b e t we e n Kp
a n d Cp. It s h o u ld b e n o t e d t h a t G is a s p a n n in g s u b g r a p h o f Kp×P2 wh ile Cp×P2
is a s p a n n in g s u b g r a p h o f G. Th u s 3 ≤
−→
d ( G) ≤ p
2
 + 4 wh e n p is o d d ; a n d
3 ≤
−→
d ( G) ≤ 2 p
4
 + 3 wh e n p is e ve n . ( Th e o r ie n t a t io n n u m b e r s o f Kp × P2 a n d
Cp × P2 we r e g ive n in Ch a p t e r 1 .)
P r opositon 2.4.1 If G is t h e g r a p h o b t a in e d wh e n p e d g e s o f t h e fo r m uivi,
i = 1 , 2 , ..., p a r e a d d e d b e t we e n Kp a n d Cp, t h e n
−→
d ( G) ≥ 5 .
P r oof: S u p p o s e , fo r a c o n t r a d ic t io n , t h a t F is a n o r ie n t a t io n o f G s a t is fyin g
d( F ) ≤ 4 . If Cp is naturally oriented ( u1 → u2 → ... → up → u1 ) in F , we m a y
a s s u m e , wit h o u t lo s s o f g e n e r a lit y, t h a t v1 → u1.
Fig u r e 2 .4 .1
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S in c e d ( u1, u6 ) ≤ 4 , we h a ve u2 → v2 → v6 → u6. H o we ve r d( u6, u2 ) ≥ 5 , a
c o n t r a d ic t io n . ( S e e Fig u r e 2 .4 .1 .) If Cp is n o t n a t u r a lly o r ie n t e d , we a s s u m e ,
wit h o u t lo s s o f g e n e r a lit y, t h a t {up, u2} → u1 in F . If u2 → v2, t h e n d ( u1, u2 ) ≤ 4
im p lie s v1 → v3 → u3 → u2, a n d d( up, u2 ) ≤ 4 im p lie s up → vp → v3. H o we ve r
d( u3, up ) ≥ 5 , a c o n t r a d ic t io n . ( S e e Fig u r e 2 .4 .2 .)
Fig u r e 2 .4 .2
S o we m u s t h a ve v2 → u2 a n d , b y s ym m e t r y, vp → up in F . N o w if u3 → u2,
t h e n d ( u2, ui ) ≤ 4 fo r a ll i = 3 , ..., p im p lie s v1 → {v3, ..., vp} a n d vi → ui fo r a ll
i = 3 , ..., p. H o we ve r , in t h is c a s e , d ( u7, u2 ) ≥ 5 , a c o n t r a d ic t io n . S o we m u s t h a ve
u2 → u3, a n d , b y s ym m e t r y, up → up−1 in F . N o w d ( u3, u1 ) ≤ 4 im p lie s u3 → v3,
b u t , in t h is c a s e , d( up, u3 ) ≥ 5 , a g a in a c o n t r a d ic t io n . Th e p r o o f o f t h e p r o p o s it io n
is t h u s c o m p le t e .
¤
P r opositon 2.4.2 L e t G b e t h e g r a p h d e s c r ib e d in P r o p o s it io n 2 .4 .1 . Th e n t h e r e
e xis t s a n o r ie n t a t io n F o f G s u c h t h a t d( F ) = 5 .
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P r oof: W e fi r s t c o n s id e r t h e c a s e wh e n p ≥ 1 0 is e ve n . Fo r t h is p r o o f, we le t
V ( Cp ) = {a1, a2, ..., a p
2
} ∪ {b1, b2, ..., b p
2
} a n d V ( Kp ) = {v1, v2, ..., vp}. L e t Kodd a n d
Ke v e n b e c o m p le t e g r a p h s in d u c e d b y {v1, v3, .., vp−1} a n d {v2, v4, ..., vp} r e s p e c t ive ly.
Co n s id e r t h e fo llo win g o r ie n t a t io n F o f G:
( i) o r ie n t bi → {ai, ai+1} fo r i = 1 , 2 , ...,
p
2
( in d ic e s a r e t a ke n m o d u lo p
2
) ;




( iii) o r ie n t t h e e d g e s in Kodd a n d Ke v e n s u c h t h a t
−→
d ( Kodd ) =
−→
d ( Ke v e n ) = 2 ;
( iv) o r ie n t vi → vj fo r a ll o d d i a n d e ve n j.
Fig u r e 2 .4 .3
5 0
Fig u r e 2 .4 .3 s h o ws a n illu s t r a t io n o f t h e o r ie n t a t io n wh e n p = 1 0 . N o t e , h o we ve r ,
t h a t t h e e d g e s in Kodd a n d Ke v e n a r e o m it t e d .
Th e fo llo win g t a b le s h o ws t h a t t h e o r ie n t a t io n F d o e s s a t is fy d( F ) = 5 .
Cla im : E xp la n a t io n :
d( ai, aj ) = 4 fo r a ll 1 ≤ i, j ≤
p
2
ai → v2i−1 → v2j → bj → aj.
d( ai, bj ) = 3 fo r a ll 1 ≤ i, j ≤
p
2
ai → v2i−1 → v2j → bj.
d( ai, vj ) = 2 fo r a ll 1 ≤ i ≤
p
2
, j e ve n ai → v2i−1 → vj.
d( ai, vj ) ≤ 3 fo r a ll 1 ≤ i ≤
p
2
, j o d d ai → v2i−1 a n d d( v2i−1, vj ) ≤ 2 .
d( bi, aj ) ≤ 5 fo r a ll 1 ≤ i, j ≤
p
2
bi → ai → v2i−1 → v2j → bj → aj.
d( bi, bj ) = 4 fo r a ll 1 ≤ i, j ≤
p
2
bi → ai → v2i−1 → v2j → bj.
d( bi, vj ) = 3 fo r a ll 1 ≤ i ≤
p
2
, j e ve n bi → ai → v2i−1 → vj.
d( bi, vj ) ≤ 4 fo r a ll 1 ≤ i ≤
p
2
, j o d d bi → ai → v2i−1
a n d d( v2i−1, vj ) ≤ 2 .
d( vi, aj ) = 3 fo r a ll i o d d , 1 ≤ j ≤
p
2
vi → v2j → bj → aj.
d( vi, aj ) ≤ 4 fo r a ll i e ve n , 1 ≤ j ≤
p
2
d ( vi, v2j ) ≤ 2 a n d v2j → bj → aj.
d( vi, bj ) = 2 fo r a ll i o d d , 1 ≤ j ≤
p
2
vi → v2j → bj.
d( vi, bj ) ≤ 3 fo r a ll i e ve n , 1 ≤
p
2
d ( vi, v2j ) ≤ 2 a n d v2j → bj.
d( vi, vj ) ≤ 2 fo r a ll i, j wit h t h e s a m e p a r it y B y d e fi n it io n o f F .
d( vi, vj ) = 1 fo r a ll i o d d , j e ve n vi → vj.





a n d d( vi−1, vj ) ≤ 2 .
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N o w c o n s id e r t h e c a s e wh e n p ≥ 1 1 is o d d . W e le t V ( Cp ) = {a1, ..., a p
2
} ∪
{b1, ..., b p
2
} ∪ {x} a n d V ( Kp ) = {v1, ..., vp−1, y}. S im ila r t o t h e o r ie n t a t io n d e -
s c r ib e d fo r t h e c a s e wh e n p is e ve n , we p a r t it io n t h e s e t o f ve r t ic e s {v1, ..., vp−1}
in t o t wo s e t s s u c h t h a t Ke v e n a n d Kodd a r e t wo s u b g r a p h s o f Kp in d u c e d b y t h e
t wo d is jo in t s e t s {vi|i e ve n } a n d {vj|j o d d } r e s p e c t ive ly. Co n s id e r t h e fo llo win g
o r ie n t a t io n H o f G:
( i) o r ie n t bi → {ai, ai+1} fo r i = 1 , 2 , ..., 
p
2
 − 1 , b p
2
 → {a p
2
, x} a n d x→ a1;
( ii) o r ie n t ai → v2i−1, v2i → bi fo r i = 1 , 2 , ..., 
p
2
 a n d x→ y;
( iii) o r ie n t t h e e d g e s in Kodd s u c h t h a t
−→
d ( Kodd ) = 2 ;
( iv) o r ie n t t h e e d g e s in Ke v e n s u c h t h a t
−→
d ( Ke v e n ) = 2 ;
( v) vi → vj fo r a ll o d d i a n d e ve n j;
( vi) vj → y → vi fo r a ll o d d i a n d e ve n j.
To s h o w t h a t d ( H ) = 5 , we ju s t n e e d t o c o n s id e r t h e fo llo win g d is t a n c e s in a d d it io n
t o a ll t h o s e d is c u s s e d in t h e c a s e wh e n p is e ve n .
Cla im : E xp la n a t io n :
d( ai, x ) = 4 fo r a ll 1 ≤ i ≤ 
p
2
 ai → v2i−1 → vp−1 → b p
2
 → x.
d( ai, y ) = 3 fo r a ll 1 ≤ i ≤ 
p
2
 ai → v2i−1 → vp−1 → y.
d( bi, x ) ≤ 5 fo r a ll 1 ≤ i ≤ 
p
2
 bi → ai → v2i−1 → vp−1 → b p
2
 → x.
d( bi, y ) = 4 fo r a ll 1 ≤ i ≤ 
p
2
 bi → ai → v2i−1 → vp−1 → y.




d ( vi, y ) = 2 fo r a ll i o d d vi → vp−1 → y.
d ( vi, x ) ≤ 4 fo r a ll i e ve n d ( vi, vp−1 ) ≤ 2 a n d vp−1 → b p
2
 → x.
d ( vi, y ) = 1 fo r a ll i e ve n vi → y.
d ( x, ai ) = 5 fo r a ll 1 ≤ i ≤ 
p
2
 x→ y → v1 → v2i → bi → ai.
d ( x, bi ) = 4 fo r a ll 1 ≤ i ≤ 
p
2
 x→ y → v1 → v2i → bi.
d ( x, vi ) = 2 fo r a ll i o d d x→ y → vi.
d ( x, vi ) = 3 fo r a ll i e ve n x→ y → v1 → vi.
d ( x, y ) = 1 x→ y.
d ( y, ai ) = 4 fo r a ll 1 ≤ i ≤ 
p
2
 y → v1 → v2i → bi → ai.
d ( y, bi ) = 3 fo r a ll 1 ≤ i ≤ 
p
2
 y → v1 → v2i → bi.
d ( y, vi ) = 1 fo r a ll i o d d y → vi.
d ( y, vi ) = 2 fo r a ll i e ve n y → v1 → vi.
d ( y, x ) = 4 y → v1 → vp−1 → b p
2
 → x.
W h e n p = 9 , it is e a s y t o c h e c k t h a t t h e s a m e o r ie n t a t io n H d e s c r ib e d a b o ve
s t ill s a t is fi e s d ( H ) = 5 . Th e o n ly d iffe r e n c e h e r e is t h a t t h e t wo c o m p le t e g r a p h s
Ke v e n a n d Kodd a r e n o w b o t h K4. S in c e
−→
d ( K4 ) = 3 , we m o d ify ( iii) a n d ( iv) in t h e
d e s c r ip t io n o f H b y o r ie n t in g t h e e d g e s in Ke v e n a n d Kodd s u c h t h a t
−→
d ( Ke v e n ) =
−→
d ( Ke v e n ) = 3 . A s a r e s u lt , o n ly t h e fo llo win g d is t a n c e s n e e d t o b e c h e c ke d a g a in .
Cla im : E xp la n a t io n :
d( ai, vj ) ≤ 4 fo r a ll 1 ≤ i ≤ 
p
2
, j o d d ai → v2i−1 a n d d( v2i−1, vj ) ≤ 3 .
d( bi, vj ) ≤ 5 fo r a ll 1 ≤ i ≤ 
p
2
, j o d d bi → ai → v2i−1 a n d d ( v2i−1, vj ) ≤ 3 .
d( vi, vj ) ≤ 3 fo r a ll i, j wit h t h e s a m e p a r it y B y d e fi n it io n o f H.
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d( vi, aj ) ≤ 5 fo r a ll 1 ≤ j ≤ 
p
2
, i e ve n d( vi, v2j ) ≤ 3 a n d v2j → bj → aj.
d( vi, bj ) ≤ 4 fo r a ll 1 ≤ j ≤ 
p
2
, i e ve n d( vi, v2j ) ≤ 3 a n d v2j → bj .
d( vi, x ) ≤ 5 fo r a ll i e ve n d( vi, vp−1 ) ≤ 3 a n d vp−1 → b p
2
 → x.
Th e p r o o f o f t h e p r o p o s it io n is t h u s c o m p le t e .
¤
Co m b in in g P r o p o s it io n s 2 .4 .1 a n d 2 .4 .2 , we h a ve t h e fo llo win g r e s u lt .
T heor em 2.4.3 If G is t h e g r a p h o b t a in e d wh e n p e d g e s o f t h e fo r m uivi, i =
1 , 2 , ..., p, a r e a d d e d b e t we e n Kp a n d Cp, t h e n
−→
d ( G) = 5 .
¤
It wa s m e n t io n e d a t t h e b e g in n in g o f t h is s e c t io n t h a t 3 ≤
−→
d ( G) ≤ p
2
 + 4
wh e n p is o d d , a n d 3 ≤
−→
d ( G) ≤ 2 p
4
 + 3 wh e n p is e ve n . E ve n t h o u g h G c a n
b e c o n s id e r e d a s a g r a p h ‘in -b e t we e n ’ Cp × P2 a n d Kp × P2, it t u r n s o u t t h a t t h e
o r ie n t a t io n n u m b e r o f G ( i.e . 5 ) is m u c h c lo s e r t o t h a t o f Kp×P2 ( i.e . 3 ) c o m p a r e d
t o t h a t o f Cp × P2 ( i.e . 
p
2
 + 4 o r 2 p
4
 + 3 ) .
W h a t h a p p e n s if we d o n o t r e qu ir e t h e p e d g e s a d d e d t o b e in t h e fo r m o f a
p e r fe c t m a t c h in g ? Cle a r ly, if we a llo w p e d g e s t o b e a d d e d arbitrarily b e t we e n Kp
a n d Cp, we wo u ld h a ve a family o f g r a p h s t h a t c a n b e o b t a in e d , r a t h e r t h a n t h e
p a r t ic u la r o n e d is c u s s e d e a r lie r in t h is s e c t io n . In wh a t fo llo ws , a n d in s u b s e qu e n t
c h a p t e r s in t h is t h e s is , we wo u ld like t o c o n s id e r a fa m ily G o f g r a p h s o b t a in e d
wh e n e d g e s a r e a r b it r a r ily a d d e d b e t we e n d iffe r e n t g r a p h s , a n d o u r o b je c t ive is t o
e va lu a t e t h e fo llo win g :
d( G ) = m in {
−→
d ( G) |G ∈ G }.
5 4
B y e va lu a t in g d ( G ) , we a ls o d e s ig n a n o p t im a l wa y t o lin k u p t h e c o r r e s p o n d in g
g r a p h s wit h e d g e s s o t h a t t h e r e s u lt in g g r a p h h a s it s o r ie n t a t io n n u m b e r e qu a l t o
d( G ) . Th is c la s s o f p r o b le m s o p e n s u p a n e w d ir e c t io n in t h e s t u d y o f o r ie n t a t io n
n u m b e r s .
L e t u s r e t u r n t o o u r d is c u s s io n o f a d d in g p e d g e s b e t we e n Kp a n d Cp. L e t G b e
t h e fa m ily o f g r a p h s o b t a in e d wh e n p e d g e s a r e a d d e d a r b it r a r ily b e t we e n Kp a n d
Cp. In wh a t fo llo ws , we s h a ll e va lu a t e d( G ) = m in {
−→
d ( G) |G ∈ G }. It is c le a r fr o m
Th e o r e m 2 .4 .3 t h a t d ( G ) ≤ 5 .
P r opositon 2.4.4 Fo r a n y G ∈ G ,
−→
d ( G) ≥ 4 .
P r oof: L e t G ∈ G . S u p p o s e t h e r e is a n o r ie n t a t io n F o f G s a t is fyin g d ( F ) ≤ 3 .
If u1vi is n o t a n e d g e o f G fo r a ll i = 1 , 2 , ..., p, wit h o u t lo s s o f g e n e r a lit y, we m a y
a s s u m e t h a t up → u1 → u2 in F . Th e n d ( u1, ui ) ≤ 3 fo r a ll i = 5 , ..., p im p lie s t h a t
fo r e a c h ui, i = 5 , ..., p, t h e r e is a ve r t e x xi ∈ V ( Kp ) s u c h t h a t xi → ui in F . N o t e
t h a t s o m e o f t h e xi s m a y b e id e n t ic a l. L ike wis e , d( uj, u1 ) ≤ 3 fo r a ll j = 2 , ..., p− 3
im p lie s t h a t fo r e a c h uj, j = 2 , ..., p − 3 , t h e r e is a ve r t e x wj ∈ V ( Kp ) s u c h t h a t
uj → wj in F ( a g a in s o m e o f t h e wj s m a y b e id e n t ic a l) . B u t t h is im p lie s t h a t t h e r e
a r e a t le a s t 2 p − 8 > p ( s in c e p ≥ 9 ) e d g e s b e t we e n Kp a n d Cp, a c o n t r a d ic t io n .
( S e e Fig u r e 2 .4 .4 .)
Th u s we m a y a s s u m e t h a t fo r e a c h i = 1 , ..., p, ui is a d ja c e n t t o e xa c t ly o n e
ve r t e x in Kp in G. W it h o u t lo s s o f g e n e r a lit y, we a s s u m e u1 → v1 in F .
If p ≥ 1 0 , t h e n d( ui, u1 ) ≤ 3 , i = 5 , 6 , 7 , im p lie s t h a t fo r e a c h o f ui, i = 5 , 6 , 7 ,
ui → wi fo r s o m e w5, w6, w7 ∈ V ( Kp ) . B u t n o w d ( u1, u6 ) ≥ 4 , a c o n t r a d ic t io n .
If p = 9 , d( ui, u1 ) ≤ 3 , i = 5 , 6 , im p lie s ui → wi fo r s o m e wi ∈ V ( Kp ) , i = 5 , 6 .
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N o w d ( u9, u5 ) ≤ 3 im p lie s u9 → y → u4 → u5 fo r s o m e y ∈ V ( Kp ) . B u t n o w
d( u4, u9 ) ≥ 4 , a c o n t r a d ic t io n . ( S e e Fig u r e 2 .4 .5 .) Th is c o m p le t e s t h e p r o o f o f t h e
p r o p o s it io n .
Fig u r e 2 .4 .4
Fig u r e 2 .4 .5
¤
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P r opositon 2.4.5 Th e r e e xis t s a g r a p h G ∈ G s u c h t h a t
−→
d ( G) = 4 .
P r oof: L e t V ( Cp ) a n d V ( Kp ) b e s im ila r t o t h o s e in P r o p o s it io n 2 .4 .4 a n d le t
G b e t h e g r a p h in G wh e r e t h e p e d g e s a d d e d b e t we e n Cp a n d Kp a r e v1ui fo r
i = 1 , ..., p. W h e n p ≥ 1 0 is e ve n , d e fi n e t h e fo llo win g o r ie n t a t io n F e v e n o f G:
( i) o r ie n t u1 → u2 → ...→ up → u1;
( ii) o r ie n t ui → v1 → uj fo r a ll e ve n i a n d o d d j;
( iii) o r ie n t t h e e d g e s in Kp s u c h t h a t
−→
d ( Kp ) = 2 .
Fig u r e 2 .4 .6
It is e a s y t o s e e t h a t d ( Fe v e n ) = 4 s in c e d ( v1, ui ) ≤ 2 , d( v1, vi ) ≤ 2 , d ( ui, v1 ) ≤ 2 ,
a n d d( vi, v1 ) ≤ 2 fo r a ll 1 ≤ i ≤ p. ( A n e xa m p le o f t h is o r ie n t a t io n wh e n p = 1 0
is s h o wn in Fig u r e 2 .4 .6 .) N o t e , h o we ve r , t h a t v1 is t h e o n ly ve r t e x in Kp t h a t is
s h o wn .
W h e n p ≥ 9 is o d d , d e fi n e t h e fo llo win g o r ie n t a t io n Fodd o f G:
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( i) o r ie n t u1 → u2 → ...→ up−1 → up, u1 → up;
( ii) o r ie n t ui → v1 → uj fo r a ll e ve n i a n d o d d j ≤ p− 2 , up → v1;
( iii) o r ie n t t h e e d g e s in Kp s u c h t h a t
−→
d ( Kp ) = 2 .
A g a in , d ( v1, ui ) ≤ 2 , d( v1, vi ) ≤ 2 , d( ui, v1 ) ≤ 2 , a n d d( vi, v1 ) ≤ 2 fo r a ll 1 ≤ i ≤ p,
s o d( Fodd ) = 4 . ( Fig u r e 2 .4 .7 s h o ws t h e o r ie n t a t io n wh e n p = 9 wh e r e v1 is t h e o n ly
ve r t e x fr o m Kp t h a t is s h o wn .) Th is c o m p le t e s t h e p r o o f o f t h e p r o p o s it io n .
Fig u r e 2 .4 .7
¤
T heor em 2.4.6 If G is t h e fa m ily o f g r a p h s o b t a in e d wh e n p e d g e s a r e a r b it r a r ily
a d d e d b e t we e n Kp a n d Cp, wh e r e p ≥ 9 , t h e n d( G ) = m in {
−→
d ( G) |G ∈ G } = 4 .
P r oof: P r o p o s it io n 2 .4 .4 g ive s a lo we r b o u n d fo r d( G ) . To g e t h e r wit h t h e




Linking n gr aphs by adding n
edges
In t h is c h a p t e r , we c o n t in u e in o u r n e w-fo u n d d ir e c t io n in t r o d u c e d in t h e p r e vi-
o u s c h a p t e r . R e c a ll t h a t if e d g e s a r e a r b it r a r ily a d d e d t o lin k t wo o r m o r e g r a p h s ,
a fa m ily o f g r a p h s G is fo r m e d . W e a r e in t e r e s t e d in lo o kin g fo r a g r a p h G∗ ∈ G
s u c h t h a t
−→
d ( G∗ ) ≤
−→
d ( G) fo r a ll G ∈ G . Cle a r ly, we n e e d a t le a s t n e d g e s t o b e
a d d e d t o lin k n g r a p h s in o r d e r fo r t h e fa m ily G t o h a ve a t le a s t o n e g r a p h t h a t
a d m it s a s t r o n g o r ie n t a t io n .
L e t G 2 b e t h e fa m ily o f g r a p h s o b t a in e d wh e n t wo e d g e s a r e a d d e d a r b it r a r ily
b e t we e n t wo g r a p h s G1 a n d G2 wit h o r ie n t a t io n n u m b e r s p a n d q r e s p e c t ive ly. Th e
fi r s t s e c t io n o f t h is c h a p t e r p r e s e n t s s o m e b o u n d s o n d( G 2 ) = m in {
−→
d ( G) |G ∈ G 2}.
Th e r e m a in d e r o f t h e c h a p t e r d e a ls , in p a r t ic u la r , wit h lin kin g n c yc le s b y
a d d in g n e d g e s a r b it r a r ily. A g a in , we will s e e k t o fi n d ‘t h e b e s t wa y’ o f lin kin g
t h e s e c yc le s o f va r io u s o r d e r s .
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3.1 Some bounds on d( G 2 ) when 2 edges ar e added
between G 1 and G 2 .
S u p p o s e G1 a n d G2 a r e t wo b r id g e le s s g r a p h s wit h o r ie n t a t io n n u m b e r s p a n d q
r e s p e c t ive ly. It is c le a r t h a t if n e d g e s a r e t o b e a d d e d b e t we e n G1 a n d G2 s u c h
t h a t t h e r e s u lt in g g r a p h is a ls o b r id g e le s s , t h e n n ≥ 2 . L e t t h e fa m ily o f g r a p h s
o b t a in e d wh e n 2 e d g e s a r e a d d e d t o lin k G1 a n d G2 b e d e n o t e d b y G 2. D e fi n e
d( G 2 ) = m in {
−→
d ( G) |G ∈ G 2}. In t h is s e c t io n , we o b t a in s o m e b o u n d s o n d ( G 2 ) b y
c o n s id e r in g s o m e p r o p e r t ie s t h a t G1 a n d / o r G2 m ig h t h a ve .
L e t G1 ( r e s p . G2 ) b e a b r id g e le s s g r a p h o f o r d e r n1 ( r e s p . n2 ) a n d o r ie n t a t io n
n u m b e r d1 ( r e s p . d2 ) . Th e fo llo win g p r o p o s it io n p r o vid e s a t r ivia l u p p e r b o u n d o n
d( G 2 ) .
P r opositon 3.1.1 Th e r e e xis t s G ∈ G 2 s u c h t h a t G h a s a n o r ie n t a t io n F wit h
d ia m e t e r d1 + d2 + 1 . Th u s , d( G 2 ) ≤ d1 + d2 + 1 .
P r oof: Co n s id e r t h e g r a p h G ∈ G 2 wh e r e x ∈ V ( G1 ) , y1, y2 ∈ V ( G2 ) a r e s u c h
t h a t xy1 a n d xy2 a r e t h e t wo e d g e s a d d e d b e t we e n G1 a n d G2. L e t F1 a n d F2 a r e
o r ie n t a t io n s o f G1 a n d G2 r e s p e c t ive ly s u c h t h a t d ( F1 ) = d1 a n d d( F2 ) = d2. ( S e e
Fig u r e 3 .1 .1 .)
Fig u r e 3 .1 .1
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D e fi n e t h e fo llo win g o r ie n t a t io n F o f G:
( a ) o r ie n t t h e e d g e s in G1 a c c o r d in g t o t h e o r ie n t a t io n F1;
( b ) o r ie n t t h e e d g e s in G2 a c c o r d in g t o t h e o r ie n t a t io n F2;
( c ) o r ie n t y1 → x→ y2.
It c a n b e e a s ily c h e c ke d t h a t d ( F ) = d1 + d2 + 1 .
¤
Th e u p p e r b o u n d o b t a in e d in P r o p o s it io n 3 .1 .1 c a n b e im p r o ve d if o n e o f t h e
t wo g r a p h s , s a y G2, h a s a t le a s t t wo ve r t ic e s wit h d e g r e e e qu a l t o n2 − 1 .
P r opositon 3.1.2 If ∆ ( G2 ) = n2 − 1 a n d y1, y2 a r e t wo ve r t ic e s in G2 s u c h t h a t
dG2 ( y1 ) = dG2 ( y2 ) = n2 − 1 , t h e n d( G 2 ) ≤ d1 + 2 .
P r oof: L e t x ∈ V ( G1 ) a n d y1, y2 ∈ V ( G2 ) b e t h e ve r t ic e s d e s c r ib e d in t h e
s t a t e m e n t o f t h e p r o p o s it io n . Co n s id e r t h e g r a p h G ∈ G 2 wh e r e xy1 a n d xy2 a r e
t h e t wo e d g e s a d d e d b e t we e n G1 a n d G2. L e t F1 b e a n o r ie n t a t io n o f G1 s u c h t h a t
d( F1 ) = d1 a n d G
′
2 = G2 − {y1, y2}. ( S e e Fig u r e 3 .1 .2 .)
Fig u r e 3 .1 .2
D e fi n e t h e fo llo win g o r ie n t a t io n F o f G:
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( a ) o r ie n t t h e e d g e s in G1 a c c o r d in g t o t h e o r ie n t a t io n F1;
( b ) o r ie n t x→ y1 → y2 → x, y1 → V ( G′2 ) → y2;
( c ) a ll o t h e r e d g e s in G c a n b e o r ie n t e d a r b it r a r ily.
It c a n b e e a s ily c h e c ke d t h a t d ( F ) ≤ d1 + 2 .
¤
If G1 a ls o h a s t h e p r o p e r t y o f G2 a s s t a t e d in P r o p o s it io n 3 .1 .2 , d( G 2 ) c a n b e
d e t e r m in e d c o m p le t e ly. Th is is p r e s e n t e d in t h e n e xt p r o p o s it io n .
P r opositon 3.1.3 If, in a d d it io n t o t h e c o n d it io n in P r o p o s it io n 3 .1 .2 , ∆ ( G1 ) =
n1− 1 a n d x1, x2 a r e t wo ve r t ic e s in G1 s u c h t h a t dG1 ( x1 ) = dG1 ( x2 ) = n1− 1 , t h e n
d( G 2 ) = 4 .
P r oof: Co n s id e r t h e g r a p h G ∈ G 2 wh e r e x1y1 a n d x1y2 a r e t h e t wo e d g e s
a d d e d b e t we e n G1 a n d G2. L e t G
′
1 = G1 − {x1, x2} a n d G
′
2 = G2 − {y1, y2}. ( S e e
Fig u r e 3 .1 .3 .)
Fig u r e 3 .1 .3
D e fi n e t h e fo llo win g o r ie n t a t io n F o f G:
( a ) o r ie n t y2 → x1 → y1;
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( b ) o r ie n t x1 → x2 → V ( G
′
1 ) → x1, y1 → V ( G
′
2 ) ∪ {y2} a n d V ( G
′
2 ) → y2;
( c ) a ll o t h e r e d g e s in G c a n b e o r ie n t e d a r b it r a r ily.
It c a n b e e a s ily c h e c ke d t h a t d ( F ) = 4 .
W e n e xt p r o ve t h a t fo r a n y G ∈ G 2,
−→
d ( G) ≥ 4 . S u p p o s e o n t h e c o n t r a r y t h a t
t h e r e is a g r a p h G ∈ G 2 t h a t a d m it s a n o r ie n t a t io n F s u c h t h a t d ( F ) ≤ 3 . W it h o u t
lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t xy is o n e o f t h e t wo e d g e s a d d e d wh e r e
x ∈ V ( G1 ) , y ∈ V ( G2 ) a n d x→ y in F . Th e n V ( G1 ) \{x} → x a n d y → V ( G2 ) \{y}
s in c e d ( w, v ) ≤ 3 fo r a ll w ∈ V ( G1 ) \{x} a n d v ∈ V ( G2 ) \{y}. N o w le t z2 ∈ V ( G2 )
s u c h t h a t z2 is n o t a d ja c e n t t o a n y ve r t e x in G1 a n d z1 ∈ V ( G1 ) s u c h t h a t z1 is
n o t a d ja c e n t t o a n y ve r t e x in G2. A s d ( z2, z1 ) ≤ 3 , z2 → y1 → x1 → z1 fo r s o m e
y1 ∈ V ( G2 ) a n d x1 ∈ V ( G1 ) wit h y1 = y a n d x1 = x. W e h a ve a c o n t r a d ic t io n
s in c e d( z2, y ) ≥ 4 .
¤
Co n s id e r K2 + On2−2. It is e a s y t o s e e t h a t
−→
d ( K2 + On2−2 ) = 3 . Fig u r e 3 .1 .4
g ive s a n o p t im a l o r ie n t a t io n o f t h e g r a p h . N o t e t h a t t h e g r a p h G2 in P r o p o s it io n s
3 .1 .2 a n d 3 .1 .3 is a s u p e r g r a p h o f K2 + On2−2, h e n c e 2 ≤
−→
d ( G2 ) = d2 ≤ 3 . Th u s
t h e u p p e r b o u n d fo r d ( G 2 ) in P r o p o s it io n 3 .1 .2 is o n ly m a r g in a lly s m a lle r t h a n t h e
t r ivia l b o u n d in P r o p o s it io n 3 .1 .1 .
Fig u r e 3 .1 .4
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W e n e xt c o n s id e r g r a p h s G t h a t c o n t a in a ve r t e x v s u c h t h a t
−→
d ( G − v ) <
−→
d ( G) <∞. W e p r o vid e t wo e xa m p le s o f s u c h g r a p h s in Fig u r e 3 .1 .5 .
Fig u r e 3 .1 .5
If b o t h G1 a n d G2 a r e g r a p h s wit h t h e p r o p e r t y s t a t e d a b o ve , we s e e t h a t t h e
t r ivia l u p p e r b o u n d in P r o p o s it io n 3 .1 .1 c a n b e r e d u c e d .
P r opositon 3.1.4 S u p p o s e b o t h G1 a n d G2 c o n t a in a ve r t e x x1 a n d a ve r t e x y1
r e s p e c t ive ly s u c h t h a t r1 =
−→
d ( G1 − x1 ) <
−→
d ( G1 ) < ∞ a n d r2 =
−→
d ( G2 − y1 ) <
−→
d ( G2 ) <∞, t h e n d ( G 2 ) ≤ r1 + r2 + 2 .
P r oof: S in c e b o t h G1 a n d G2 h a ve s t r o n g o r ie n t a t io n s , le t x1x2, x1x3 ∈ E ( G1 )
a n d y1y2, y1y3 ∈ E ( G2 ) . Co n s id e r t h e g r a p h G ∈ G 2 wh e r e x2y1 a n d x3y1 a r e t h e
t wo e d g e s a d d e d b e t we e n G1 a n d G2. L e t G
′
1 = G1 − {x1} a n d G
′
2 = G2 − {y1}.
L e t F1 a n d F2 b e o r ie n t a t io n s o f G
′
1 a n d G
′
2 r e s p e c t ive ly s u c h t h a t d ( F1 ) = r1 a n d
d( F2 ) = r2. D e fi n e t h e fo llo win g o r ie n t a t io n F o f G ( s e e Fig u r e 3 .1 .6 ) :
( a ) o r ie n t x2 → y1 → x3;
( b ) o r ie n t x3 → x1 → x2 a n d y2 → y1 → y3;
( c ) o r ie n t t h e e d g e s in G′1 a n d G
′
2 a c c o r d in g t o F1 a n d F2.
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It c a n b e e a s ily c h e c ke d t h a t d ( F ) ≤ r1 + r2 + 2 .
Fig u r e 3 .1 .6
¤
B e fo r e s t a t in g o u r fi n a l p r o p o s it io n in t h is s e c t io n , we fi r s t d e fi n e t h e in - a n d
o u t -e c c e n t r ic it y o f a ve r t e x wit h r e s p e c t t o a s t r o n g o r ie n t a t io n . L e t G b e a n y
b r id g e le s s g r a p h a n d F b e a n y s t r o n g o r ie n t a t io n o f G s u c h t h a t d( F ) =
−→
d ( G) = d.
Fo r e a c h x ∈ V ( G) , d e fi n e
e−F ( x ) = m a x{dF ( y, x ) |y ∈ V ( G) },
e+F ( x ) = m a x{dF ( x, y ) |y ∈ V ( G) }.
W e c a ll e−F ( x) t h e in -e c c e n t r ic it y o f x in F a n d e
+
F ( x ) t h e o u t -e c c e n t r ic it y o f x in
F .
Fig u r e 3 .1 .7
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Fo r e xa m p le , wh e n G is t h e wh e e l o f o r d e r 7 , we kn o w t h a t
−→
d ( G) = 4 a n d t h e
o r ie n t a t io n F o f G s h o wn in Fig u r e 3 .1 .7 is o p t im a l. In t h is e xa m p le , e−F ( x ) =
e+F ( x ) = 2 .
P r opositon 3.1.5 L e t F1 b e a n y o r ie n t a t io n o f G1 wit h d( F1 ) =
−→
d ( G1 ) = d1.
If t h e r e e xis t s x ∈ V ( G1 ) s u c h t h a t c = m a x{e
−
F ( x ) , e
+
F ( x ) } < d1, t h e n d ( G 2 ) ≤
c+ 1 + d2.
P r oof: L e t y1, y2 b e a n y t wo ve r t ic e s in G2. Co n s id e r t h e g r a p h G ∈ G 2 wh e r e
xy1 a n d xy2 a r e t h e t wo e d g e s a d d e d b e t we e n G1 a n d G2. D e fi n e t h e fo llo win g
o r ie n t a t io n F o f G:
( a ) o r ie n t y1 → x→ y2;
( b ) o r ie n t t h e e d g e s in G1 a c c o r d in g t o F1;
( c ) o r ie n t t h e e d g e s in G2 s u c h t h a t
−→
d ( G2 ) = d2.
It is e a s y t o c h e c k t h a t d ( F ) ≤ c+ 1 + d2.
¤
Fo r e xa m p le , wh e n G1 is t h e wh e e l o f o r d e r 7 a n d d1 = 4 , t h e n d ( G 2 ) ≤
2 + 1 + d2 = d2 + 3 < d2 + 5 = d1 + d2 + 1 .
In t h is s e c t io n , we e s t a b lis h e d s o m e b o u n d s o n t h e o r ie n t a t io n n u m b e r o f g r a p h s
o b t a in e d wh e n t wo e d g e s a r e a r b it r a r ily a d d e d t o lin k t wo in d ivid u a l g r a p h s G1
a n d G2. In t h e fo llo win g s e c t io n s , we s h a ll s p e c ifi c a lly c o n s id e r c a s e s wh e r e G1
a n d G2 a r e c yc le s a n d d e t e r m in e t h e e xa c t va lu e o f d( G 2 ) . Th e p r o b le m is t h e n
e xt e n d e d t o lin kin g n c yc le s wit h n e d g e s a d d e d . A s we s h a ll s e e , t h e r e la t ive s iz e s
o f t h e c yc le s p la y a n im p o r t a n t r o le in t h e d e t e r m in a t io n o f t h e o r ie n t a t io n n u m b e r
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o f t h e r e s u lt in g g r a p h a n d we s h a ll r e s t r ic t o u r c o n s id e r a t io n t o t h e fo llo win g t wo
c a s e s :
( i) a ll c yc le s a r e o f t h e s a m e o r d e r ;
( ii) o n e c yc le h a s o r d e r g r e a t e r t h a n a ll o t h e r c yc le s wh ic h h a ve t h e s a m e o r d e r .
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3.2 Linking 2 cycles by 2 edges.
B e fo r e we b e g in lo o kin g a t t h e fa m ily o f g r a p h s in t h is s e c t io n , le t u s in t r o d u c e
s o m e n o t a t io n t h a t will b e u s e d t h r o u g h o u t t h e r e m a in d e r o f t h is c h a p t e r .
A c yc le o f o r d e r p is d e n o t e d b y Cp. If t h e r e a r e m o r e t h a n o n e , s a y r c yc le s ,
o f t h e s a m e o r d e r p, we d e n o t e t h e m b y Cp ( 1 ) , Cp ( 2 ) ,...,Cp ( r ) . Fo r i = 1 , ..., r, le t
V ( Cp ( i) ) = {i1, i2, ..., ip}. Fo r t h is s e c t io n a n d a ls o in S e c t io n s 3 .5 a n d 3 .6 , we will
a ls o b e c o n s id e r in g a n o t h e r c yc le , Cq, wh e r e q ≥ p. L e t V ( Cq ) = {u1, u2, ..., uq}.
S u p p o s e t h e r e a r e n ≥ 2 c yc le s o f o r d e r s p1, p2,..., pn r e s p e c t ive ly, we d e -
n o t e t h e fa m ily o f g r a p h s o b t a in e d wh e n n e d g e s a r e a d d e d t o lin k t h e c yc le s b y
G ( p1, p2, ..., pn;n) . In o r d e r fo r G ∈ G ( p1, p2, ..., pn;n) t o h a ve a s t r o n g o r ie n t a t io n ,
it is c le a r t h a t e ve r y c yc le m u s t h a ve e xa c t ly 2 o f t h e n e d g e s lin kin g it . Fig u r e
3 .2 .1 b e lo w s h o ws t wo e xa m p le s o f s u c h g r a p h s .
G ∈ G ( p1, p2, p3; 3 ) G ∈ G ( p1, p2, p3, p4; 4 )
Fig u r e 3 .2 .1
S u p p o s e G is a g r a p h in G ( p1, p2, ..., pn;n ) . A s d e fi n e d in Fig u r e 3 .2 .2 , e a c h o f
t h e n g ive n c yc le s is s a id t o b e e it h e r o f T ype A o r B , d e p e n d in g o n t h e r e la t ive
p o s it io n s o f t wo a d d e d e d g e s a d ja c e n t t o it ; a n d t h e o r ie n t a t io n o f e a c h c yc le is
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c la s s ifi e d a s e it h e r or ientation 1 o r or ientation 2 a s s h o wn .
Fig u r e 3 .2 .2
In t h is s e c t io n , we c o n s id e r G ( p, q; 2 ) , wh e r e q ≥ p. D e fi n e d( G ( p, q; 2 ) ) =
m in {
−→
d ( G) |G ∈ G ( p, q; 2 ) }. W e s h a ll n o w e va lu a t e d( G ( p, q; 2 ) ) fo r a ll q ≥ p.
Fo r e a c h G ∈ G ( p, q; 2 ) , a n y s t r o n g o r ie n t a t io n F o f G fa lls in t o o n e o f t h e
fo llo win g fo u r c a s e s wh ic h we s h a ll p r o c e e d t o c o n s id e r s e p a r a t e ly.
Case 1: Cp h a s o r ie n t a t io n 1 a n d Cq h a s o r ie n t a t io n 2 in F .
Case 2: B o t h Cp a n d Cq h a ve o r ie n t a t io n 1 in F .
Case 3: Cp h a s o r ie n t a t io n 2 a n d Cq h a s o r ie n t a t io n 1 in F .
Case 4: B o t h Cp a n d Cq h a ve o r ie n t a t io n 2 in F .
Case 1: Fo r s o m e fi xe d x a n d y1 wit h 2 ≤ x ≤ q a n d 1 ≤ y1 ≤ p, le t G( x, y1 ) ∈
G ( p, q; 2 ) b e t h e g r a p h wh e r e 1 1u1 a n d 1 y1ux a r e t h e t wo e d g e s a d d e d b e t we e n
Cp a n d Cq. L e t F1 ( x, y1 ) b e a s t r o n g o r ie n t a t io n o f G( x, y1 ) s u c h t h a t Cp h a s
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o r ie n t a t io n 1 a n d Cq h a s o r ie n t a t io n 2 . N o t e t h a t Cp c a n b e o f t yp e A ( if y1 = 1 )
o r t yp e B ( if y1 ≥ 2 ) . B y s ym m e t r y, it s u ffi c e s t o c o n s id e r 2 ≤ x ≤ 
q
2
 + 1 . W e
m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t 1 1 → 1 2 → ... → 1 p → 1 1, u1 → u2 →
... → ux, u1 → uq → uq−1 → ... → ux, 1 1 → u1 a n d ux → 1 y1 in F1 ( x, y1 ) . ( S e e
Fig u r e 3 .2 .3 .)
If x =  q
2
 + 1 a n d y1 = 1 , we s e e t h a t t h e le n g t h o f t h e t wo lo n g e s t p a t h s in
F1 ( x, y1 ) a r e
d ( u1, 1 p ) = 
q
2




d ( u2, ux+1 ) = x− 2 + 2 + q − x = q.
Fig u r e 3 .2 .3
Th u s , wh e n x =  q
2
 + 1 a n d y1 = 1 , d( F1 ( x, 1 ) ) = m a x{q, p + 
q
2
}. W e le t




If 2 ≤ y1 ≤ p a n d 2 ≤ x ≤ 
q
2
 + 1 , t h e n
d( u1, 1 y1−1 ) = x+ p− 1 ,
d( uq, 1 y1−1 ) = q − x+ p,
m a x{d( u1, 1 y1−1 ) , d( uq, 1 y1−1 ) } ≥ 
1
2





d( u2, ux+1 ) = x− 2 + 1 + ( p+ 1 − y1 ) + 1 + q − x
= q + ( p− y1 + 1 ) ≥ q + 1 .
Th u s , in t h is c a s e , d( F1 ) < d ( F1 ( x, y1 ) ) fo r a ll 2 ≤ x ≤ 
q
2
 + 1 , 2 ≤ y1 ≤ p.
If y1 = 1 a n d 2 ≤ x ≤ 
q
2
, t h e n
d( u2, ux+1 ) = x− 2 + 2 + q − x = q,
d( uq, 1 p ) = q − x+ 1 + p− 1
= p+ q − x ≥ p+ 
q
2




Th u s , in t h is c a s e , d ( F1 ) ≤ d( F1 ( x, 1 ) ) fo r a ll 2 ≤ x ≤ 
q
2
. Co n c lu d in g t h is c a s e ,
we s e e t h a t if F ( x, y1 ) is t h e o r ie n t a t io n o f t h e g r a p h G( x, y1 ) ∈ G ( p, q; 2 ) fo r s o m e
fi xe d 2 ≤ x ≤  q
2
 + 1 , 1 ≤ y1 ≤ p a s d e fi n e d in Fig u r e 3 .2 .3 , t h e n








Case 2: Fo r s o m e fi xe d x a n d y1 wit h 1 ≤ x ≤ q a n d 1 ≤ y1 ≤ p, le t G( x, y1 ) ∈
G ( p, q; 2 ) b e t h e g r a p h d e fi n e d in Ca s e 1 . L e t F2 ( x, y1 ) b e t h e s t r o n g o r ie n t a t io n o f
G( x, y1 ) s u c h t h a t b o t h Cp a n d Cq h a ve o r ie n t a t io n 1 .
Fig u r e 3 .2 .4
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W e m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t 1 1 → 1 2 → ... → 1 y1 → 1 y1+1 →
... → 1 p → 1 1, u1 → u2 → ... → ux → ux+1 → ... → uq → u1, 1 1 → u1 a n d
ux → 1 y1 in F2 ( x, y1 ) . ( N o t e t h a t if x = 1 , t h e n y1 ≥ 2 a n d s im ila r ly if y1 = 1 ,
t h e n x ≥ 2 ) . ( S e e Fig u r e 3 .2 .4 .) In t h is c a s e , d ( ux+1, 1 y1−1 ) = q − 1 + 1 + p− 1 =
q + p− 1 > m a x{q, p +  q
2
} = d ( F1 ) . Th u s d ( F2 ( x, y1 ) ) > d ( F1 ) fo r a n y c h o ic e o f
1 ≤ x ≤ q a n d 1 ≤ y1 ≤ p.
Case 3: Fo r s o m e fi xe d x a n d y wit h 1 ≤ x ≤ q a n d 2 ≤ y1 ≤ p, le t G( x, y1 ) ∈
G ( p, q; 2 ) b e t h e g r a p h d e fi n e d in Ca s e 1 . L e t F3 ( x, y1 ) b e t h e s t r o n g o r ie n t a t io n o f
G( x, y1 ) s u c h t h a t Cp h a s o r ie n t a t io n 2 a n d Cq h a s o r ie n t a t io n 1 . N o t e t h a t Cq c a n
b e o f t yp e A ( if x = 1 ) o r t yp e B ( if x ≥ 2 ) . B y s ym m e t r y, it s u ffi c e s t o c o n s id e r
2 ≤ y1 ≤ 
p
2
 + 1 . N o t e t h a t t h is c a s e c a n b e a n a lys e d in e xa c t ly t h e s a m e wa y a s






d( F3 ( x, y1 ) ) = m a x{p, q + 
p
2








W e p r o c e e d t o c o m p a r e d ( F1 ) a n d d ( F3 ) . If p = q, t h e n d( F1 ) = d ( F3 ) . A s s u m e
q > p.
( a ) If q ≥ p+  q
2
, t h a t is , p ≤  q
2
, t h e n d( F1 ) = q < q + 
p
2
 = d( F3 ) .
( b ) If q < p +  q
2
, t h a t is , p >  q
2
, s o  q
2
 < p < q. L e t p =  q
2
 + k, wh e r e
k = 1 , 2 , ...,  q
2
 − 1 . N o w d( F1 ) = p + 
q
2




Co m p a r in g k a n d p
2



















Th u s we s e e t h a t d( F1 ) ≤ d ( F3 ) fo r a ll q ≥ p.
Case 4: Fo r s o m e fi xe d 2 ≤ x ≤ q, 2 ≤ y1 ≤ p, le t G( x, y1 ) ∈ G ( p, q; 2 ) b e
t h e g r a p h d e fi n e d in Ca s e 1 . L e t F4 ( x, y1 ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1 ) ∈
G 2 s u c h t h a t b o t h Cp a n d Cq h a ve o r ie n t a t io n 2 . N o t e t h a t b o t h Cp a n d Cq a r e o f
t yp e B . B y s ym m e t r y, it s u ffi c e s t o c o n s id e r 2 ≤ x ≤  q
2




W it h o u t lo s s o f g e n e r a lit y, we m a y a s s u m e t h a t 1 y1 → 1 y1+1 → ... → 1 p → 1 1,
1 y1 → 1 y1−1 → ... → 1 2 → 1 1, u1 → u2 → ... → ux, u1 → uq → ... → ux, 1 1 → u1
a n d ux → 1 y1 in F4 ( x, y1 ) . ( S e e Fig u r e 3 .2 .5 .)
Th e le n g t h o f t h e t h r e e lo n g e s t p a t h s in F4 ( x, y1 ) a r e
d( 1 y1−1, 1 p ) = y1 − 2 + 1 + x− 1 + 1 + p− y1 = p+ x− 1 ,
d( u2, ux+1 ) = x− 2 + 1 + y1 − 1 + 1 + q − x = q + y1 − 1 ,
d( uq, 1 p ) = d( 1 y1+1, ux+1 ) = p− y1 + 1 + q − x.
Fig u r e 3 .2 .5
N o w fo r a n y 2 ≤ x ≤  q
2
 + 1 , 2 ≤ y1 ≤ 
p
2
 + 1 ,
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( 2 p+ 2 q − 1 ) .
W e s h a ll d e n o t e 1
3
( 2 p+ 2 q − 1 )  b y B L ow .
( 4 .1 ) If p = q, t h e n B L ow = 
1
3
( 4 p − 1 ) . If x∗ =  q
3
 + 1 a n d y∗1 = 
p
3
 + 1 , t h e n
d( 1 y1+1, ux+1 ) = 2 
2p
3




B L ow . Th u s wh e n p = q,
d ( F4 ( x







d ( F ( x, y1 ) ) = B L ow
a n d in t h is c a s e , B L ow = 
1
3
( 4 p− 1 )  ≤ d ( F1 ) = p+ 
p
2
 fo r a ll p ≥ 5 .
( 4 .2 ) If q ≥ 2 p, t h e n d ( u2, ux+1 ) = q+y1−1 ≥ q+1 a s y1 ≥ 2 . S in c e d( F1 ) = q in t h is
c a s e , we h a ve d( F4 ( x, y1 ) ) > d( F1 ) fo r a ll 2 ≤ x ≤ 
q
2
 + 1 , 2 ≤ y1 ≤ 
p
2
 + 1 .
( 4 .3 ) Th e fo llo win g t a b le c o m p a r e s t h e va lu e s o f d ( F1 ) a n d B L ow fo r q = 2 p− 1 , 2 p−
2 , 2 p− 3 a n d 2 p− 5 .
q d( F1 ) B L ow
2 p− 1 p+ 2p−1
2
 = 2 p− 1 1
3
( 6 p− 3 )  = 2 p− 1
2 p− 2 p+ p− 1 = 2 p− 1 1
3
( 6 p− 5 )  = 2 p− 1
2 p− 3 p+ 2p−3
2
 = 2 p− 2 1
3
( 6 p− 7 )  = 2 p− 2
2 p− 5 p+ 2p−5
2
 = 2 p− 3 1
3
( 6 p− 1 1 )  = 2 p− 3
Th u s fo r t h e s e va lu e s o f q, d ( F1 ) = B L ow = 
1
3
( 2 p + 2 q − 1 )  a n d d( F1 ) ≤
d( F4 ( x, y1 ) ) fo r a ll 2 ≤ x ≤ 
q
2
 + 1 , 2 ≤ y1 ≤ 
p
2
 + 1 .
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( 4 .4 ) If q = 2 p− 4 , t h e n d ( F1 ) = 2 p− 2 a n d B L ow = 
1
3
( 6 p− 9 )  = 2 p− 3 . If we le t
x∗ =  q
2
 a n d y∗1 = 2 , t h e n d( 1 y1−1, 1 p ) = d( u2, ux+1 ) = d( 1 y1+1, ux+1 ) = 2 p− 3 .
Th u s fo r t h is va lu e o f q,
d( F1 ) > B L ow = d ( F4 ( x
∗, y∗1 ) ) .
( 4 .5 ) A s s u m e p < q < 2 p − 5 . W e t h e n n o t e t h a t q < 2 p − 5 ⇔ 2 p > q + 5 ⇔








. S in c e
d( F1 ) ≥ p +
q−1
2
a n d B L ow ≤
2p+2q+1
3
, we s e e t h a t d( F1 ) ≥ B L ow fo r a ll
p < q < 2 p − 5 . W e n o w s h o w t h a t t h e r e e xis t s o m e 2 ≤ x∗ ≤  q
2
 + 1 a n d
2 ≤ y∗1 ≤ 
p
2
 + 1 s u c h t h a t d ( F4 ( x∗, y∗1 ) ) = B L ow .
( i) Co n s id e r q = p+ k, wh e r e k ≡ 0 ( m o d 3 ) a n d 3 ≤ k < p− 5 .
B L ow = 
1
3









( 4 p+ 2 k ) p ≡ 0 ( m o d 3 ) ;
= 1
3
( 4 p+ 2 k − 1 ) p ≡ 1 ( m o d 3 ) ;
= 1
3
( 4 p+ 2 k + 1 ) p ≡ 2 ( m o d 3 ) .
Th e le n g t h s o f t h e t h r e e lo n g e s t p a t h s in F a r e r e s p e c t ive ly
L1 = d ( 1 y1+1, ux+1 ) = ( p− y1 ) + ( p− x ) + ( k + 1 ) ,
L2 = d( 1 y1−1, 1 p ) = p+ x− 1 a n d
L3 = d( u2, ux+1 ) = q + y1 − 1 = ( p+ y1 ) + ( k − 1 ) .
S in c e k ≡ 0 ( m o d 3 ) a n d k ≥ 3 , we le t k = 3 ( m+1 ) , wh e r e m = 0 , 1 , 2 , ....
If we c h o o s e y∗1 = 
p
3
 −m a n d x∗ =  q
3
 + 2 +m, t h e n
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L1 = p− 
p
3
 +m+ p− 
q
3




 + p− 
p+ k
3






+ p− ( p+k
3
) + k − 1 p ≡ 0 ( m o d 3 ) ,
p− ( p−1
3
) + p− ( p+k−1
3
) + k − 1 p ≡ 1 ( m o d 3 ) ,
p− ( p−2
3
) + p− ( p+k−2
3






( 4 p+ 2 k − 3 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 1 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k + 1 ) p ≡ 2 ( m o d 3 ) ,
L2 = p+ 
q
3






























( 4 p+ 2 k ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 1 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 2 ) p ≡ 2 ( m o d 3 ) ,
L3 = p+ 
p
3











( 4 p+ 2 k ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 1 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 2 ) p ≡ 2 ( m o d 3 ) .
S in c e Li ≤ B L ow fo r i = 1 , 2 , 3 , we c o n c lu d e t h a t d ( F4 ( x∗, y∗1 ) ) = B L ow =
1
3
( 2 p+ 2 q − 1 ) .
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( ii) Co n s id e r q = p+ k, wh e r e k ≡ 1 ( m o d 3 ) a n d 1 ≤ k < p− 5 .
B L ow = 
1
3









( 4 p+ 2 k + 1 ) p ≡ 0 ( m o d 3 ) ;
= 1
3
( 4 p+ 2 k ) p ≡ 1 ( m o d 3 ) ;
= 1
3
( 4 p+ 2 k − 1 ) p ≡ 2 ( m o d 3 ) .
S in c e k ≡ 1 ( m o d 3 ) a n d k ≥ 1 , we le t k = 3 m+ 1 , wh e r e m = 0 , 1 , 2 , ....
If we c h o o s e y∗1 = 
p
3
 −m+ 1 a n d x∗ =  q
3
 + 1 +m, t h e n
L1 = p− 
p
3
 +m+ p− 
q
3




 + p− 
p+ k
3






+ p− ( p+k−1
3
) + k − 1 p ≡ 0 ( m o d 3 ) ,
p− ( p−1
3
) + p− ( p+k−2
3
) + k − 1 p ≡ 1 ( m o d 3 ) ,
p− ( p−2
3
) + p− ( p+k
3






( 4 p+ 2 k − 2 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 1 ) p ≡ 2 ( m o d 3 ) ,
L2 = p+ 
q
3





























( 4 p+ 2 k − 2 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 3 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 1 ) p ≡ 2 ( m o d 3 ) ,
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L3 = p+ 
p
3











( 4 p+ 2 k + 1 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 1 ) p ≡ 2 ( m o d 3 ) .
S in c e Li ≤ B L ow fo r i = 1 , 2 , 3 , we c o n c lu d e t h a t d ( F4 ( x∗, y∗1 ) ) = B L ow =
1
3
( 2 p+ 2 q − 1 ) .
( iii) Co n s id e r q = p+ k, wh e r e k ≡ 2 ( m o d 3 ) a n d 2 ≤ k < p− 5 .
B L ow = 
1
3









( 4 p+ 2 k − 1 ) p ≡ 0 ( m o d 3 ) ;
= 1
3
( 4 p+ 2 k + 1 ) p ≡ 1 ( m o d 3 ) ;
= 1
3
( 4 p+ 2 k ) p ≡ 2 ( m o d 3 ) .
S in c e k ≡ 2 ( m o d 3 ) a n d k ≥ 2 , we le t k = 3 m+ 2 , wh e r e m = 0 , 1 , 2 , ....
If we c h o o s e y∗1 = 
p
3
 −m a n d x∗ =  q
3
 + 2 +m, t h e n
L1 = p− 
p
3
 +m+ p− 
q
3




 + p− 
p+ k
3






+ p− ( p+k−2
3
) + k − 1 p ≡ 0 ( m o d 3 ) ,
p− ( p−1
3
) + p− ( p+k
3
) + k − 1 p ≡ 1 ( m o d 3 ) ,
p− ( p−2
3
) + p− ( p+k−1
3






( 4 p+ 2 k − 1 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 2 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k ) p ≡ 2 ( m o d 3 ) ,
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L2 = p+ 
q
3





























( 4 p+ 2 k − 1 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k + 1 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k ) p ≡ 2 ( m o d 3 ) ,
L3 = p+ 
p
3











( 4 p+ 2 k − 1 ) p ≡ 0 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 2 ) p ≡ 1 ( m o d 3 ) ,
1
3
( 4 p+ 2 k − 3 ) p ≡ 2 ( m o d 3 ) .
S in c e Li ≤ B L ow fo r i = 1 , 2 , 3 , we c o n c lu d e t h a t d ( F4 ( x∗, y∗1 ) ) = B L ow =
1
3








d ( F4 ( x, y1 ) ) = B L ow = 
1
3
( 2 p+ 2 q − 1 )  ≤ d ( F1 ) .
W e s u m m a r iz e t h e r e s u lt s o b t a in e d in t h is s e c t io n in t h e fo llo win g t h e o r e m :
T heor em 3.2.1 L e t G ( p, q; 2 ) b e t h e fa m ily o f g r a p h s o b t a in e d wh e n 2 e d g e s a r e
a d d e d t o lin k Cp a n d Cq, wh e r e q ≥ p, a n d le t d( G ( p, q; 2 ) ) = m in {
−→
d ( G) |G ∈
G ( p, q; 2 ) }. Th e n
7 9
d( G ( p, q; 2 ) ) =


B L ow if p ≤ q ≤ 2 p− 6 o r q = 2 p− 4 ;






( 2 p+ 2 q − 1 )  if p ≤ q ≤ 2 p− 1 ;
q if q ≥ 2 p.
Fig u r e 3 .2 .6 s h o ws t h e o r ie n t a t io n F1 o f G ∈ G ( p, q; 2 ) wit h d ia m e t e r d( F1 ) . N o t e
t h a t x =  q
2
 + 1 .
Fig u r e 3 .2 .6
Fig u r e 3 .2 .7 s h o ws t h e o r ie n t a t io n o f G ∈ G ( p, q; 2 ) wit h d ia m e t e r B L ow . Th e
va lu e s o f x a n d y1, wh ic h we r e d is c u s s e d in Ca s e s ( 4 .1 ) t o ( 4 .5 ) , a r e d e p e n d e n t o n
t h e r e la t ive s iz e s o f p a n d q.
Fig u r e 3 .2 .7
¤
8 0
3.3 Linking 3 cycles of the same or der by 3 edges.
L e t G ( p, p, p; 3 ) b e t h e fa m ily o f g r a p h s o b t a in e d b y a d d in g 3 e d g e s t o lin k 3
c yc le s o f t h e s a m e o r d e r p. In t h is s e c t io n , we s h a ll e va lu a t e d( G ( p, p, p; 3 ) ) =
m in {
−→
d ( G) |G ∈ G ( p, p, p; 3 ) }.
Fo r e a c h G ∈ G ( p, p, p; 3 ) , a n y s t r o n g o r ie n t a t io n F o f G fa lls in t o o n e o f t h e
fo llo win g t wo c a s e s wh ic h we s h a ll n o w p r o c e e d t o c o n s id e r s e p a r a t e ly.
Case 1: E a c h Cp ( i) , i = 1 , 2 , 3 h a s o r ie n t a t io n 2 in F .
Case 2: Fo r s o m e i = 1 , 2 , 3 , Cp ( i) h a s o r ie n t a t io n 1 in F .
Case 1: Fo r s o m e fi xe d 2 ≤ y1, y2, y3 ≤ p, le t G( y1, y2, y3 ) ∈ G ( p, p, p; 3 ) b e
t h e g r a p h wh e r e 1 y1 2 1, 2 y2 3 1 a n d 3 y3 1 1 a r e t h e t h r e e e d g e s a d d e d b e t we e n t h e 3
c yc le s . L e t F1 ( y1, y2, y3 ) b e t h e s t r o n g o r ie n t a t io n o f G( y1, y2, y3 ) s u c h t h a t t h e
c yc le s Cp ( i) , i = 1 , 2 , 3 , a ll h a ve o r ie n t a t io n 2 , ( s e e Fig u r e 3 .3 .1 ) . N o t e t h a t , b y
s ym m e t r y, we m a y a s s u m e t h a t 2 ≤ yi ≤ 
p
2
 + 1 fo r i = 1 , 2 , 3 .
Fig u r e 3 .3 .1
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W e fi r s t c o n fi n e o u r s e lve s t o t h e c a s e wh e n 2 ≤ yi ≤ 
p
2
 fo r a ll i = 1 , 2 , 3 . In t h is
c a s e , t h e le n g t h o f t h e s ix lo n g e s t p a t h s in F1 ( y1, y2, y3 ) a r e a s fo llo ws :
L1 = d ( 1 p, 1 y1−1 ) = ( p− y1 ) + 1 + ( y2 − 1 ) + 1 + ( y3 − 1 ) + 1 + ( y1 − 1 − 1 )
= p+ y2 + y3 − 1 ,
L2 = d ( 1 p, 3 y3+1 ) = ( p− y1 ) + 1 + ( y2 − 1 ) + 1 + ( p− y3 )
= ( p− y1 ) + ( y2 + 1 ) + ( p− y3 ) ,
L3 = d ( 2 p, 1 y1+1 ) = ( p− y2 ) + 1 + ( y3 − 1 ) + 1 + ( p− y1 )
= ( p− y2 ) + ( y3 + 1 ) + ( p− y1 ) ,
L4 = d ( 2 p, 2 y2−1 ) = ( p− y2 ) + 1 + ( y3 − 1 ) + 1 + ( y1 − 1 ) + 1 + ( y2 − 1 − 1 )
= p+ y3 + y1 − 1 ,
L5 = d ( 3 p, 2 y2+1 ) = ( p− y3 ) + 1 + ( y1 − 1 ) + 1 + ( p− y2 )
= ( p− y3 ) + ( y1 + 1 ) + ( p− y2 ) ,
L6 = d ( 3 p, 3 y3−1 ) = ( p− y3 ) + 1 + ( y1 − 1 ) + 1 + ( y2 − 1 ) + 1 + ( y3 − 1 − 1 )
= p+ y1 + y2 − 1 .






m a x {L1, L2, L3, L4, L5, L6}.





 fo r i = 1 , 2 , 3 , we s e e t h a t
L1 = L4 = L6 = p+ 2 
p
3





if p ≡ 0 m o d 3 ;
5p+1
3
if p ≡ 1 m o d 3 ;
5p−1
3
if p ≡ 2 m o d 3 ,
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L2 = L3 = L5 = 2 p− 
p
3





if p ≡ 0 m o d 3 ;
5p+1
3
if p ≡ 1 m o d 3 ;
5p+2
3
if p ≡ 2 m o d 3 .










To s e e t h is , we c o n s id e r t h e fo llo win g t h r e e c a s e s .
( i) p ≡ 0 m o d 3 .
Fo r a n y c h o ic e o f yi, i = 1 , 2 , 3 b e t we e n 2 a n d 
p
2
 s u c h t h a t
∑
i yi ≥ p + 2 ,
o b s e r ve t h a t
d ( F1 ( y1, y2, y3 ) )
≥ m a x{L1, L4, L6}




( 3 p+ 2 ( y1 + y2 + y3 ) − 3 )  ≥ 
1
3




On t h e o t h e r h a n d , if yi, i = 1 , 2 , 3 a r e s u c h t h a t
∑
i yi ≤ p+ 1 , t h e n
d ( F1 ( y1, y2, y3 ) )
≥ m a x{L2, L3, L5}
= m a x{ 2 p− ( y1 + y3 ) + y2 + 1 , 2 p− ( y1 + y2 ) + y3 + 1 ,




( 6 p− ( y1 + y2 + y3 ) + 3 )  ≥ 
1
3










3 ) ) =
5p+3
3






3 ) ) ≤





( ii) p ≡ 1 m o d 3 .
Fo r a n y c h o ic e o f yi, i = 1 , 2 , 3 b e t we e n 2 a n d 
p
2
 s u c h t h a t
∑
i yi ≥ p + 2 ,
o b s e r ve t h a t
d ( F1 ( y1, y2, y3 ) )
≥ m a x{L1, L4, L6}




( 3 p+ 2 ( y1 + y2 + y3 ) − 3 )  ≥ 
1
3




On t h e o t h e r h a n d , if yi, i = 1 , 2 , 3 a r e s u c h t h a t
∑
i yi ≤ p+ 1 , t h e n
d ( F1 ( y1, y2, y3 ) )
≥ m a x{L2, L3, L5}
= m a x{ 2 p− ( y1 + y3 ) + y2 + 1 , 2 p− ( y1 + y2 ) + y3 + 1 ,




( 6 p− ( y1 + y2 + y3 ) + 3 )  ≥ 
1
3










3 ) ) =
5p+1
3




3 ) ) ≤




( iii) p ≡ 2 m o d 3 .
Fo r a n y c h o ic e o f yi, i = 1 , 2 , 3 b e t we e n 2 a n d 
p
2
 s u c h t h a t
∑
i yi ≥ p + 2 ,
o b s e r ve t h a t
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d ( F1 ( y1, y2, y3 ) )
≥ m a x{L1, L4, L6}




( 3 p+ 2 ( y1 + y2 + y3 ) − 3 )  ≥ 
1
3




On t h e o t h e r h a n d , if yi, i = 1 , 2 , 3 a r e s u c h t h a t
∑
i yi ≤ p+ 1 , t h e n
d ( F1 ( y1, y2, y3 ) )
≥ m a x{L2, L3, L5}
= m a x{ 2 p− ( y1 + y3 ) + y2 + 1 , 2 p− ( y1 + y2 ) + y3 + 1 ,




( 6 p− ( y1 + y2 + y3 ) + 3 )  ≥ 
1
3










3 ) ) =
5p+2
3




3 ) ) ≤




Fr o m n o w o n , we s h a ll d e n o t e











if p ≡ 0 m o d 3 ;
5p+1
3
if p ≡ 1 m o d 3 ;
5p+2
3
if p ≡ 2 m o d 3 .
S o fa r , we h a ve c o n s id e r e d 2 ≤ yi ≤ 
p
2
 fo r i = 1 , 2 , 3 . W e s h a ll n o w c o n s id e r t h e
fo llo win g r e m a in in g c a s e s .
( a ) A t le a s t t wo o f yi’s e qu a l 
p
2
+ 1 . W e m a y a s s u m e y1 = y2 = 
p
2
+ 1 . In t h is
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c a s e ,
d( 3 2, 3 y3+1 ) = ( y3 − 2 ) + 1 + 
p
2
 + 1 + 
p
2
 + 1 + p− y3
= p+ 2 
p
2
 + 1 ≥ 2 p ≥ d( F1 ) .
( b ) E xa c t ly o n e o f yi’s e qu a ls 
p
2
 + 1 . W e m a y a s s u m e y1 = 
p
2




, i = 2 , 3 . In t h is c a s e ,
d( 2 2, 2 y2+1 ) = y2 − 2 + 1 + y3 − 1 + 1 + 
p
2





d ( 3 p, 2 y2+1 ) = p− y3 + 1 + 
p
2
 + 1 + p− y2
= ( p− y3 ) + ( p− y2 ) + 
p
2
 + 2 ,
d( 3 2, 3 y3+1 ) = y3 − 2 + 1 + 
p
2





Th u s ,
m a x{d( 2 2, 2 y2+1 ) , d( 3 p, 2 y2+1 ) , d( 3 2, 3 y3+1 ) } ≥ 
1
3
( 4 p+ 3 
p
2
 + 2 )  ≥ d ( F1 ) .
Case 2: If a t le a s t o n e Cp ( i) h a s o r ie n t a t io n 1 , we m a y a s s u m e t h a t Cp ( 1 ) h a s
o r ie n t a t io n 1 . N o w if Cp ( 2 ) a ls o h a s o r ie n t a t io n 1 , t h e n d( 2 y2+1, 1 p ) ≥ 2 p > d( F1 )
in d e p e n d e n t o f y1 ,y2 a n d y3. H e n c e we s h a ll a s s u m e t h a t Cp ( 2 ) h a s o r ie n t a t io n 2 .
B y s ym m e t r y, we a ls o a s s u m e t h a t Cp ( 3 ) a ls o h a s o r ie n t a t io n 2 . A g a in , fo r s o m e
fi xe d 1 ≤ y1 ≤ p, 2 ≤ y2, y3 ≤ 
p
2
 + 1 , le t G( y1, y2, y3 ) ∈ G ( p, p, p; 3 ) b e t h e g r a p h
d e fi n e d in Ca s e 1 . L e t F2 ( y1, y2, y3 ) b e t h e s t r o n g o r ie n t a t io n o f G( y1, y2, y3 ) a s
8 6
s h o wn in Fig u r e 3 .3 .2 . Ob s e r ve t h a t
d( 1 y1+1, 3 y3+1 ) = p− 1 + 1 + ( y2 − 1 ) + 1 + ( p− y3 )
= p+ y2 + p− y3,
d( 2 p, 1 p ) = ( p− y2 ) + 1 + ( y3 − 1 ) + 1 + p− 1
= p− y2 + p+ y3.
Th u s , m a x{d( 1 y1+1, 3 y3+1 ) , d ( 2 p, 1 p ) } ≥ 2 p > d( F1 ) a n d d( F2 ( y1, y2, y3 ) ) > d( F1 ) fo r
a ll 1 ≤ y1 ≤ p, 2 ≤ y2, y3 ≤ 
p
2
 + 1 .
Fig u r e 3 .3 .2
W e s u m m a r iz e t h e r e s u lt s o b t a in e d in t h is s e c t io n in t h e fo llo win g t h e o r e m :
T heor em 3.3.1 L e t G ( p, p, p; 3 ) b e t h e fa m ily o f g r a p h s o b t a in e d wh e n 3 e d g e s a r e
a d d e d t o lin k 3 c yc le s o f o r d e r p a n d d( G ( p, p, p; 3 ) ) = m in {
−→
d ( G) |G ∈ G ( p, p, p; 3 ) }.
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Th e n





if p ≡ 0 m o d 3 ;
5p+1
3
if p ≡ 1 m o d 3 ;
5p+2
3
if p ≡ 2 m o d 3 .
Fig u r e 3 .3 .3 s h o ws t h e o r ie n t a t io n F1 o f G ∈ G ( p, p, p; 3 ) wit h d ia m e t e r d( F1 ) . N o t e
t h a t yi = 
p
3
 fo r i = 1 , 2 , 3 .
Fig u r e 3 .3 .3
¤
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3.4 Linking n cycles of the same or der by n edges,
n ≥ 4.
L e t G (
n︷ ︸︸ ︷
p, p, ..., p;n) ( n ≥ 4 ) b e t h e fa m ily o f g r a p h s o b t a in e d b y a d d in g n e d g e s t o
lin k n c yc le s o f t h e s a m e o r d e r p. In t h is s e c t io n , we s h a ll e va lu a t e d( G (
n︷ ︸︸ ︷
p, p, ..., p;n) ) =
m in {
−→
d ( G) |G ∈ G (
n︷ ︸︸ ︷
p, p, ..., p;n ) }. W e fi r s t p r o ve t h e fo llo win g le m m a .
Lemma 3.4.1 L e t G ∈ G (
n︷ ︸︸ ︷
p, p, ..., p;n ) . If F is a n o r ie n t a t io n o f G s u c h t h a t t h e r e
a r e t wo ‘a d ja c e n t ’ c yc le s ( t h a t is , Cp ( i ) a n d Cp ( i + 1 ) fo r s o m e i = 1 , 2 , ...) b o t h
h a vin g o r ie n t a t io n 1 , t h e n d( F ) ≥ 2 p+ n− 3 .
P r oof: S u p p o s e Cp ( 1 ) a n d Cp ( n) b o t h h a ve o r ie n t a t io n 1 in F . In t h is c a s e ,
d( 1 y1+1, np ) ≥ ( p− 1 ) + ( n− 1 ) + ( p− 1 ) = 2 p+ n− 3 . H e n c e d( F ) ≥ 2 p+ n− 3 .
N o t e t h a t b o t h Cp ( 1 ) a n d Cp ( n ) c o u ld b e o f t yp e A o r B . ( S e e Fig u r e 3 .4 .1 .)
Fig u r e 3 .4 .1
¤
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Fo r e a c h G ∈ G (
n︷ ︸︸ ︷
p, p, ..., p;n) , a n y s t r o n g o r ie n t a t io n F o f G fa lls in t o o n e o f t h e
fo llo win g t wo c a s e s , wh ic h we s h a ll s h o w t h a t d ( F ) ≥ 2 p+ n− 3 in e it h e r c a s e .
Case 1: Fo r s o m e i = 1 , 2 , ..., n, Cp ( i ) h a s o r ie n t a t io n 1 in F .
Case 2: Fo r a ll i = 1 , 2 , ..., n, Cp ( i ) h a s o r ie n t a t io n 2 in F .
Case 1: S u p p o s e fo r s o m e 1 ≤ i ≤ n, Cp ( i) h a s o r ie n t a t io n 1 in F . In t h is c a s e ,
we m a y a s s u m e t h a t i = 1 . B y L e m m a 3 .4 .1 , if Cp ( 2 ) o r Cp ( n) h a s o r ie n t a t io n 1 ,
t h e n d( F ) ≥ 2 p+n− 3 . W e n o w a s s u m e t h a t b o t h Cp ( 2 ) a n d Cp ( n) h a ve o r ie n t a t io n
2 in F . ( S e e Fig u r e 3 .4 .2 .)
Fig u r e 3 .4 .2
B y s ym m e t r y, we m a y a s s u m e t h a t 2 ≤ y2, yn ≤ 
p
2
 + 1 .
Ob s e r ve t h a t ,
d ( 2 p, 1 p ) ≥ ( p− y2 ) + ( n− 2 ) + ( yn − 1 ) + 1 + ( p− 1 )
= 2 p− y2 + yn + n− 3 ,
9 0
d( 1 y1+1, nyn+1 ) ≥ ( p− 1 ) + 1 + ( y2 − 1 ) + ( n− 2 ) + ( p− yn )
= 2 p+ y2 − yn + n− 3 .
Th u s m a x{d ( 2 p, 1 p ) , d( 1 2, nyn+1 ) } ≥ m a x{ 2 p−y2+yn+n− 3 , 2 p−yn+y2+n− 3 } ≥
2 p+ n− 3 , a n d h e n c e d( F ) ≥ 2 p+ n− 3 .
Case 2: S u p p o s e Cp ( i ) h a s o r ie n t a t io n 2 fo r a ll i = 1 , 2 , ..., n. B y s ym m e t r y,
we a s s u m e t h a t 2 ≤ yi ≤ 
p
2
 + 1 fo r a ll i = 1 , 2 , ..., n. ( S e e Fig u r e 3 .4 .3 .)
( 2 .1 ) If n = 4 , t h e n d ( 1 p, 4 y4+1 ) = ( p−y1 ) + ( p−y4 ) + ( y2+y3+1 ) a n d d ( 3 p, 2 y2+1 ) =
( p− y3 ) + ( p− y2 ) + ( y4 + y1 + 1 ) . S o d( F ) ≥
1
2
( 4 p+ 2 ) = 2 p+ 1 = 2 p+n− 3 .
Fig u r e 3 .4 .3
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( 2 .2 ) If n ≥ 5 , t h e n
d( 1 p, nyn+1 )
= ( p− y1 ) + 1 + ( y2 − 1 ) + 1 + ( y3 − 1 ) + 1 + ...+ ( yn−1 − 1 ) + 1 + ( p− yn )
= ( p− y1 ) + ( p− yn ) + ( y2 + y3 + ...+ yn−1 ) + 1 ,
d( 3 p, 2 y2+1 )
= ( p− y3 ) + 1 + ( y4 − 1 ) + 1 + ( y5 − 1 ) + 1 + ...+ ( y1 − 1 ) + 1 + ( p− y2 )
= ( p− y3 ) + ( p− y2 ) + ( y4 + y5 + ...+ yn + y1 ) + 1 .
Th u s ,








( 4 p+ 2 ( y4 + ...+ yn−1 ) + 2 )
= 2 p+ ( y4 + ...+ yn−1 ) + 1
≥ 2 p+ 2 ( n− 4 ) + 1
= 2 p+ 2 n− 7 .
S in c e n ≥ 5 , 2 p+ 2 n− 7 > 2 p+ n− 3 .
Th u s fo r a ll n ≥ 4 , if Cp ( i ) h a s o r ie n t a t io n 2 fo r a ll i = 1 , 2 , ..., n, t h e n
d( F ) ≥ 2 p+ n− 3 .
Co m b in in g Ca s e s 1 a n d 2 , we o b s e r ve t h a t fo r n ≥ 4 , d( G (
n︷ ︸︸ ︷
p, p, ..., p;n ) ) ≥
2 p+n− 3 . Fig u r e 3 .4 .4 s h o ws a g r a p h G ∈ G (
n︷ ︸︸ ︷
p, p, ..., p;n ) wit h a s t r o n g o r ie n t a t io n
F . It is e a s ily c h e c ke d t h a t d( F ) = d( 1 2, np ) = p− 1 + n− 1 + p− 1 = 2 p+ n− 3 .
9 2
N o t e t h a t a ll c yc le s Cp ( i) in F a r e o f t yp e A a n d h a ve o r ie n t a t io n 1 .
Fig u r e 3 .4 .4
Th is c o m p le t e s t h e p r o o f o f t h e fo llo win g t h e o r e m :
T heor em 3.4.2 L e t G (
n︷ ︸︸ ︷
p, p, ..., p;n ) , n ≥ 4 , b e t h e fa m ily o f g r a p h s o b t a in e d wh e n
n e d g e s a r e a d d e d t o lin k n c yc le s o f o r d e r p. Th e n d ( G (
n︷ ︸︸ ︷
p, p, ..., p;n) ) = 2 p+n− 3 .
¤
9 3
3.5 Linking 2 Cp’s and 1 Cq, q > p, by 3 edges.
L e t G ∗ ( p, p, q; 3 ) b e t h e fa m ily o f g r a p h s o b t a in e d b y a d d in g 3 e d g e s t o lin k a c yc le
Cq o f o r d e r q a n d 2 c yc le s , d e n o t e d b y Cp ( 1 ) a n d Cp ( 2 ) , o f o r d e r p. W e a s s u m e
t h a t q ≥ p+ 1 . In t h is s e c t io n , we s h a ll e va lu a t e d( G ∗ ( p, p, q; 3 ) ) = m in {
−→
d ( G) |G ∈
G ∗ ( p, p, q; 3 ) }.
Fo r e a c h G ∈ G ∗ ( p, p, q; 3 ) , a n y s t r o n g o r ie n t a t io n F o f G fa lls in t o o n e o f t h e
fo llo win g fi ve c a s e s wh ic h we s h a ll n o w c o n s id e r s e p a r a t e ly. ( Th e r e a r e a c t u a lly 8
c a s e s b u t d u e t o d u a lit y, it s u ffi c e s t o c o n s id e r t h e 5 b e lo w.)
Case 1: Cq, Cp ( 1 ) a n d Cp ( 2 ) a ll h a ve o r ie n t a t io n 2 in F .
Case 2: Cq h a s o r ie n t a t io n 2 , Cp ( 1 ) a n d Cp ( 2 ) h a ve o r ie n t a t io n 1 in F .
Case 3: Cq a n d Cp ( 1 ) h a ve o r ie n t a t io n 1 in F .
Case 4: Cq h a s o r ie n t a t io n 1 , Cp ( 1 ) a n d Cp ( 2 ) h a ve o r ie n t a t io n 2 in F .
Case 5: Cq a n d Cp ( 2 ) h a ve o r ie n t a t io n 2 , Cp ( 1 ) h a s o r ie n t a t io n 1 in F .
Case 1: Fo r s o m e fi xe d x, y1 a n d y2 wit h 2 ≤ x ≤ q a n d 2 ≤ y1, y2 ≤ p, le t
G( x, y1, y2 ) ∈ G ∗ ( p, p, q; 3 ) b e t h e g r a p h wh e r e ux 1 1, 1 y1 2 1 a n d 2 y2u1 a r e t h e t h r e e
e d g e s a d d e d b e t we e n t h e t h r e e c yc le s .
Fig u r e 3 .5 .1
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L e t F1 ( x, y1, y2 ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1, y2 ) s u c h t h a t t h e c yc le s Cq,
Cp ( 1 ) a n d Cp ( 2 ) a ll h a ve o r ie n t a t io n 2 . N o t e t h a t Cq, Cp ( 1 ) a n d Cp ( 2 ) a r e a ll o f t yp e
B . B y s ym m e t r y, it s u ffi c e s t o c o n s id e r 2 ≤ x ≤  q
2
 + 1 a n d 2 ≤ y1, y2 ≤ 
p
2
 + 1 .
( S e e Fig u r e 3 .5 .1 .)
W h e n 2 ≤ x ≤  q
2
, 2 ≤ y1, y2 ≤ 
p
2
, t h e s ix lo n g e s t p a t h s in F1 ( x, y1, y2 ) a r e
r e s p e c t ive ly o f le n g t h s
L1 = d( 1 2, 1 y1+1 ) = ( y1 − 2 ) + 1 + ( y2 − 1 ) + 1 + ( x− 1 ) + 1 + ( p− y1 )
= p+ y2 + x− 1 ,
L2 = d( 2 2, 2 y2+1 ) = ( y2 − 2 ) + 1 + ( x− 1 ) + 1 + ( y1 − 1 ) + 1 + ( p− y2 )
= p+ y1 + x− 1 ,
L3 = d ( u2, ux+1 ) = ( x− 2 ) + 1 + ( y1 − 1 ) + 1 + ( y2 − 1 ) + 1 + ( q − x )
= q + y1 + y2 − 1 ,
L4 = d ( 1 p, ux+1 ) = ( p− y1 ) + 1 + ( y2 − 1 ) + 1 + ( q − x )
= ( p− y1 ) + ( q − x ) + y2 + 1 ,
L5 = d ( 2 p, 1 y1+1 ) = ( p− y2 ) + 1 + ( x− 1 ) + 1 + ( p− y1 )
= ( p− y2 ) + ( p− y1 ) + x+ 1 ,
L6 = d ( uq, 2 y2+1 ) = ( q − x ) + 1 + ( y1 − 1 ) + 1 + ( p− y2 )
= ( p− y2 ) + ( q − x ) + y1 + 1 .
W e fi r s t e xp la in wh y it s u ffi c e s t o c o n fi n e o u r s e lve s t o t h e c a s e 2 ≤ x ≤  q
2
 a n d





Ta ke fo r e xa m p le if x =  q
2
 + 1 , t h e n
d ( u1, 2 y2+1 ) = 
q
2




 + 1 + y1 + ( p− y2 )
≥ ( q − 
q
2
 − 1 ) + 1 + y1 + ( p− y2 ) = L6.
L e t L∗6 = d ( u1, 2 y2+1 ) . S im ila r ly, it c a n b e c h e c ke d t h a t
( i) if y1 = 
p
2
 + 1 , t h e n L∗4 = d ( 1 1, ux+1 ) ≥ L4;
( ii) if y2 = 
p
2
 + 1 , t h e n L∗5 = d ( 2 1, 1 y1+1 ) ≥ L5.
N o t e a ls o t h a t t h e va lu e s o f L1 = d ( 1 2, 1 y1+1 ) , L2 = d( 2 2, 2 y2+1 ) a n d L3 = d( u2, ux+1 )
r e m a in u n c h a n g e d . Th u s ,























d( F1 ( x, y1, y2 ) ) .
W e s h a ll n o w e va lu a t e t h e fo llo win g :







d ( F1 ( x, y1, y2 ) ) .
P r opositon 3.5.1 If q ≥ 3 p− 8 , t h e n d( F1 ) = q + 3 .
P r oof: A s s u m e t h a t 3 p− 8 ≤ q. Fir s t , c o n s id e r t h e c a s e in wh ic h q ≤ 4 p− 1 2 .
It is c le a r t h a t d ( F1 ) ≥ q + y1 + y2 − 1 ≥ q + 3 s in c e y1, y2 ≥ 2 . Co n s id e r t h e
o r ie n t a t io n F1 ( q − 2 p+ 6 , 2 , 2 ) . Fir s t n o t e t h a t q − 2 p+ 6 ≤ 
q
2
; in d e e d ,
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( i) wh e n q is e ve n , q ≤ 4 p − 1 2 ⇔ 2 q − 4 p + 1 2 ≤ q ⇔ q − 2 p + 6 ≤ q
2
⇔
q − 2 p+ 6 ≤  q
2
;
( ii) wh e n q is o d d , q ≤ 4 p − 1 3 ⇔ 2 q − 4 p + 1 2 ≤ q − 1 ⇔ q − 2 p + 6 ≤ q−1
2
⇔
q − 2 p+ 6 ≤  q
2
.
W it h x = q − 2 p+ 6 a n d y1 = y2 = 2 , we c h e c k t h a t
( a ) p+ y2 + x− 1 = p+ 2 + ( q − 2 p+ 6 ) − 1 = q − p+ 7 ≤ q + 3 fo r a ll p ≥ 4 ;
( b ) p+ y1 + x− 1 ≤ q + 3 , s im ila r t o ( a ) ;
( c ) q + y1 + y2 − 1 = q + 3 ;
( d ) ( p− y1 ) + ( q − x ) + y2 + 1 = p+ q − q + 2 p− 6 + 1 = 3 p− 5 ≤ q + 3 ( s in c e
3 p− 8 ≤ q ) ;
( e ) ( p− y2 ) + ( q − x ) + y1 + 1 ≤ q + 3 , s im ila r t o ( d ) ;
( f ) ( p− y2 ) + ( p− y1 ) + x+ 1 = 2 p− 4 + ( q − 2 p+ 6 ) + 1 = q + 3 .
Th u s , d ( F1 ( q − 2 p+ 6 , 2 , 2 ) ) = d ( F1 ) = q + 3 .
A s s u m e n o w t h a t q ≥ 4 p − 1 1 . Co n s id e r t h e o r ie n t a t io n F1 ( p − 2 , 2 , 2 ) . Fir s t
n o t e t h a t p − 2 ≤  q
2
 fo r a ll q ≥ 4 p − 1 1 . W it h x = p − 2 a n d y1 = y2 = 2 , we
c h e c k t h a t
( a ) p+ y2 + x− 1 = p+ ( p− 2 ) + 2 − 1 = 2 p− 1 ≤ q + 3 fo r a ll p ≥ 4 ;
( b ) p+ y1 + x− 1 ≤ q + 3 , s im ila r t o ( a ) ;
( c ) q + y1 + y2 − 1 = q + 3 ;
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( d ) ( p− y1 ) + ( q − x ) + y2 + 1 = p+ ( q − p+ 2 ) + 1 = q + 3 ;
( e ) ( p− y2 ) + ( q − x ) + y1 + 1 = q + 3 , s im ila r t o ( d ) ;
( f ) ( p − y2 ) + ( p − y1 ) + x + 1 = 2 p − 4 + ( p − 2 ) + 1 = 3 p − 5 ≤ q + 3 fo r a ll
p ≥ 4 .
Th u s , d( F1 ( p− 2 , 2 , 2 ) ) = d ( F1 ) = q+3 a n d t h e p r o o f o f t h e p r o p o s it io n is c o m p le t e .
¤
P r opositon 3.5.2 Fo r a n y ( x, y1, y2 ) s u c h t h a t 2 ≤ x ≤ 
q
2









+ 1 if q ≡ 0 , 3 m o d 6 ;
p+ 2q+1
3
if q ≡ 1 , 4 m o d 6 ;
p+ 2q+2
3
if q ≡ 2 , 5 m o d 6 .
P r oof: Ob s e r ve t h a t
L7 = m a x{L3, L4, L5} ≥ 
1
3
( 3 p+ 2 q + y2 − y1 + 1 ) 
L8 = m a x{L3, L5, L6} ≥ 
1
3
( 3 p+ 2 q + y1 − y2 + 1 ) 
m a x{L7, L8} ≥ 
1
3





+ 1 if q ≡ 0 , 3 m o d 6 ;
p+ 2q+1
3
if q ≡ 1 , 4 m o d 6 ;
p+ 2q+2
3
if q ≡ 2 , 5 m o d 6 .
Th is c o m p le t e s t h e p r o o f o f t h e p r o p o s it io n .
¤
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+ 1 if q ≡ 0 m o d 6 ;
 q
3
 if q ≡ 1 m o d 6 ;
 q
3
 + 1 if p is e ve n a n d q ≡ 2 m o d 6 ;
 q
3
 if p is o d d a n d q ≡ 2 m o d 6 ;
 q
3
 + 1 if q ≡ 3 m o d 6 ;
 q
3
 if q ≡ 4 m o d 6 ;
 q
3
 if p is e ve n a n d q ≡ 5 m o d 6 ;
 q
3








if q ≡ 0 m o d 6 ;
p
2
 −  q
6
 if q ≡ 1 m o d 6 ;
p
2
 −  q
6
 + 1 if p is e ve n a n d q ≡ 2 m o d 6 ;
p
2
 −  q
6
 if p is o d d a n d q ≡ 2 m o d 6 ;
p
2
 −  q
6
 if q ≡ 3 m o d 6 ;
p
2
 −  q
6
 if q ≡ 4 m o d 6 ;
p
2
 −  q
6
 if p is e ve n a n d q ≡ 5 m o d 6 ;
p
2
 −  q
6









+ 1 if q ≡ 0 m o d 6 ;
p
2
 −  q
6
 if q ≡ 1 m o d 6 ;
p
2
 −  q
6
 if p is e ve n a n d q ≡ 2 m o d 6 ;
p
2
 −  q
6
 if p is o d d a n d q ≡ 2 m o d 6 ;
p
2
 −  q
6
 + 1 if q ≡ 3 m o d 6 ;
p
2
 −  q
6
 if q ≡ 4 m o d 6 ;
p
2
 −  q
6
 if q ≡ 5 m o d 6 .
W e will s h o w t h a t fo r p+ 1 ≤ q ≤ 3 p− 9 , d( F1 ) = d ( F1 ( x
∗, y∗1, y
∗
2 ) ) .
Remar k: Th e r e a d e r m ig h t wo n d e r h o w t h e va lu e s o f x∗, y∗1 a n d y
∗
2 we r e a r r ive d
a t . Th e p r o c e d u r e in vo lve s t h e c o n s id e r a t io n o f a min-max p r o b le m , a c o m m o n
c la s s o f p r o b le m s in Op e r a t io n s R e s e a r c h . A b r ie f d is c u s s io n o n t h is t e c h n iqu e c a n
b e fo u n d in A p p e n d ix A .
( a ) S u p p o s e q ≡ 0 m o d 6 . N o t e t h a t q ≡ 0 m o d 6 im p lie s q ≡ 0 m o d 3 . L e t
x = x∗ = q
3































L2 = L1 − 1 < L1,













L4 = q −
q
3










) − 1 +
q
3






+ 1 ≤ L4,
L6 = L4 − 2 < L4.




















+ 1 , L4 ≥ L1 fo r a ll q ≥ p+ 1 a n d
1 0 0
L4 = p +
2q
3
+ 1 = m a x{L1, ..., L6} in t h is c a s e . To g e t h e r wit h P r o p o s it io n
3 .5 .2 , we h a ve t h e fo llo win g c o n c lu s io n fo r t h e c a s e q ≡ 0 m o d 6 a n d p+ 1 ≤
q ≤ 3 p− 9 :
d ( F1 ) = d( F1 ( x
∗, y∗1, y
∗




( b ) S u p p o s e q ≡ 1 m o d 6 . N o t e t h a t q ≡ 1 m o d 6 im p lie s q ≡ 1 m o d 3 . L e t
x = x∗ =  q
3





 −  q
6





 −  q
6
. Th e n



























2 q + 1
3
− 1 ≤ L5,
L4 = p+ q − 
q
3
 + 1 = p+
2 q + 1
3
≤ L5,






 ) + 
q
3




2 q + 1
3
+ 1 ,
L6 = L4 ≤ L5.






































+ 1 = m a x{L1, ..., L6} in t h is
c a s e .




+1 = p+ 2p+1
3
. Th u s b y P r o p o s it io n 3 .5 .2 , we h a ve
d( F1 ) = d( F1 ( x
∗, y∗1, y
∗
2 ) ) . W h e n p is e ve n a n d fo r a n y 2 ≤ y1, y2 ≤ 
p
2
 s u c h
t h a t y1 = y2, we h a ve m a x{L7, L8} ≥ 
1
3
( 3 p+2 q+2 )  = p+ 2q+1
3
+1 wh e n q ≡ 1
m o d 3 . In t h is e ve n t , d( F1 ( x
∗, y∗1, y
∗





+1 = p+ 2q+1
3
+1 = d( F1 ) .





If x ≤  q
3
 − 1 , t h e n
L4 = ( p− y1 ) + ( q − x ) + y2 + 1
= p+ q − x+ 1




= p+ q − (
q + 2
3
) + 2 = p+
2 q − 2
3
+ 2 = p+
2 q + 1
3
+ 1 .
In t h is c a s e , we s e e t h a t d ( F1 ( x
∗, y∗1, y
∗
2 ) ) = p+
2q+1
3
+ 1 = d( F1 ) .
If x ≥  q
3
 + 1 , t h e n
m a x{L3, L5} ≥ 
1
2




( 2 p+ q + 
q
3




( 2 p+ q + (
q + 2
3





4 q + 2
3
+ 1 ) 
= p+
2 q + 1
3
+ 1 , s in c e b o t h 2 p a n d 4 q + 2 a r e e ve n .
A g a in , in t h is c a s e , we h a ve d( F1 ( x
∗, y∗1, y
∗
2 ) ) = p+
2q+1
3
+ 1 = d ( F1 ) .
If x =  q
3
, y1 = y2 = 
p
2
 −  q
6
, t h e n
L5 > p+
2 q + 1
3
+ 1 if yi < 
p
2
 −  q
6
 fo r i = 1 , 2 ;






 ) + 2 − 1 if yi > 
p
2
 −  q
6
 fo r i = 1 , 2
≥ p+
2 q + 1
3
+ 1 .
S u m m a r iz in g t h e r e s u lt s fo r t h e c a s e wh e n q ≡ 1 m o d 6 a n d p+1 ≤ q ≤ 3 p− 9 ,
1 0 2
we s e e t h a t
d( F1 ) = d( F1 ( x
∗, y∗1, y
∗





if p is o d d , i.e .,
p a n d q h a ve t h e s a m e p a r it y;
p+ 2q+1
3
+ 1 if p is e ve n , i.e .,
p a n d q h a ve d iffe r e n t p a r it y.
( c ) S u p p o s e q ≡ 2 m o d 6 . N o t e t h a t q ≡ 2 m o d 6 im p lie s q ≡ 2 m o d 3 . W h e n p is
e ve n , we le t x = x∗ =  q
3











a n d o b s e r ve t h a t
L1 = p+ 
q
3

























+ 1 ( s in c e p is e ve n ) ,
L3 = q + 2 
p
2
 − 2 
q
6
 + 1 − 1 = p+
2 q + 2
3
,
L4 = p+ q − 
q
3
 − 1 = p+
2 q − 1
3
− 1 < L3,













2 q + 2
3
= p+
2 q + 2
3
= L3,
L6 = L4 + 2 = p+
2 q + 2
3
= L3.
Co m p a r in g L2 a n d L3 a n d n o t in g t h a t , a s p a n d q a r e b o t h e ve n ( we n e e d n o t







+ 1 . Th u s L3 ≥ L2 fo r a ll q ≥ p+ 2 , a n d L3 = p+
2q+2
3
= m a x{L1, ..., L6}
in t h is c a s e .
W h e n p is o d d , we le t x = x∗ =  q
3
, y1 = y∗1 = 
p
2
 −  q
6
 a n d y2 = y∗2 =
p
2
 −  q
6
 a n d o b s e r ve t h a t
1 0 3







































2 q + 2
3
− 1 = p+
2 q + 2
3
,
L4 = p+ q − 
q
3
 + 1 = p+
2 q + 2
3
,






 ) + 
q
3




2 q − 1
3
+ 1 < L3,
L6 = L4.
Co m p a r in g L1 a n d L3, we s e e t h a t q ≥ p − 1 ⇔ 6 p + 4 q + 4 ≥ 9 p + 3 +






− 1 . Th u s L3 ≥ L1 fo r a ll q ≥ p − 1 ,
a n d L3 = p+
2q+2
3
= m a x{L1, ..., L6} in t h is c a s e . To g e t h e r wit h P r o p o s it io n
3 .5 .2 , we c o n c lu d e t h a t wh e n q ≡ 2 m o d 6 a n d p+ 1 ≤ q ≤ 3 p− 9 ,
d ( F1 ) = d( F1 ( x
∗, y∗1, y
∗
2 ) ) = p+
2 q + 2
3
.
( d ) S u p p o s e q ≡ 3 m o d 6 . N o t e t h a t q ≡ 3 m o d 6 im p lie s q ≡ 0 m o d 3 . L e t
x = x∗ =  q
3
 + 1 , y1 = y∗1 = 
p
2
 −  q
6
 a n d y2 = y∗2 = 
p
2
 −  q
6
 + 1 . Th e n
L1 = p+ 
q
3













L2 = L1 − 1 < L1,
L3 = q + 2 
p
2
 − 2 
q
6






+ 1 ≤ L4,
L4 = p+ 1 + ( q − 
q
3










 ) − 1 + 
q
3







L6 = L4 − 2 < L4.
Co m p a r in g L1 a n d L4, we s e e t h a t q ≥ p + 1 ⇔ 6 p + 4 q ≥ 9 p + q + 3 ⇔
p + 2q
3












+ 1 , L4 ≥ L1
1 0 4
fo r a ll q ≥ p + 1 , a n d L4 = p +
2q
3
+ 1 = m a x{L1, ..., L6}. To g e t h e r wit h
P r o p o s it io n 3 .5 .2 , we h a ve t h e fo llo win g c o n c lu s io n fo r t h e c a s e q ≡ 3 m o d 6
a n d p+ 1 ≤ q ≤ 3 p− 9 :
d ( F1 ) = d( F1 ( x
∗, y∗1, y
∗




( e ) S u p p o s e q ≡ 4 m o d 6 . N o t e t h a t q ≡ 4 m o d 6 im p lie s q ≡ 1 m o d 3 . L e t
x = x∗ =  q
3





 −  q
6





 −  q
6
. Th e n























L3 = q + 2 
p
2
 − 2 
q
6




2 q + 1
3
≤ L5,
L4 = p+ q − (
q + 2
3
) + 1 = p+
2 q + 1
3
≤ L5,






 ) + 
q
3




2 q + 1
3
,
L6 = L4 = p+
2 q + 1
3
≤ L5.



























= m a x{L1, ..., L6}.




= p + 2q+1
3
. Th u s b y P r o p o s it io n 3 .5 .2 , we
h a ve d( F1 ) = d( F1 ( x
∗, y∗1, y
∗
2 ) ) . S im ila r t o t h e c a s e wh e n q ≡ 1 m o d 6 , it c a n
b e s h o wn t h a t
( i) wh e n p is o d d a n d fo r a n y 2 ≤ y1, y2 ≤ 
p
2
 s u c h t h a t y1 = y2,
d( F1 ( x
∗, y∗1, y
∗





+ 1 = p+ 2q+1
3
+ 1 = d( F1 ) ;
1 0 5
( ii) wh e n p is o d d a n d fo r a n y 2 ≤ y1 = y2 ≤ 
p
2
, d( F1 ( x, y1, y2 ) ) ≥ p +
2q+1
3
+ 1 fo r a n y c h o ic e o f 2 ≤ x ≤  q
2
.
Th u s , s u m m a r iz in g t h e r e s u lt s fo r t h e c a s e wh e n q ≡ 4 m o d 6 a n d p + 1 ≤
q ≤ 3 p− 9 , we s e e t h a t
d( F1 ) = d( F1 ( x
∗, y∗1, y
∗





if p is e ve n , i.e .,
p a n d q h a ve t h e s a m e p a r it y;
p+ 2q+1
3
+ 1 if p is o d d , i.e .,
p a n d q h a ve d iffe r e n t p a r it y.
( f ) S u p p o s e q ≡ 5 m o d 6 . N o t e t h a t q ≡ 5 m o d 6 im p lie s q ≡ 2 m o d 3 . W h e n p
is e ve n , we le t x = x∗ =  q
3
, y1 = y∗1 = 
p
2
 −  q
6
 a n d y2 = y∗2 = 
p
2



















( s in c e p is e ve n ) ,







L3 = q + 2 
p
2
 − 2 
q
6
 − 1 = p+
2 q + 2
3
,
L4 = p+ q − 
q
3
 + 1 = p+
2 q + 2
3
= L3,






 ) + 
q
3




2 q − 1
3
= p+
2 q − 1
3
< L3,
L6 = L4 = L3 = p+
2 q + 2
3
.











m a x{L1, ..., L6} in t h is c a s e .
W h e n p is o d d , we le t x = x∗ =  q
3
 + 1 , y1 = y∗1 = 
p
2
 −  q
6







 −  q
6
. Th e n
L1 = p+ 
q
3






























2 q + 5
3
= p+
2 q + 2
3
,
L4 = p+ q − 
q
3
 − 1 = p+
2 q − 1
3
− 1 < L3,






 ) − 1 + 
q
3




2 q − 1
3
= L3,
L6 = L4 + 2 = p+
2 q + 2
3
= L3.
Co m p a r in g L2 a n d L3, a n d n o t in g t h a t , a s p a n d q a r e b o t h o d d ( we n e e d
n o t c o n s id e r q = p + 1 ) , q ≥ p + 2 ⇔ 6 p + 4 q + 4 ≥ 9 p − 3 + q + 7 +






+ 1 . Th u s L3 ≥ L2 fo r a ll q ≥ p + 2 , a n d
L3 = p +
2p+2
3
= m a x{L1, ..., L6} in t h is c a s e . To g e t h e r wit h P r o p o s it io n
3 .5 .2 , we c o n c lu d e t h a t wh e n q ≡ 5 m o d 6 a n d p+ 1 ≤ q ≤ 3 p− 9 ,
d ( F1 ) = d( F1 ( x
∗, y∗1, y
∗
2 ) ) = p+
2 q + 2
3
.
W e s u m m a r iz e t h e r e s u lt s o b t a in e d fo r t h is c a s e a s fo llo ws . R e c a ll t h a t F1 ( x, y1, y2 )
is t h e o r ie n t a t io n o f t h e g r a p h G( x, y1, y2 ) ∈ G ∗ ( p, p, q; 3 ) fo r s o m e fi xe d 2 ≤ x ≤
 q
2
 + 1 , 2 ≤ y1, y2 ≤ 
p
2
 + 1 a s illu s t r a t e d in Fig u r e 3 .5 .1 .
1 0 7













+ 1 if p+ 1 ≤ q ≤ 3 p− 9 , q ≡ 0 , 3 m o d 6 ;
p+ 2q+1
3
+ 1 if p+ 1 ≤ q ≤ 3 p− 9 , q ≡ 1 , 4 m o d 6 a n d p+ q is o d d ;
p+ 2q+1
3
if p+ 1 ≤ q ≤ 3 p− 9 , q ≡ 1 , 4 m o d 6 a n d p+ q is e ve n ;
p+ 2q+2
3
if p+ 1 ≤ q ≤ 3 p− 9 , q ≡ 2 , 5 m o d 6 ;
q + 3 if q ≥ 3 p− 8 .
Case 2: Fo r s o m e fi xe d x, y1 a n d y2 wit h 2 ≤ x ≤ q a n d 1 ≤ y1, y2 ≤ p, le t
G( x, y1, y2 ) ∈ G ∗ ( p, p, q; 3 ) b e t h e g r a p h d e fi n e d in Ca s e 1 . L e t F2 ( x, y1, y2 ) b e t h e
s t r o n g o r ie n t a t io n o f t h e g r a p h G( x, y1, y2 ) s u c h t h a t Cq h a s o r ie n t a t io n 2 a n d b o t h
Cp ( 1 ) a n d Cp ( 2 ) h a ve o r ie n t a t io n 1 . N o t e t h a t Cq is o f t yp e B wh ile Cp ( i ) , i = 1 , 2 ,
c a n b e o f e it h e r t yp e A ( if yi = 1 ) o r t yp e B ( if yi ≥ 2 ) . B y s ym m e t r y, it s u ffi c e s
t o c o n s id e r 2 ≤ x ≤  q
2
 + 1 . ( S e e Fig u r e 3 .5 .2 .) W e fi r s t c o n s id e r 2 ≤ x ≤  q
2
.
Fig u r e 3 .5 .2
Th e fo u r lo n g e s t p a t h s in F2 ( x, y1, y2 ) a r e r e s p e c t ive ly o f le n g t h s
1 0 8
L9 = d( u2, ux+1 ) = x− 2 + 1 + y1 − 1 + 1 + y2 − 1 + 1 + q − x
= q + y1 + y2 − 1 ,
L10 = d( uq, 2 p ) = q − x+ 1 + y1 − 1 + 1 + p− 1
= q − x+ p+ y1,
L11 = d( 1 y1+1, ux+1 ) = p− 1 + 1 + y2 − 1 + 1 + q − x
= q − x+ p+ y2,
L12 = d( 2 y2+1, 1 p ) = p− 1 + 1 + x− 1 + 1 + p− 1
= 2 p− 1 + x.
W e wis h t o e va lu a t e t h e fo llo win g :









d( F2 ( x, y1, y2 ) ) .
It is c le a r t h a t d( F2 ) is a t t a in e d wh e n y1 = y2 = 1 , t h a t is , b o t h Cp ( 1 ) a n d
Cp ( 2 ) a r e o f t yp e A . In t h is c a s e , L9 = q + 1 a n d L10 = L11 = p+ 1 + q− x. Th u s ,




m a x{p+ 1 + q − x, 2 p+ x− 1 , q + 1 }.
Ob s e r ve t h a t










( 3 p+ q ) if p a n d q h a ve t h e s a m e p a r it y;
1
2
( 3 p+ q + 1 ) if p a n d q h a ve d iffe r e n t p a r it y.
1 0 9
If we le t x∗ =  q−p
2
 + 1 , t h e n









( 3 p+ q ) if p a n d q h a ve t h e s a m e p a r it y;
1
2
( 3 p+ q − 1 ) if p a n d q h a ve d iffe r e n t p a r it y,
L12 = 2 p+ 
q − p
2






( 3 p+ q ) if p a n d q h a ve t h e s a m e p a r it y;
1
2
( 3 p+ q + 1 ) if p a n d q h a ve d iffe r e n t p a r it y.
Co m p a r in g 1
2
( 3 p + q )  wit h q + 1 , we s e e t h a t wh e n p, q h a ve t h e s a m e p a r it y,
1
2
( 3 p + q )  = 1
2
( 3 p+ q ) a n d 1
2
( 3 p+ q ) ≤ q + 1 ⇔ 3 p− 2 ≤ q. On t h e o t h e r h a n d ,
wh e n p, q h a ve d iffe r e n t p a r it y, 1
2
( 3 p + q )  = 1
2
( 3 p + q + 1 ) a n d 1
2
( 3 p + q + 1 ) ≤
q + 1 ⇔ 3 p − 1 ≤ q. Th u s we c o n c lu d e t h a t if F2 ( x, y1, y2 ) is t h e o r ie n t a t io n o f
t h e g r a p h G( x, y1, y2 ) ∈ G ( p, p, q; 3 ) fo r s o m e fi xe d 2 ≤ x ≤ 
q
2
, 1 ≤ y1, y2 ≤ p a s
illu s t r a t e d in Fig u r e 3 .5 .2 , t h e n










( 3 p+ q )  if p+ 1 ≤ q ≤ 3 p− 3 ;
q + 1 if q ≥ 3 p− 2 .
W h e n x =  q
2
 + 1 ,
d( u2, ux+1 ) = q + y1 + y2 − 1 ≥ q + 1 ;
d( 2 y2+1, 1 p ) = p− 1 + 1 + 
q
2




( 3 p+ q ) .
1 1 0
Th u s ,










( 3 p+ q )  if p+ 1 ≤ q ≤ 3 p− 3 ;
q + 1 if q ≥ 3 p− 2 .
Case 3: Fo r s o m e fi xe d x, y1 a n d y2 wit h 1 ≤ x ≤ q a n d 1 ≤ y1, y2 ≤ p,
le t G( x, y1, y2 ) ∈ G
∗ ( p, p, q; 3 ) b e t h e g r a p h d e fi n e d in Ca s e 1 . L e t F3 ( x, y1, y2 ) b e
t h e s t r o n g o r ie n t a t io n o f t h e g r a p h G( x, y1, y2 ) s u c h t h a t b o t h Cq a n d Cp ( 1 ) h a ve
o r ie n t a t io n 1 . N o t e t h a t Cq a n d Cp ( 1 ) c a n b e o f e it h e r t yp e A o r B . ( S e e Fig u r e
3 .5 .3 .)
Ob s e r ve t h a t d ( 1 y1+1, uq ) ≥ p− 1 + 2 + q − 1 = q + p.
Fig u r e 3 .5 .3
R e c a ll t h a t





( 3 p+ q )  if p+ 1 ≤ q ≤ 3 p− 3 ;
q + 1 if q ≥ 3 p− 2 .
1 1 1
S in c e q + p > q + 1 , q ≥ p + 1 ⇔ 2 p + 2 q ≥ 3 p + q + 1 ⇔ p + q ≥ 1
2
( 3 p + q + 1 ) ,
a n d 1
2
( 3 p+ q )  ≤ 1
2
( 3 p+ q + 1 ) , we c o n lc u d e t h a t d( 1 y1+1, uq ) ≥ d( F2 ) . Th u s , fo r
a n y 1 ≤ x ≤ q, a n d 1 ≤ y1, y2 ≤ p, d( F3 ( x, y1, y2 ) ) ≥ d ( F2 ) . N o t e t h a t t h e c a s e
wh e n b o t h Cq a n d Cp ( 2 ) ( in s t e a d o f Cp ( 1 ) ) h a ve o r ie n t a t io n 1 is s im ila r t o t h e c a s e
a b o ve .
Case 4: Fo r s o m e fi xe d x, y1 a n d y2 wit h 1 ≤ x ≤ q a n d 2 ≤ y1, y2 ≤ p, le t
G( x, y1, y2 ) ∈ G
∗ ( p, p, q; 3 ) b e t h e g r a p h d e fi n e d in Ca s e 1 . L e t F4 ( x, y1, y2 ) b e t h e
s t r o n g o r ie n t a t io n o f t h e g r a p h G( x, y1, y2 ) s u c h t h a t Cq h a s o r ie n t a t io n 1 ( a n d o f
e it h e r t yp e A o r B ) a n d b o t h Cp ( 1 ) a n d Cp ( 2 ) h a ve o r ie n t a t io n 2 ( a n d o f t yp e B ) .
B y s ym m e t r y, we m a y a s s u m e t h a t 2 ≤ y1, y2 ≤ 
p
2
 + 1 . ( S e e Fig u r e 3 .5 .4 .)
Fig u r e 3 .5 .4
Ob s e r ve t h a t
d( 1 p, uq ) = p− y1 + 1 + ( y2 − 1 ) + 1 + q − 1 = q + ( p− y1 ) + y2,
d ( ux+1, 2 y2+1 ) = q − 1 + 1 + ( y1 − 1 ) + 1 + p− y2 = q + ( p− y2 ) + y1.
Th u s d ( F4 ( x, y1, y2 ) ) ≥ m a x{q+( p−y1 ) +y2, q+( p−y2 ) +y1} ≥
1
2
( 2 p+2 q ) = p+q.
1 1 2
B y s im ila r c o n s id e r a t io n s a s illu s t r a t e d fo r Ca s e 3 , we h a ve d ( F4 ( x, y1, y2 ) ) ≥ d( F2 )
fo r a ll 1 ≤ x ≤ q a n d 2 ≤ y1, y2 ≤ 
p
2
 + 1 .
Case 5: Fo r s o m e fi xe d x, y1 a n d y2 wit h 2 ≤ x ≤ q, 1 ≤ y1 ≤ p a n d 2 ≤ y2 ≤ p,
le t G( x, y1, y2 ) ∈ G
∗ ( p, p, q; 3 ) b e t h e g r a p h d e fi n e d in Ca s e 1 . L e t F5 ( x, y1, y2 ) b e
t h e s t r o n g o r ie n t a t io n o f t h e g r a p h G( x, y1, y2 ) s u c h t h a t b o t h Cq a n d Cp ( 2 ) h a ve
o r ie n t a t io n 2 ( a n d o f t yp e B ) wh e r e a s Cp ( 1 ) h a s o r ie n t a t io n 1 ( a n d o f e it h e r t yp e
A o r B ) . N o t e t h a t t h e c a s e wh e r e Cq a n d Cp ( 1 ) h a ve o r ie n t a t io n 1 a n d Cp ( 2 ) h a s
o r ie n t a t io n 2 is s im ila r . B y s ym m e t r y, we m a y a s s u m e t h a t 2 ≤ x ≤  q
2
 + 1 a n d
2 ≤ y2 ≤ 
p
2
 + 1 . ( S e e Fig u r e 3 .5 .5 .)
Fig u r e 3 .5 .5
Ob s e r ve t h a t
d( u2, ux+1 ) = ( x− 2 ) + 1 + ( y1 − 1 ) + 1 + ( y2 − 1 ) + 1 + q − x
= q + ( y1 + y2 ) − 1 ≥ q + 2 > q + 1 ,
d( 1 y1+1, ux+1 ) = p− 1 + 1 + ( y2 − 1 ) + 1 + q − x
= p+ y2 + q − x,
1 1 3
d( 2 p, 1 p ) = ( p− y2 ) + 1 + ( x− 1 ) + 1 + p− 1
= p− y2 + p+ x.
S in c e m a x{p + y2 + q − x, p − y2 + p + x} ≥ 
1
2
( 3 p + q ) , we c o n c lu d e t h a t
d( F5 ( x, y1, y2 ) ) ≥ d ( F2 ) fo r a ll 2 ≤ x ≤ q, 1 ≤ y1 ≤ p a n d 2 ≤ y2 ≤ p.
Th u s , we h a ve c o m p le t e d t h e c o n s id e r a t io n o f Ca s e s 1 t o 5 a n d wh a t r e m a in s
is t o c o m p a r e d( F1 ) a n d d( F2 ) o b t a in e d in Ca s e s 1 a n d 2 r e s p e c t ive ly.
Fo r p+1 ≤ q ≤ 3 p− 9 , d ( F1 ) ≤ p+
2q+1
3
+1 a n d d( F2 ) = 
1
2
( 3 p+q )  ≥ 1
2
( 3 p+q ) .
S in c e
q ≤ 3 p− 8 ⇔ 6 p+ 4 q + 2 + 6 ≤ 9 p+ 3 q ⇔ p+





( 3 p+ q ) ,
we c o n c lu d e t h a t d( F1 ) ≤ d( F2 ) fo r a ll p+ 1 ≤ q ≤ 3 p− 9 .
Cle a r ly, wh e n q ≥ 3 p − 2 , d ( F2 ) = q + 1 < q + 3 = d ( F1 ) . Th e fo llo win g t a b le
c o m p a r e s t h e va lu e s o f d( F1 ) a n d d( F2 ) fo r t h e r e m a in in g c a s e s wh e r e 3 p− 8 ≤ q ≤
3 p− 3 .
q d ( F1 ) = q + 3 d ( F2 ) = 
1
2
( 3 p+ q ) 
3 p− 8 3 p− 5 < 1
2
( 3 p+ 3 p− 8 )  = 3 p− 4
3 p− 7 3 p− 4 < 1
2
( 3 p+ 3 p− 7 )  = 3 p− 3
3 p− 6 3 p− 3 = 1
2
( 3 p+ 3 p− 6 )  = 3 p− 3
3 p− 5 3 p− 2 = 1
2
( 3 p+ 3 p− 5 )  = 3 p− 2
3 p− 4 3 p− 1 > 1
2
( 3 p+ 3 p− 4 )  = 3 p− 2
3 p− 3 3 p > 1
2
( 3 p+ 3 p− 3 )  = 3 p− 1
Th e fo llo win g t h e o r e m s u m m a r iz e s t h e r e s u lt s o b t a in e d in t h is s e c t io n :
1 1 4
T heor em 3.5.3 L e t G ∗ ( p, p, q; 3 ) b e t h e fa m ily o f g r a p h s o b t a in e d wh e n 3 e d g e s
a r e a d d e d t o lin k a c yc le o f o r d e r q a n d t wo c yc le s o f o r d e r p, wh e r e q ≥ p + 1 .
Th e n
d( G ∗ ( p, p, q; 3 ) ) =


d ( F1 ) if p+ 1 ≤ q ≤ 3 p− 5 ;






+ 1 if p+ 1 ≤ q ≤ 3 p− 9 a n d q ≡ 0 m o d 3 ;
p+ 2q+2
3
if p+ 1 ≤ q ≤ 3 p− 9 a n d q ≡ 2 m o d 3 ;
p+ 2q+1
3
+ 1 if p+ 1 ≤ q ≤ 3 p− 9 , q ≡ 1 m o d 3
a n d p, q h a ve d iffe r e n t p a r it y;
p+ 2q+1
3
if p+ 1 ≤ q ≤ 3 p− 9 , q ≡ 1 m o d 3
a n d p, q h a ve t h e s a m e p a r it y;
q + 3 if 3 p− 8 ≤ q ≤ 3 p− 5 ;
1
2
( 3 p+ q )  if q = 3 p− 4 , 3 p− 3 ;
q + 1 if q ≥ 3 p− 2 .
Fig u r e 3 .5 .6 s h o ws t h e o r ie n t a t io n F1 o f G ∈ G ∗ ( p, p, q; 3 ) wit h d ia m e t e r d( F1 ) . Th e
va lu e s o f x, y1 a n d y2 we r e d is c u s s e d in Ca s e 1 .
Fig u r e 3 .5 .6
1 1 5
Fig u r e 3 .5 .7 s h o ws t h e o r ie n t a t io n F2 o f G ∈ G
∗ ( p, p, q; 3 ) wit h d ia m e t e r d( F2 ) .
N o t e t h a t x =  q−p
2
 + 1 .
Fig u r e 3 .5 .7
¤
Remar k: It s h o u ld b e n o t e d t h a t t h e r e s u lt in Th e o r e m 3 .5 .3 fo r d( G ∗ ( p, p, q; 3 ) )
is c o n s is t e n t wit h t h a t in Th e o r e m 3 .3 .1 fo r d( G ( p, p, p; 3 ) ) .
1 1 6
3.6 Linking n Cp’s and 1 Cq, q > p, by n + 1 edges,
wher e n ≥ 3.
L e t G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) ( n ≥ 3 ) b e t h e fa m ily o f g r a p h s o b t a in e d b y a d d in g ( n +
1 ) e d g e s t o lin k a c yc le Cq o f o r d e r q a n d n c yc le s Cp ( 1 ) , ..., Cp ( n ) o f o r d e r p.
W e a s s u m e t h a t q ≥ p + 1 . D e fi n e d( G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) ) = m in {
−→
d ( G) |G ∈
G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n+ 1 ) }. In t h is s e c t io n , we s h a ll e va lu a t e d( G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n+ 1 ) ) . Fo r
e a c h G ∈ G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) , a n y s t r o n g o r ie n t a t io n F o f G fa lls in t o o n e o f t h e
fo llo win g fi ve c a s e s wh ic h we s h a ll n o w p r o c e e d t o c o n s id e r s e p a r a t e ly.
Case 1: Cq h a s o r ie n t a t io n 2 a n d a ll Cp ( i) , i = 1 , 2 , ..., n, h a ve o r ie n t a t io n 1 in F .
Case 2: Cq h a s o r ie n t a t io n 2 a n d a ll Cp ( i) , i = 1 , 2 , ..., n, h a ve o r ie n t a t io n 2 in F .
Case 3: Cq h a s o r ie n t a t io n 1 a n d a ll Cp ( i) , i = 1 , 2 , ..., n, h a ve o r ie n t a t io n 1 in F .
Case 4: Cq h a s o r ie n t a t io n 1 a n d fo r s o m e 1 ≤ i ≤ n, Cp ( i) h a s o r ie n t a t io n 2 in F .
Case 5: Cq h a s o r ie n t a t io n 2 a n d fo r s o m e 1 ≤ i, j ≤ n, i = j,
Cp ( i ) h a s o r ie n t a t io n 1 a n d Cp ( j ) h a s o r ie n t a t io n 2 in F .
Case 1: Fo r s o m e fi xe d x a n d yi, i = 1 , ..., n wit h 2 ≤ x ≤ q a n d 1 ≤ yi ≤ p,
i = 1 , ..., n, le t G( x, y1, ..., yn ) ∈ G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n+ 1 ) b e t h e g r a p h wh e r e ux 1 1, 1 y1 2 1,
2 y2 3 1,..., ( n− 1 ) yn−1n1 a n d nynu1 a r e t h e ( n+ 1 ) e d g e s a d d e d b e t we e n t h e ( n+ 1 )
c yc le s . L e t F1 ( x, y1, ..., yn ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1, ..., yn ) s u c h t h a t Cq
h a s o r ie n t a t io n 2 a n d a ll Cp ( i) , i = 1 , ..., n h a ve o r ie n t a t io n 1 . B y s ym m e t r y, we
m a y a s s u m e t h a t 2 ≤ x ≤  q
2
 + 1 . ( S e e Fig u r e 3 .6 .1 .)
( 1 .1 ) S u p p o s e 2 ≤ x ≤  q
2
. In t h is c a s e , t h e lo n g e s t p a t h s in F1 ( x, y1, ..., yn ) a r e
o f le n g t h s
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L1 = d ( uq, np ) = ( q − x) + ( y1 + ...+ yn−1 ) + p,
L2 = d( uq, ux−1 ) = ( q − x) + ( y1 + ...+ yn ) + 1 + ( x− 2 )
= q + ( y1 + ...+ yn ) − 1 ,
L3i = d( ( i+ 1 ) yi+1+1, ip ) = 2 p+ x− 1 +
∑
k =i,i+1
yk fo r i = 1 , 2 , ..., n− 1 ,
L4 = d( 1 y1+1, ux+1 ) = ( q − x) + ( y2 + ...+ yn ) + p.
Fig u r e 3 .6 .1
W e wis h t o e va lu a t e t h e fo llo win g :









d( F1 ( x, y1, ..., yn ) )
It is c le a r t h a t d ( F1 ) is a t t a in e d wh e n y1 = ... = yn = 1 , t h a t is , e a c h Cp ( i ) ,
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i = 1 , ..., n a r e o f t yp e A . In t h is c a s e , L1 = L4 = ( q − x ) + n + p − 1 ,
L2 = q + n − 1 a n d L3i = 2 p + n + x − 3 fo r a ll i = 1 , ..., n − 1 . L e t
L3 = L3i = 2 p+ n+ x− 3 . Th u s




m a x{q − x+ n+ p− 1 , q + n− 1 , 2 p+ n+ x− 3 }.
S in c e L2 is in d e p e n d e n t o f x, we fi r s t c o n s id e r m a x{L1, L3}, wh e r e t h e m a x-
im u m is t a ke n o ve r a ll 2 ≤ x ≤  q
2



















( 3 p+ q + 2 n− 4 ) if p a n d q h a ve t h e s a m e p a r it y;
1
2
( 3 p+ q + 2 n− 3 ) o t h e r wis e .
N o w wh e n x =  q−p
2
 + 1 , n o t e t h a t 2 ≤ x ≤  q
2
 fo r a ll q > p ≥ 6 . Fo r t h is
c h o ic e o f x,
L1 = q − 
q − p
2






+ n+ p− 2 if p a n d q h a ve t h e s a m e p a r it y;
q − q−p+1
2






( 3 p+ q + 2 n− 4 ) if p a n d q h a ve t h e s a m e p a r it y;
1
2




( 3 p+ q + 2 n− 4 ) ,







2 p+ n+ q−p
2
− 2 if p a n d q h a ve t h e s a m e p a r it y;
2 p+ n+ q−p+1
2






( 3 p+ q + 2 n− 4 ) if p a n d q h a ve t h e s a m e p a r it y;
1
2




( 3 p+ q + 2 n− 4 ) .
Th u s we h a ve s h o wn t h a t x =  q−p
2
 + 1 m in im is e s m a x{L1, L3} o ve r a ll
2 ≤ x ≤  q
2
. L e t u s n o w c o m p a r e 1
2
( 3 p+ q+ 2 n− 4 )  wit h q+n− 1 ( = L2 ) .




( 3 p+ q + 2 n− 4 )  = 
1
2




( 4 p+ k + 2 n− 4 )  ≥ 2 p+
k
2
+ ( n− 2 ) .
N o w, k ≤ 2 p− 2 ⇔ 2 p ≥ k+2 ⇔ p ≥ k
2
+1 ⇔ 2 p+ k
2
+( n− 2 ) ≥ p+k+n− 1 =
q+n− 1 . Th u s wh e n p+1 ≤ q ≤ 3 p− 2 , 1
2
( 3 p+q+2 n− 4 )  ≥ q+n− 1 . W h e n
q = 3 p− 1 , q+n− 1 = 3 p+n− 2 a n d 1
2
( 3 p+q+2 n− 4 )  = 1
2
( 6 p+2 n− 5 )  =
1
2
( 6 p+2 n− 4 ) = 3 p+n− 2 = q+n− 1 . Th e r e fo r e , q+n− 1 ≤ 1
2
( 3 p+q+2 n− 4 ) 
wh e n p+ 1 ≤ q ≤ 3 p− 1 , a n d q+ n− 1 > 1
2
( 3 p+ q+ 2 n− 4 )  wh e n q ≥ 3 p.
S u m m a r iz in g t h e a b o ve , c o n s id e r L1 a n d L3 a s t wo fu n c t io n s o f x, d e n o t e d b y
L1 ( x ) a n d L3 ( x ) a n d le t x
∗ =  q−p
2
+ 1 . Th e n L3 ( x∗ ) = 
1
2
( 3 p+ q+ 2 n− 4 ) 
a n d m a x{L1 ( x ) , L3 ( x ) } ≥ L3 ( x∗ ) . A ls o , L3 ( x∗ ) ≥ L1 ( x∗ ) a n d L3 ( x∗ ) ≥ L2.
Th u s , m a x{L1 ( x ) , L3 ( x ) } ≥ L2 a n d c o n s e qu e n t ly fo r p+ 1 ≤ q ≤ 3 p− 2 ,
m a x{L1 ( x ) , L2, L3 ( x ) }
= m a x{L2, m a x{L1 ( x ) , L3 ( x ) }}
= m a x{L1 ( x ) , L3 ( x ) }
≥ L3 ( x
∗ ) = m a x{L1 ( x
∗ ) , L2, L3 ( x
∗ ) }
1 2 0
W e h a ve t h u s s h o wn t h a t fo r a ll 2 ≤ x ≤  q
2




1 , 1 , ..., 1 ) ) , a n d h e n c e
d( F1 ) = d( F1 ( 
q − p
2






( 3 p+ q + 2 n− 4 )  if p+ 1 ≤ q ≤ 3 p− 1 ;
q + n− 1 if q ≥ 3 p.
( 1 .2 ) S u p p o s e x =  q
2
 + 1 . A s in ( 1 .1 ) , we o n ly n e e d t o c o n s id e r t h e c a s e wh e r e
e a c h Cp ( i ) , i = 1 , ..., n a r e o f t yp e A . In t h is c a s e ,
d ( u1, np ) = 
q
2
 + n+ p− 1 ,
d( 2 2, 1 p ) = ( p− 1 ) + 
q
2
 + n+ p− 1 = 2 p+ 
q
2
 + n− 2 ,
d( uq, ux−1 ) = q + n− 1 .
Ob s e r ve t h a t
m a x{d ( u1, np ) , d( 2 2, 1 p ) } ≥ 
1
2
( 3 p+ 2 n− 3 + 2 
q
2
)  ≥ 
1
2
( 3 p+ q + 2 n− 4 ) .
S in c e d( uq, ux−1 ) = q+n− 1 a n d m a x{d( u1, np ) , d ( 2 2, 1 p ) } ≥ 
1
2
( 3 p+q+ 2 n−
4 ) , we s e e t h a t d ( F1 ( 
q
2
 + 1 , y1, ..., yn ) ) ≥ d ( F1 ) fo r a ll 1 ≤ y1, ..., yn ≤ p.
Case 2: Fo r s o m e fi xe d x a n d yi, i = 1 , ..., n wit h 2 ≤ x ≤ q a n d 2 ≤ yi ≤ p,
i = 1 , ..., n, le t G( x, y1, ..., yn ) ∈ G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n+ 1 ) b e t h e g r a p h d e fi n e d in Ca s e 1 .
L e t F2 ( x, y1, ..., yn ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1, ..., yn ) s u c h t h a t e a c h
o f t h e c yc le s Cq a n d Cp ( i ) , i = 1 , ..., n h a s o r ie n t a t io n 2 . B y s ym m e t r y, we m a y
a s s u m e t h a t 2 ≤ x ≤  q
2
 + 1 . ( S e e Fig u r e 3 .6 .2 .)
1 2 1
Ob s e r ve t h a t
d ( uq, nyn+1 )
= ( q − x ) + 1 + ( y1 − 1 ) + 1 + ( y2 − 1 ) + ...+ ( yn−1 − 1 ) + 1 + ( p− yn )
= ( q − x ) + ( y1 + y2 + ...+ yn−1 + 1 ) + ( p− yn ) ,
d( 2 p, 1 y1+1 )
= ( p− y2 ) + 1 + ( y3 − 1 ) + 1 + ( y4 − 1 ) + ...+ ( yn − 1 ) + 1 + ( x− 1 ) + 1 + ( p− y1 )
= ( p− y2 ) + ( y3 + y4 + ...+ yn + x+ 1 ) + ( p− y1 ) .
Fig u r e 3 .6 .2
1 2 2
Th u s
m a x{d( uq, nyn+1 ) , d( 2 p, 1 y1+1 ) }
= m a x{ ( q − x ) + (
n−1∑
i=1
yi + 1 ) + ( p− yn ) , ( p− y2 ) + (
n∑
j=3






( 3 p+ q + 2 ( y3 + ...+ yn−1 ) + 2 ) if n ≥ 4 ;
1
2






( 3 p+ q + 2 ( n− 3 + 1 ) ) if n ≥ 4 ;
1
2
( 3 p+ q + 2 ) if n = 3 .
In e it h e r c a s e , m a x{d( uq, nyn+1 ) , d( 2 p, 1 y1+1 ) } ≥ 
1
2
( 3 p+q+ 2 n− 4 ) . Fu r t h e r m o r e ,





> q + n− 1 s in c e yi ≥ 2 fo r a ll i = 1 , 2 , ..., n.
W e h a ve t h u s s h o wn t h a t fo r a n y c h o ic e o f x a n d yi, i = 1 , 2 , ..., n, d ( F2 ( x, y1, ..., yn ) ) ≥
d( F1 ) in t h is c a s e .
Case 3: Fo r s o m e fi xe d x a n d yi, i = 1 , ..., n wit h 1 ≤ x ≤ q a n d 1 ≤ yi ≤ p,
i = 1 , ..., n, le t G( x, y1, ..., yn ) ∈ G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) b e t h e g r a p h d e fi n e d in Ca s e
1 . L e t F3 ( x, y1, ..., yn ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1, ..., yn ) s u c h t h a t e a c h o f
t h e c yc le s Cq a n d Cp ( i ) , i = 1 , ..., n h a s o r ie n t a t io n 1 . N o t e t h a t e a c h o f t h e c yc le s
m a y b e o f t yp e A o r B . Fig u r e 3 .6 .3 s h o ws , fo r s o m e fi xe d x a n d yi, i = 1 , 2 , ..., n,
t h e s t r o n g o r ie n t a t io n F3 ( x, y1, ..., yn ) .
1 2 3
Ob s e r ve t h a t d( ux+1, np ) ≥ ( q − 1 ) + n + ( p − 1 ) = q + p + n − 2 > q + n − 1
s in c e we a s s u m e t h a t p ≥ 6 . A ls o ,
q ≥ p+ 1 ⇒ 2 p+ 2 q + 2 n− 4 ≥ q + 3 p+ 1 + 2 n− 4
⇒ 2 ( p+ q + n− 2 ) ≥ q + 3 p+ 2 n− 3
⇒ p+ q + n− 2 ≥
1
2
( 3 p+ q + 2 n− 3 ) ≥ 
1
2
( 3 p+ q + 2 n− 4 ) .
Fig u r e 3 .6 .3
Th u s fo r a n y x a n d yi, i = 1 , 2 , ..., n, we h a ve d( F3 ( x, y1, ..., yn ) ) ≥ d( F1 ) in t h is
c a s e .
Case 4: Fo r s o m e fi xe d x a n d yi, i = 1 , ..., n wit h 1 ≤ x ≤ q a n d 1 ≤ yi ≤ p,
i = 1 , ..., n, le t G( x, y1, ..., yn ) ∈ G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) b e t h e g r a p h d e fi n e d in Ca s e
1 . L e t F4 ( x, y1, ..., yn ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1, ..., yn ) s u c h t h a t Cq h a s
1 2 4
o r ie n t a t io n 1 a n d fo r s o m e i = 1 , ..., n, Cp ( i) h a s o r ie n t a t io n 2 . N o w if Cp ( n) h a s
o r ie n t a t io n 1 , t h e n d( ux+1, np ) > q+p+n− 2 a n d b y Ca s e 3 , q+p+n− 2 ≥ d( F1 ) .
W e n o w a s s u m e t h a t Cp ( n) a n d , b y s ym m e t r y, Cp ( 1 ) h a ve o r ie n t a t io n 2 .
( 4 .1 ) S u p p o s e Cp ( 2 ) h a s o r ie n t a t io n 2 in F4 ( x, y1, ..., yn ) . ( S e e Fig u r e 3 .6 .4 .)
Fig u r e 3 .6 .4
W e a s s u m e t h a t 2 ≤ y1, y2, yn ≤ 
p
2
 + 1 . In t h is c a s e ,
d( ux+1, nyn+1 ) ≥ ( q − 1 ) + 1 + ( y1 − 1 ) + 1 + ( y2 − 1 ) + ( n− 2 ) + ( p− yn )
= q + ( y1 + y2 − 1 ) + ( n− 2 ) + ( p− yn ) ,
d( 2 p, 1 y1+1 ) ≥ ( p− y2 ) + ( n− 2 ) + ( yn − 1 ) + 1 + ( x− 1 ) + 1 + ( p− y1 )
≥ ( p− y2 ) + n+ ( yn − 1 ) + ( p− y1 ) .
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S in c e q + ( y1 + y2 − 1 ) + ( n− 2 ) + ( p− yn ) > q + n− 1 a n d
m a x{d ( ux+1, nyn+1 ) , d ( 2 p, 1 y1+1 ) } ≥ 
1
2
( 3 p+ q + 2 n− 4 ) ,
we s e e t h a t d( F4 ( x, y1, ..., yn ) ) ≥ d ( F1 ) in t h is c a s e .
( 4 .2 ) S u p p o s e Cp ( 2 ) h a s o r ie n t a t io n 1 in F4 ( x, y1, ..., yn ) . ( S e e Fig u r e 3 .6 .5 .)
Fig u r e 3 .6 .5
W e a g a in a s s u m e t h a t 2 ≤ y1, yn ≤ 
p
2
 + 1 . N o w
d ( ux+1, nyn+1 ) ≥ ( q − 1 ) + 1 + ( y1 − 1 ) + 1 + ( n− 2 ) + ( p− yn )
= q + y1 + ( n− 2 ) + ( p− yn ) ,
d( 2 y2+1, 1 y1+1 ) ≥ ( p− 1 ) + ( n− 2 ) + ( yn − 1 ) + 1 + ( x− 1 ) + 1 + ( p− y1 )
≥ p+ ( yn − 2 ) + n+ ( p− y1 ) .
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S in c e q + y1 + ( n− 2 ) + ( p− yn ) > q + n− 1 a n d
m a x{d( ux+1, nyn+1 ) , d( 2 y2+1, 1 y1+1 ) } ≥ 
1
2
( 3 p+ q + 2 n− 4 ) ,
we s e e t h a t d( F4 ( x, y1, ..., yn ) ) ≥ d ( F1 ) in t h is c a s e .
Co m b in in g Ca s e s ( 4 .1 ) a n d ( 4 .2 ) , we s e e t h a t if G ∈ G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) a n d
F4 ( x, y1, ..., yn ) is a n o r ie n t a t io n o f G s u c h t h a t Cq h a s o r ie n t a t io n 1 a n d fo r s o m e
i, Cp ( i) h a s o r ie n t a t io n 2 , t h e n d( F4 ( x, y1, ..., yn ) ) ≥ d ( F1 ) .
Case 5: Fo r s o m e fi xe d x a n d yi, i = 1 , ..., n wit h 1 ≤ x ≤ q a n d 1 ≤ yi ≤ p,
i = 1 , ..., n, le t G( x, y1, ..., yn ) ∈ G
∗ (
n︷ ︸︸ ︷
p, ..., p, q;n+ 1 ) b e t h e g r a p h d e fi n e d in Ca s e 1 .
L e t F5 ( x, y1, ..., yn ) b e t h e s t r o n g o r ie n t a t io n o f G( x, y1, ..., yn ) wit h t h e fo llo win g
p r o p e r t ie s :
( a ) Cq h a s o r ie n t a t io n 2 in F5 ( x, y1, ..., yn ) ;
( b ) fo r s o m e 1 ≤ i ≤ n, Cp ( i) h a s o r ie n t a t io n 1 in F5 ( x, y1, ..., yn ) ;
( c ) fo r s o m e 1 ≤ j ≤ n, Cp ( j ) h a s o r ie n t a t io n 2 in F5 ( x, y1, ..., yn ) .
( 5 .1 ) S u p p o s e Cp ( n) h a s o r ie n t a t io n 1 in F5 ( x, y1, ..., yn ) . W e a s s u m e t h a t 2 ≤ x ≤
 q
2
 + 1 . It is c le a r t h a t d( uq, np ) ≥ ( q − x ) + n + ( p − 1 ) a n d d( uq, ux−1 ) ≥
( q− x) +n+ 1 + ( x− 2 ) = q+n− 1 . N o w if Cp ( n− 1 ) h a s o r ie n t a t io n 1 ( s e e
Fig u r e 3 .6 .6 ) , t h e n d ( nyn+1, ( n− 1 ) p ) ≥ ( p− 1 ) + 1 + ( x− 1 ) + ( n− 1 ) + ( p− 1 ) =
2 p+x+n− 3 . Th u s , m a x{d ( uq, np ) , d ( nyn+1, ( n− 1 ) p ) } ≥ 
1
2
( 3 p+q+2 n− 4 ) 
a n d d ( uq, ux−1 ) ≥ q + n− 1 , wh ic h im p ly t h a t d( F5 ( x, y1, ..., yn ) ) ≥ d( F1 ) in
t h is c a s e .
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If Cp ( n− 1 ) h a s o r ie n t a t io n 2 in F ( s e e Fig u r e 3 .6 .7 ) , t h e n
d ( uq, np ) ≥ ( q − x ) + ( n− 1 ) + ( yn−1 − 1 ) + 1 + ( p− 1 )
= ( q − x ) + p+ yn−1 + n− 2 ,
d( nyn+1, ( n− 1 ) yn−1+1 ) ≥ ( p− 1 ) + 1 + ( x− 1 ) + ( n− 1 ) + ( p− yn−1 )
= 2 p− yn−1 + n+ x− 2 .
S in c e d( uq, ux−1 ) ≥ q + n − 1 a n d m a x{d( uq, np ) , d( nyn+1, ( n − 1 ) yn−1+1 ) } ≥
1
2
( 3 p+ q + 2 n− 4 ) , we s e e t h a t d ( F5 ( x, y1, ...yn ) ) ≥ d ( F1 ) in t h is c a s e .
Fig u r e 3 .6 .6 Fig u r e 3 .6 .7
( 5 .2 ) S u p p o s e Cp ( n) h a s o r ie n t a t io n 2 in F5 ( x, y1, ..., yn ) . B y s ym m e t r y, we m a y
a ls o a s s u m e t h a t Cp ( 1 ) a ls o h a s o r ie n t a t io n 2 in F5 ( x, y1, ..., yn ) . L e t
j = m a x
2≤k≤n−1
{k|Cp ( k ) h a s o r ie n t a t io n 1 }.
N o t e t h a t s u c h a j e xis t s a n d 2 ≤ j ≤ n− 1 s in c e t h e r e is a t le a s t o n e Cp t h a t
h a s o r ie n t a t io n 1 . B y o u r c h o ic e o f j, we kn o w t h a t Cp ( j+ 1 ) h a s o r ie n t a t io n
2 . ( S e e Fig u r e 3 .6 .8 .)
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B y s ym m e t r y, we m a y a s s u m e t h a t 2 ≤ x ≤  q
2
 + 1 a n d 2 ≤ y1, yn, yj+1 ≤
p
2
 + 1 . Ob s e r ve t h a t
d( ( j + 1 ) p, jp ) ≥ ( p− yj+1 ) + ( n− ( j + 1 ) ) + ( yn − 1 ) + 1 + ( x− 1 ) + 1 + ( y1 − 1 )
+( j − 1 ) + ( p− 1 )
= 2 p− yj+1 + n+ ( yn + x+ y1 ) − 4 ,
d( uq, nyn+1 ) ≥ ( q − x ) + 1 + ( y1 − 1 ) + ( j − 1 ) + ( yj − 1 ) + 1 + ( yj+1 − 1 )
+( n− ( j + 1 ) ) + ( p− yn )
≥ ( q − x ) + y1 + j + yj+1 − 1 + n− j − 1 + ( p− yn )
= ( q − x ) + ( p− yn ) + n+ ( y1 + yj+1 − 2 ) .
Fig u r e 3 .6 .8
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Th u s ,
m a x{d ( ( j + 1 ) p, jp ) , d ( uq, nyn+1 ) } ≥ 
1
2








( 3 p+ q + 2 n− 4 ) .




q + 2 n− 4 ) , we s e e t h a t d( F5 ( x, y1, ..., yn ) ) ≥ d ( F1 ) in t h is c a s e .
Th e r e s u lt s o b t a in e d in t h is s e c t io n a r e s u m m a r iz e d in t h e fo llo win g t h e o r e m :
T heor em 3.6.1 L e t G ∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) b e t h e fa m ily o f g r a p h s o b t a in e d wh e n
( n+ 1 ) e d g e s a r e a d d e d t o lin k a c yc le Cq o f o r d e r q a n d n c yc le s o f t h e s a m e o r d e r
p, wh e r e q ≥ p+ 1 ≥ 7 . Th e n
d( G ∗ (
n︷ ︸︸ ︷





( 3 p+ q + 2 n− 4 )  if p+ 1 ≤ q ≤ 3 p− 1 ;
q + n− 1 if q ≥ 3 p.
Fig u r e 3 .6 .9
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Fig u r e 3 .6 .9 s h o ws t h e o r ie n t a t io n F1 o f G ∈ G
∗ (
n︷ ︸︸ ︷
p, ..., p, q;n + 1 ) wit h d ia m e t e r
d( F1 ) . N o t e t h a t x = 
q−p
2




Linking gr aphs with edges so as
to attain some pr e-specified
or ientation number
In Ch a p t e r 3 , we c o n s id e r e d a d d in g n e d g e s t o lin k n g r a p h s . R e c a ll t h a t t o
lin k n g r a p h s wit h e d g e s , we r e qu ir e a t le a s t n e d g e s t o b e a d d e d in o r d e r fo r t h e
s t u d y o f g r a p h s in t h e fa m ily G t o b e m e a n in g fu l. In t h is c h a p t e r , we a p p r o a c h
t h e a d d in g o f e d g e s fr o m a d iffe r e n t p e r s p e c t ive . S u p p o s e we wis h t o lin k n g r a p h s
wit h e d g e s a d d e d a r b it r a r ily. Fo r e a c h k = n, n+ 1 , n+ 2 , ...., we h a ve a fa m ily o f
g r a p h s G k o b t a in e d wh e n e xa c t ly k e d g e s a r e a d d e d t o lin k t h e n g r a p h s . Fo r e a c h
k, t h e qu a n t it y
−→
d ( k ) = m in {
−→
d ( G) |G ∈ G k} c a n b e e va lu a t e d . Cle a r ly,
−→
d ( k ) is
a d e c r e a s in g fu n c t io n o f k. S u p p o s e we wis h t o fi n d t h e smallest n u m b e r o f e d g e s ,
s a y k∗, t h a t n e e d s t o b e a d d e d s o t h a t t h e fa m ily G ∗k h a s a t le a s t o n e g r a p h G wit h
o r ie n t a t io n n u m b e r le s s t h a n o r e qu a l t o s o m e p r e -s p e c ifi e d va lu e , s a y m. In o t h e r
wo r d s , we wis h t o e va lu a t e m in {k|
−→
d ( k ) ≤ m}.
Fo r t h e fi r s t s e c t io n o f t h e c h a p t e r , we lo o k a t t h e p r o b le m o f a d d in g e d g e s b e -
t we e n t wo c o m p le t e g r a p h s . S in c e
−→
d ( Kp ) = 2 fo r a ll p ≥ 5 , it wo u ld b e in t e r e s t in g
t o fi n d o u t t h e m in im u m n u m b e r o f e d g e s t h a t n e e d s t o b e a d d e d b e t we e n t wo
c o m p le t e g r a p h s Kp a n d Kq wit h q ≥ p s u c h t h a t t h e r e s u lt in g g r a p h a d m it s a n
o r ie n t a t io n wit h d ia m e t e r 2 . Th e c h a p t e r c o n t in u e s wit h t h e e xt e n s io n o f t h e a b o ve
p r o b le m b y c o n s id e r in g a d d in g e d g e s b e t we e n t h r e e c o m p le t e g r a p h s . Fin a lly, we
will lo o k a t t h e a d d it io n o f e d g e s b e t we e n a c o m p le t e g r a p h a n d a n e m p t y g r a p h .
4.1 Adding edges between 2 complete gr aphs Kp
and Kq.
Give n t wo fi xe d in t e g e r s p a n d q wit h q ≥ p ≥ 5 a n d a n in t e g e r n wit h 2 ≤ n ≤ pq,
le t G ( p, q;n ) o r G n, if t h e r e is n o d a n g e r o f c o n fu s io n , d e n o t e t h e fa m ily o f g r a p h s
t h a t a r e o b t a in e d fr o m t h e d is jo in t u n io n o f t wo c o m p le t e g r a p h s Kp a n d Kq b y
a d d in g n e d g e s lin kin g t h e m in a n a r b it r a r y m a n n e r .
W r it e D ( G n ) = ∪{D ( G) |G ∈ G n} a n d d e fi n e t h e p a r a m e t e r
−→
d ( n ) a s fo llo ws :
−→
d ( n) = m in {
−→
d ( G) |G ∈ G n} ( = m in {d ( D ) |D ∈ D ( G n ) } ) .
L e t F ∈ D ( G n ) . Th e n V ( F ) = V ( Kp ) ∪V ( Kq ) . L e t u ∈ V ( Kp ) a n d v ∈ V ( Kq ) .
If u→ v in F , t h e n we s a y t h a t t h e a r c uv is o f type 1; if v → u in F , t h e n we s a y
t h a t t h e a r c vu is o f type 2. Fo r e a c h x ∈ V ( Kp ) , le t δ+ ( x ) = |O ( x ) ∩ V ( Kq ) | a n d
δ− ( x ) = |I ( x ) ∩ V ( Kq ) |. L ike wis e , fo r e a c h y ∈ V ( Kq ) , le t δ+ ( y ) = |O ( y ) ∩ V ( Kp ) |
a n d δ− ( y ) = |I ( y ) ∩ V ( Kp ) |. Fo r a ll x ∈ V ( F ) , we le t δ ( x) = δ+ ( x ) + δ− ( x ) . W e
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fi r s t e s t a b lis h t h e fo llo win g p r o p o s it io n .
P r opositon 4.1.1
−→
d ( 2 ) = 4 a n d m in {n|
−→
d ( n ) = 3 } = 4 .
P r oof: N o t e t h a t t h e e qu a lit y
−→
d ( 2 ) = 4 fo llo ws im m e d ia t e ly fr o m P r o p o s it io n
3 .1 .3 . To p r o ve m in {n|
−→
d ( n) = 3 } = 4 , we fi r s t s h o w t h a t fo r e a c h G ∈ G 3,
−→
d ( G) ≥ 4 . W e s h a ll p r o ve it b y c o n t r a d ic t io n . S u p p o s e F is a n o r ie n t a t io n o f
s o m e G in G 3 wit h d( F ) ≤ 3 . W e m a y a s s u m e t h a t G h a s o n e a r c o f t yp e 1 a n d
t wo a r c s o f t yp e 2 ( t h e o t h e r c a s e is s im ila r ) . L e t uv b e t h e t yp e 1 a r c in G; t h a t
is , u → v in F , wh e r e u ∈ V ( Kp ) a n d v ∈ V ( Kq ) . N o w le t A = V ( Kp ) \ {u} a n d
B = V ( Kq ) \ {v}. A s dF ( x, y ) ≤ 3 fo r a ll x ∈ A a n d y ∈ B, we h a ve A → u a n d
v → B. If δ+ ( v ) = 0 , le t w ∈ A s u c h t h a t δ− ( w ) = 0 . In t h is c a s e , dF ( u, w ) ≥ 4 ,
a c o n t r a d ic t io n . If δ− ( u) = 0 , le t z ∈ B s u c h t h a t δ+ ( z ) = 0 . Th e n dF ( z, v ) ≥ 4 ,
a g a in a c o n t r a d ic t io n . Th u s , we m a y a s s u m e t h a t δ+ ( v ) ≥ 1 a n d δ− ( u) ≥ 1 a s
s h o wn in Fig u r e 4 .1 .1 .
Fig u r e 4 .1 .1
L e t y ∈ B \ {z}. It is n o w c le a r t h a t dF ( y, w ) ≥ 4 , a c o n t r a d ic t io n . Th u s ,
−→
d ( G) ≥ 4 a s c la im e d .
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To c o m p le t e t h e p r o o f, we n o w p r o vid e a n o r ie n t a t io n o f a g r a p h G in G 4 wit h
d ia m e t e r 3 . L e t a, b b e a n y 2 d is t in c t ve r t ic e s in V ( Kp ) a n d c, d b e a n y 2 d is t in c t
ve r t ic e s in V ( Kq ) . L e t G1 a n d G2 b e t h e s u b g r a p h s o f Kp a n d Kq in d u c e d b y
V ( Kp ) \ {a, b} a n d V ( Kq ) \ {c, d} r e s p e c t ive ly. D e fi n e t h e fo llo win g o r ie n t a t io n F
( s e e Fig u r e 4 .1 .2 b e lo w) :
( i) o r ie n t G1 a n d G2 s u c h t h a t
−→
d ( G1 ) ≤ 3 a n d
−→
d ( G2 ) ≤ 3 ;
( ii) o r ie n t b→ V ( G1 ) → a→ b, c→ V ( G2 ) → d a n d c→ d;
( iii) a d d t h e fo u r a r c s {a, b} → c a n d d→ {a, b} b e t we e n Kp a n d Kq.
It c a n b e e a s ily c h e c ke d t h a t d( F ) = 3 . Th is c o m p le t e s t h e p r o o f o f P r o p o s it io n
4 .1 .1 .
Fig u r e 4 .1 .2
¤
W h e n pq e d g e s a r e a d d e d b e t we e n Kp a n d Kq, t h e n t h e r e s u lt in g g r a p h is Kp+q,
a n d s o
−→
d ( pq ) = 2 . Th u s , if we le t α = m in {n|
−→
d ( n) = 2 }, a n a t u r a l p r o b le m is
t o d e t e r m in e wh a t t h e va lu e o f α is . W e s h a ll s o lve t h is p r o b le m in t h is c h a p t e r .
Fir s t , we c o n s id e r t h e c a s e wh e n p ≤ q ≤ p+ 3 .
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T heor em 4.1.2 L e t α = m in {n|
−→




2 p if p ≤ q ≤ p+ 1
2 p+ 1 if q = p+ 2
2 p+ 2 if q = p+ 3 .
W e b e g in wit h t h e fo llo win g u s e fu l le m m a .
Lemma 4.1.3 If F ∈ D ( G ( p, q;n) ) a n d d( F ) = 2 , t h e n t h e r e a r e a t le a s t p a r c s o f
t yp e i, fo r e a c h i = 1 , 2 , a n d s o n ≥ 2 p. Fu r t h e r m o r e , if n < p+ q, t h e n δ+ ( x ) ≥ 1
a n d δ− ( x ) ≥ 1 fo r e a c h x ∈ V ( Kp ) .
P r oof: L e t F ∈ D ( G n ) s u c h t h a t d( F ) = 2 . S u p p o s e F h a s le s s t h a n p a r c s o f
t yp e 1 . Th e n t h e r e e xis t s u ∈ V ( Kp ) s u c h t h a t δ+ ( u) = 0 . A s dF ( u, v ) ≤ 2 fo r a ll
v ∈ V ( Kq ) , t h e r e a r e a t le a s t q a r c s o f t yp e 1 in F , a c o n t r a d ic t io n s in c e p ≤ q.
S im ila r ly, if F h a s le s s t h a n p a r c s o f t yp e 2 , t h e n t h e r e is a ve r t e x w ∈ V ( Kp )
s u c h t h a t δ− ( w ) = 0 . A s dF ( v, w ) ≤ 2 fo r a ll v ∈ V ( Kq ) , t h e r e a r e a t le a s t q a r c s
o f t yp e 2 , a g a in a c o n t r a d ic t io n . Th u s F h a s a t le a s t p a r c s o f t yp e 1 a n d p a r c s o f
t yp e 2 , a n d s o n ≥ 2 p.
S u p p o s e n < p + q a n d a s s u m e t h a t δ+ ( x ) = 0 fo r s o m e ve r t e x x in Kp. A s
dF ( x, v ) ≤ 2 fo r e a c h ve r t e x v in Kq, t h e r e a r e a t le a s t q a r c s o f t yp e 1 , wh ic h , b y
t h e fi r s t p a r t a b o ve , im p lie s t h a t n ≥ p+ q, a c o n t r a d ic t io n . A s s u m e δ− ( x) = 0 fo r
s o m e x in Kp. A s dF ( v, x ) ≤ 2 fo r e a c h v in Kq, t h e r e a r e a t le a s t q a r c s o f t yp e 2 ,
a n d s o n ≥ p+ q, a g a in a c o n t r a d ic t io n .
¤
Th e fo llo win g s e qu e n c e o f p r o p o s it io n s c o n s t it u t e s t h e p r o o f o f Th e o r e m 4 .1 .2 .
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P r opositon 4.1.4 Th e r e e xis t s a g r a p h G in G ( p, p; 2 p) s u c h t h a t
−→
d ( G) = 2 .
P r oof: A s s u m e fi r s t t h a t p is o d d . W e s h a ll p r o vid e a n o r ie n t a t io n o f a
g r a p h G in G ( p, p; 2 p) wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ..., ap} a n d V ( Kq ) =
{b1, b2, ..., bp}. Ta kin g a ll in d ic e s m o d u lo p, d e fi n e t h e o r ie n t a t io n F o f G a s fo llo ws :
( i) wh e n i is o d d , ai → {ai+1, ai+3, ..., ap−1} ∪ {aj|j < i, j = 1 , 3 , 5 , ..., i− 2 };
( ii) wh e n i is e ve n , ai → {ai+1, ai+3, ..., ap} ∪ {aj|j < i, j = 2 , 4 , ...i− 2 };
( iii) fo r bi, bj, if ai → aj, t h e n bj → bi;
( iv) a d d t h e 2 p a r c s ai → bi a n d bi → ai+1 fo r i = 1 , 2 , ..., p b e t we e n Kp a n d Kq.
It c a n b e ve r ifi e d t h a t d ( F ) = 2 . A n illu s t r a t ive e xa m p le is g ive n in Fig u r e
4 .1 .3 wh e r e p = 5 .
Fig u r e 4 .1 .3 - Or ie n t a t io n fo r G in G 10 wh e r e p = q = 5 .
W e n e xt le t q∗ = p∗ = p + 1 ( n o t e t h a t p∗ a n d q∗ a r e e ve n ) a n d p r o vid e a n
o r ie n t a t io n F ∗ fo r a g r a p h H in G 2p∗ wit h d ia m e t e r 2 . L e t V ( Kp∗ ) = V ( Kp ) ∪{ap+1}
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a n d V ( Kq∗ ) = V ( Kq ) ∪ {bp+1}. D e fi n e t h e fo llo win g o r ie n t a t io n F
∗ o f a g r a p h H
in G 2p∗:
( i’) fo r e d g e s aiaj a n d bibj, 1 ≤ i, j ≤ p, we o r ie n t t h e m in t h e s a m e wa y a s
d e s c r ib e d a b o ve in ( i) t o ( iii) ;
( ii’) o r ie n t ap+1 → V ( Kp ) ;
( iii’) o r ie n t {b1, b2, ..., bp−2} → bp+1 → {bp−1, bp};
( iv’) a d d t h e 2 p∗ a r c s {b1, b2, ..., bp+1} → ap+1, ap → bp+1 a n d ai → bi fo r i =
1 , 2 , ..., p b e t we e n Kp∗ a n d Kq∗ .
It c a n a g a in b e ve r ifi e d t h a t d( F ∗ ) = 2 . W e g ive a n o t h e r illu s t r a t ive e xa m p le
in Fig u r e 4 .1 .4 wh e r e p∗ = p+ 1 = 6 .
Fig u r e 4 .1 .4 - Or ie n t a t io n fo r H in G 12 wh e r e p∗ = q∗ = 6 .
Th e p r o o f o f P r o p o s it io n 4 .1 .4 is t h u s c o m p le t e .
¤
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N ote: W e s h a ll s e e in wh a t fo llo ws t h a t t h e o r ie n t a t io n s g ive n in P r o p o s it io n
4 .1 .4 c o u ld b e e xt e n d e d t o d e s ig n o t h e r o r ie n t a t io n s fo r a p p r o p r ia t e g r a p h s wh e n
q ≥ p+ 1 .
P r opositon 4.1.5 Th e r e e xis t s a g r a p h G in G ( p, p+1 ; 2 p) s u c h t h a t
−→
d ( G) = 2 .
P r oof: A s s u m e t h a t p is o d d . W e fi r s t p r o vid e a n o r ie n t a t io n o f a g r a p h G in
G 2p wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ..., ap}, V ( Kq ) = {b1, b2, ..., bp, bp+1} a n d
G1 b e t h e s u b g r a p h o f Kq in d u c e d b y {b1, b2, ..., bp}. N o t in g t h a t Kp a n d G1 a r e
b o t h c o m p le t e g r a p h s o f o d d o r d e r p, we d e fi n e t h e fo llo win g o r ie n t a t io n F o f a
g r a p h G in G 2p:
( i) o r ie n t t h e e d g e s in E ( Kp ) a n d E ( G1 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii) o r ie n t bp+1 → {b1, b2, ..., bp};
( iii) a d d t h e 2 p a r c s bi → ai → bp+1 fo r i = 1 , 2 , ..., p b e t we e n Kp a n d Kq.
It is e a s y t o ve r ify t h a t d ( F ) = 2 . A n illu s t r a t ive e xa m p le is g ive n in Fig u r e
4 .1 .5 wh e r e p = 5 .
Fig u r e 4 .1 .5 - Or ie n t a t io n fo r G in G 10 wh e r e p = 5 a n d q = 6 .
1 3 9
W e n e xt c o n s id e r t h e c a s e wh e n p is e ve n a n d p r o vid e a n o r ie n t a t io n F ∗ fo r a
g r a p h H in G 2p wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ...ap−1, ap} a n d V ( Kq ) =
{b1, b2, ..., bp−1, bp, bp+1}. L e t G1 a n d G2 b e t h e s u b g r a p h s o f Kp a n d Kq in d u c e d b y
{a1, a2, ...ap−1} a n d {b1, b2, ..., bp−1} r e s p e c t ive ly. N o t in g t h a t G1 a n d G2 a r e b o t h
c o m p le t e g r a p h s o f o d d o r d e r p − 1 , we d e fi n e t h e fo llo win g o r ie n t a t io n F ∗ o f a
g r a p h H in G 2p:
( i’) o r ie n t t h e e d g e s in E ( G1 ) a n d E ( G2 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii’) o r ie n t bp → {b1, b2, ..., bp−1} a n d {b1, b2, bp} → bp+1 → {b3, b4, ..., bp−1};
( iii’) o r ie n t {a3, a4, ..., ap−1} → ap → {a1, a2};
( iv’) a d d t h e 2 p a r c s bp+1 → ap → bp a n d bi → ai → bp fo r i = 1 , 2 , ..., p − 1
b e t we e n Kp a n d Kq.
It c a n a g a in b e ve r ifi e d t h a t d( F ∗ ) = 2 . W e g ive a n o t h e r illu s t r a t ive e xa m p le
in Fig u r e 4 .1 .6 wh e r e p = 6 .
Fig u r e 4 .1 .6 - Or ie n t a t io n fo r H in G 12 wh e r e p = 6 a n d q = 7 .
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Th e p r o o f o f P r o p o s it io n 4 .1 .5 is t h u s c o m p le t e .
¤
W e s h a ll n o w p r o c e e d t o c o n s id e r t h e c a s e s wh e n q = p+k, wh e r e k = 2 , 3 . W e
s h a ll s h o w in P r o p o s it io n s 4 .1 .6 a n d 4 .1 .8 t h a t wh e n q ≥ p+ k, wh e r e k = 2 , 3 , fo r
a n y o r ie n t a t io n s Fp a n d Fq o f Kp a n d Kq r e s p e c t ive ly, t h e m in im u m n u m b e r o f a r c s
r e qu ir e d t o b e a d d e d t o lin k Fp a n d Fq s o t h a t t h e r e s u lt in g d ig r a p h h a s d ia m e t e r
2 is a t le a s t 2 p + k − 1 . Th e va lu e o f α in Th e o r e m 4 .1 .2 is t h e n d e t e r m in e d b y
p r o vid in g o r ie n t a t io n s o f d ia m e t e r 2 fo r g r a p h s in G 2p+1 wh e n q = p+2 ; a n d g r a p h s
in G 2p+2 wh e n q = p+ 3 .
P r opositon 4.1.6 If q ≥ p+ 2 a n d
−→
d ( n ) = 2 , t h e n n ≥ 2 p+ 1 .
P r oof: S u p p o s e n ≤ 2 p. L e t F ∈ D ( G n ) s u c h t h a t d ( F ) = 2 . L e t C b e t h e
s e t o f a ll t yp e 1 a r c s a n d D b e t h e s e t o f a ll t yp e 2 a r c s in F . B y L e m m a 4 .1 .3 ,
δ+ ( x ) ≥ 1 a n d δ− ( x ) ≥ 1 fo r a ll x ∈ V ( Kp ) . A s n ≤ 2 p, we h a ve |C| = |D| = p,
a n d s o δ+ ( x ) = δ− ( x ) = 1 fo r a ll x ∈ V ( Kp ) .
L e t A = {y ∈ V ( Kq ) |δ+ ( y ) > 0 } a n d B = V ( Kq ) \ A. S in c e |D| = p, we h a ve
|A| ≤ p, a n d s o |B| ≥ 2 . A ls o , o b s e r ve t h a t fo r a ll y, y′ ∈ A wit h y = y′, t h e s e t s
O ( y ) ∩ V ( Kp ) a n d O ( y′ ) ∩ V ( Kp ) a r e d is jo in t s in c e δ− ( x ) = 1 fo r a ll x ∈ V ( Kp ) .
A c c o r d in g ly, a s dF ( x, y ) ≤ 2 fo r a ll x ∈ B a n d y ∈ V ( Kp ) , B → A.
S u p p o s e t h e r e e xis t s w ∈ A wit h δ+ ( w ) = 1 . Th e n le t w → z in F , wh e r e
z ∈ V ( Kp ) . S in c e δ+ ( z ) = 1 a n d |B| ≥ 2 , t h e r e e xis t s b ∈ B s u c h t h a t dF ( w, b) ≥ 3 ,
a c o n t r a d ic t io n . H e n c e δ+ ( w ) ≥ 2 fo r a ll w ∈ A. N o t e a ls o t h a t |A| ≥ 2 ; fo r if
|A| = 1 , t h e n |B| = q − |A| ≥ p + 1 . A s |C| = p, t h e r e e xis t s v ∈ B s u c h t h a t
δ− ( v ) = 0 . L e t w ∈ A a n d in t h is c a s e , dF ( w, v ) ≥ 3 , a c o n t r a d ic t io n .
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N o w s in c e |D| = p a n d δ+ ( w ) ≥ 2 fo r a ll w ∈ A, we h a ve |A| ≤ p
2
, a n d s o
|B| = q − |A| ≥ q − p
2




+ 2 . A s |C| = p a n d |B| ≥ p
2
+ 2 ,
t h e r e e xis t s y ∈ B s u c h t h a t δ− ( y ) ≤ 1 . If δ− ( y ) = 0 , t h e n dF ( x, y ) ≥ 3 fo r a ll
x ∈ A, a c o n t r a d ic t io n . If δ− ( y ) = 1 , t h e n le t u ∈ V ( Kp ) s u c h t h a t u → y. A s
δ− ( y ) = 1 a n d |A| ≥ 2 , t h e r e e xis t s x ∈ A s u c h t h a t x → u in F . In t h is c a s e , we
h a ve dF ( x, y ) ≥ 3 , a c o n t r a d ic t io n .
¤
P r opositon 4.1.7 Th e r e e xis t s a g r a p h G in G ( p, p+2 ; 2 p+1 ) s u c h t h a t
−→
d ( G) =
2 .
P r oof: A s s u m e fi r s t t h a t p is o d d . W e s h a ll p r o vid e a n o r ie n t a t io n o f a g r a p h G
in G 2p+1 wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ..., ap}, V ( Kq ) = {b1, b2, ..., bp, bp+1, bp+2}
a n d G1 b e t h e s u b g r a p h o f Kq in d u c e d b y {b1, b2, ..., bp}. N o t in g t h a t Kp a n d G1
a r e b o t h c o m p le t e g r a p h s o f o d d o r d e r p, we d e fi n e t h e fo llo win g o r ie n t a t io n F o f
a g r a p h G in G 2p+1:
( i) o r ie n t t h e e d g e s in E ( Kp ) a n d E ( G1 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii) o r ie n t {b1, b2, ..., bp+1} → bp+2 a n d {b2, b3, ..., bp−1} → bp+1 → {b1, bp};
( iii) a d d t h e 2 p + 1 a r c s a1 → bp+1 a n d bp+2 → ai → bi fo r i = 1 , 2 , ..., p b e t we e n
Kp a n d Kq.
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It c a n b e ve r ifi e d t h a t d ( F ) = 2 . A n illu s t r a t ive e xa m p le is g ive n in Fig u r e
4 .1 .7 wh e r e p = 5 .
Fig u r e 4 .1 .7 - Or ie n t a t io n fo r G in G 11 wh e r e p = 5 a n d q = 7 .
W e n e xt c o n s id e r t h e c a s e wh e n p is e ve n a n d p r o vid e a n o r ie n t a t io n F ∗ fo r
a g r a p h H in G 2p+1 wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ..., ap−1, ap} a n d
V ( Kq ) = {b1, b2, ..., bp−1, bp, bp+1, bp+2}. L e t G1 a n d G2 b e t h e s u b g r a p h s o f Kp
a n d Kq in d u c e d b y {a1, a2, ..., ap−1} a n d {b1, b2, ..., bp−1} r e s p e c t ive ly. N o t in g t h a t
G1 a n d G2 a r e b o t h c o m p le t e g r a p h s o f o d d o r d e r p − 1 , we d e fi n e t h e fo llo win g
o r ie n t a t io n F ∗ o f a g r a p h H in G 2p+1:
( i’) o r ie n t t h e e d g e s in E ( G1 ) a n d E ( G2 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii’) o r ie n t bp → {b1, b2, ...bp−1}, {b1, b2, bp} → bp+1 → {b3, b4, ..., bp−1} a n d {b1, b2, b3, bp} →
bp+2 → {b4, b5, ..., bp−1, bp+1};
( iii’) o r ie n t {a4, a5, ..., ap−1} → ap → {a1, a2, a3};
( iv’) a d d t h e 2 p + 1 a r c s {bp+1, bp+2} → ap → bp a n d bi → ai → bp fo r i =
1 , 2 , ..., p− 1 b e t we e n Kp a n d Kq.
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It c a n a g a in b e ve r ifi e d t h a t d( F ∗ ) = 2 . W e g ive a n o t h e r illu s t r a t ive e xa m p le
in Fig u r e 4 .1 .8 wh e r e p = 6 .
Fig u r e 4 .1 .8 - Or ie n t a t io n fo r H in G 13 wh e r e p = 6 a n d q = 8 .
Th e p r o o f o f P r o p o s it io n 4 .1 .7 is t h u s c o m p le t e .
¤
P r opositon 4.1.8 If q ≥ p+ 3 a n d
−→
d ( n ) = 2 , t h e n n ≥ 2 p+ 2 .
P r oof: B y P r o p o s it io n 4 .1 .6 , n ≥ 2 p+ 1 . S u p p o s e n = 2 p+ 1 a n d a s s u m e t h a t
q ≥ p+ 3 a n d F is a n o r ie n t a t io n o f G in G 2p+1 s u c h t h a t d( F ) = 2 . L e t C b e t h e
s e t o f a ll t yp e 1 a r c s a n d D b e t h e s e t o f a ll t yp e 2 a r c s in F .
S in c e n = 2 p+ 1 , b y L e m m a 4 .1 .3 , we s e e t h a t ( |C|, |D| ) is e it h e r ( p, p + 1 ) o r
( p + 1 , p) . Th is im p lie s t h a t t h e r e e xis t s x0 ∈ V ( Kp ) s u c h t h a t ( δ+ ( x0 ) , δ− ( x0 ) )
is e it h e r ( 2 , 1 ) o r ( 1 , 2 ) , a n d δ+ ( x′ ) = δ− ( x′ ) = 1 fo r a ll x′ ∈ V ( Kp ) \ {x0}. L e t
A = {y ∈ V ( Kq ) |δ+ ( y ) > 0 } a n d B = V ( Kq ) \ A.
W e fi r s t c o n s id e r t h e c a s e wh e n ( δ+ ( x0 ) , δ
− ( x0 ) ) = ( 2 , 1 ) . In t h is c a s e , ( |C|, |D| ) =
( p + 1 , p) ; a n d s in c e |D| = p a n d q ≥ p + 3 , we h a ve |A| ≤ p a n d |B| ≥ 3 . N o w,
a s dF ( x, y ) ≤ 2 fo r a ll x ∈ B a n d y ∈ V ( Kp ) , B → A. N o t e t h a t |A| ≥ 2 ; fo r
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if |A| = 1 , t h e n |B| ≥ p + 2 , a n d a s |C| = p + 1 , t h e r e e xis t s v ∈ B s u c h t h a t
δ− ( v ) = 0 . L e t w ∈ A a n d in t h is c a s e , dF ( w, v ) ≥ 3 , a c o n t r a d ic t io n .
A s |D| = p a n d δ− ( x ) = 1 fo r a ll x ∈ V ( Kp ) , we o b s e r ve t h a t fo r a ll y, y
′ ∈
V ( Kq ) wit h y = y′, t h e s e t s O ( y ) ∩V ( Kp ) a n d O ( y′ ) ∩V ( Kp ) a r e d is jo in t . S u p p o s e
t h e r e e xis t s w ∈ A s u c h t h a t δ+ ( w ) = 1 . Th e n le t w → z in F , wh e r e z ∈ V ( Kp ) .
S in c e δ+ ( z ) ≤ 2 a n d |B| ≥ 3 , t h e r e e xis t s b ∈ B s u c h t h a t dF ( w, b) ≥ 3 , a
c o n t r a d ic t io n . H e n c e δ+ ( w ) ≥ 2 fo r a ll w ∈ A.
S in c e |D| = p a n d δ+ ( w ) ≥ 2 fo r a ll w ∈ A, |A| ≤ p
2
. Th u s , |B| = q − |A| ≥
p
2
+ 3 . A s |C| = p + 1 a n d |B| ≥ p
2
+ 3 , t h e r e e xis t s y ∈ B s u c h t h a t δ− ( y ) ≤ 1 .
If δ− ( y ) = 0 , t h e n dF ( x, y ) ≥ 3 fo r a ll x ∈ A, a c o n t r a d ic t io n . If δ− ( y ) = 1 , t h e n
le t u ∈ V ( Kp ) a n d w ∈ A s u c h t h a t u → y a n d w → u in F . S in c e |A| ≥ 2
a n d δ− ( u) = 1 , t h e r e e xis t s x ∈ A s u c h t h a t x → u in F . In t h is c a s e , we h a ve
dF ( x, y ) ≥ 3 , a c o n t r a d ic t io n .
Fin a lly, c o n s id e r t h e c a s e wh e n ( δ+ ( x0 ) , δ
− ( x0 ) ) = ( 1 , 2 ) . If, in t h is c a s e , t h e r e
e xis t s F in D ( G 2p+1 ) s u c h t h a t d ( F ) = 2 , t h e n F¯ wo u ld b e in D ( G 2p+1 ) wit h
d( F¯ ) = 2 fo r t h e fo r m e r c a s e , a c o n t r a d ic t io n . Th e p r o o f o f P r o p o s it io n 4 .1 .8 is
t h u s c o m p le t e .
¤
P r opositon 4.1.9 Th e r e e xis t s a g r a p h G in G ( p, p+3 ; 2 p+2 ) s u c h t h a t
−→
d ( G) =
2 .
P r oof: A s s u m e fi r s t t h a t p is o d d . W e s h a ll p r o vid e a n o r ie n t a t io n o f a g r a p h G
in G 2p+2 wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ..., ap}, V ( Kq ) = {b1, b2, ..., bp, bp+1, bp+2, bp+3}
a n d G1 b e t h e s u b g r a p h o f Kq in d u c e d b y {b1, b2, ..., bp}. N o t in g t h a t Kp a n d G1
1 4 5
a r e b o t h c o m p le t e g r a p h s o f o d d o r d e r p, we d e fi n e t h e fo llo win g o r ie n t a t io n F o f
G:
( i) o r ie n t t h e e d g e s in E ( Kp ) a n d E ( G1 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii) o r ie n t bp+1 → {b1, b2, ..., bp, bp+2, bp+3};
( iii) o r ie n t {b1, b3, ..., bp} → bp+2 → {b2, b4, ..., bp−1, bp+3};
( iv) o r ie n t {b2, b4, ..., bp−1} → bp+3 → {b1, b3, ..., bp};
( v) a d d t h e 2 p + 2 a r c s bp+2 → ap, bp+3 → ap−1 a n d bi → ai → bp+1 fo r i =
1 , 2 , ..., p b e t we e n Kp a n d Kq.
It is s t r a ig h t fo r wa r d t o ve r ify t h a t d( F ) = 2 . A n illu s t r a t ive e xa m p le is g ive n
in Fig u r e 4 .1 .9 wh e r e p = 5 .
Fig u r e 4 .1 .9 - Or ie n t a t io n fo r G in G 12 wh e r e p = 5 a n d q = 8 .
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W e n e xt c o n s id e r t h e c a s e wh e n p is e ve n a n d p r o vid e a n o r ie n t a t io n F ∗ fo r a
g r a p h H in G 2p+2 wit h d ia m e t e r 2 .
Fig u r e 4 .1 .1 0 - Or ie n t a t io n fo r H in G 14 wh e r e p = 6 a n d q = 9 .
L e t V ( Kp ) = {a1, a2, ..., ap} a n d V ( Kq ) = {b1, b2, ..., bp−1, bp, bp+1, bp+2, bp+3}. L e t
G1 a n d G2 b e t h e s u b g r a p h s o f Kp a n d Kq in d u c e d b y {a1, ..., ap−1} a n d {b1, ...bp−1}
r e s p e c t ive ly. N o t in g t h a t G1 a n d G2 a r e b o t h c o m p le t e g r a p h s o f o d d o r d e r p− 1 ,
we d e fi n e t h e fo llo win g o r ie n t a t io n F ∗ o f H:
( i’) o r ie n t t h e e d g e s in E ( G1 ) a n d E ( G2 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
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( ii’) o r ie n t {a3, ..., ap−1} → ap → {a1, a2};
( iii’) o r ie n t {b1, ..., bp−1, bp+1, bp+2, bp+3} → bp;
( iv’) o r ie n t {b1, b2} → {bp+1, bp+2, bp+3} → {b3, b4, ..., bp−1};
( v’) o r ie n t bp+1 → bp+2 → bp+3 → bp+1;
( vi’) a d d t h e 2 p + 2 a r c s bp → ap → {bp+1, bp+2, bp+3} a n d bp → ai → bi fo r
i = 1 , 2 , ..., p− 1 b e t we e n Kp a n d Kq.
It c a n a g a in b e ve r ifi e d t h a t d( F ∗ ) = 2 . W e g ive a n o t h e r illu s t r a t ive e xa m p le
in Fig u r e 4 .1 .1 0 wh e r e p = 6 .
Th e p r o o f o f P r o p o s it io n 4 .1 .9 is t h u s c o m p le t e .
¤
W e n o w a r r ive a t Th e o r e m 4 .1 .2 b y c o m b in in g P r o p o s it io n s 4 .1 .4 t o 4 .1 .9 . W e
p r o c e e d t o e va lu a t e t h e va lu e o f α wh e n q ≥ p+ 4 . Th e n e xt p r o p o s it io n im p r o ve s
t h e lo we r b o u n d o n α wh e n q = p + 4 a n d q ≥ p + 5 . Th e s e c t io n t h e n c o n c lu d e s
wit h t wo p r o p o s it io n s p r o vin g t h a t t h e lo we r b o u n d s fo r α wh e n q = p + 4 a n d
q ≥ p+ 5 c a n b e a t t a in e d .
P r opositon 4.1.10 L e t G ∈ G n a n d F b e a n o r ie n t a t io n o f G s u c h t h a t d ( F ) = 2 .
If
( i) q ≥ p+ 4 , t h e n α ≥ 2 p+ 3 ;
( ii) q ≥ p+ 5 , t h e n α ≥ 2 p+ 4 .
P r oof: B y P r o p o s it io n 4 .1 .8 , α ≥ 2 p+ 2 . S u p p o s e q ≥ p+m, wh e r e m = 4 , 5 .
L e t V ( Kp ) = {x1, ..., xp}, V ( Kq ) = {y1, ..., yq}, G ∈ G n, n = 2 p+m− 2 a n d F b e
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a n o r ie n t a t io n o f G s u c h t h a t d( F ) = 2 . L e t C b e t h e s e t o f a ll t yp e 1 a r c s a n d D
b e t h e s e t o f a ll t yp e 2 a r c s in F . B y L e m m a 4 .1 .3 , |C| ≥ p, |D| ≥ p, δ+ ( xi ) ≥ 1 ,
δ− ( xi ) ≥ 1 fo r a ll xi ∈ V ( Kp ) . L e t A = {yi ∈ V ( Kq ) |δ
+ ( yi ) ≥ 1 }, B = V ( Kq ) \ A,
Y = {yi ∈ V ( Kq ) |δ− ( yi ) ≥ 1 } a n d Z = V ( Kq ) \ Y . L e t u s s p lit o u r c o n s id e r a t io n
in t o t wo c a s e s .
Case 1: S u p p o s e t h e r e a r e e xa c t ly p t yp e 1 a r c s , t h a t is , |C| = p. N o t e t h a t
t h e c a s e wh e r e |D| = p is s im ila r . In t h is c a s e , δ+ ( xi ) = 1 fo r a ll i = 1 , ..., p. S in c e
|C| = p, |Y | ≤ p. Th u s , fo r m = 4 , 5 , if q ≥ p+m, t h e n |Z| ≥ m. A s dF ( xi, z ) ≤ 2
fo r a ll i = 1 , ..., p a n d z ∈ Z, we h a ve Y → Z. If t h e r e e xis t s yi ∈ Y s u c h t h a t
δ− ( yi ) = 1 , le t i = 1 a n d x1 → y1. If n = 2 p + m − 2 , wh e r e m = 4 , 5 , t h e n
|D| = p +m − 2 , a n d a s δ− ( xi ) ≥ 1 fo r a ll i = 1 , ..., p, we h a ve δ− ( xi ) ≤ m − 1 .
S in c e |Z| ≥ m, t h e r e e xis t s z ∈ Z s u c h t h a t z → x1. In t h is c a s e , dF ( z, y1 ) ≥ 3 , a
c o n t r a d ic t io n . Th u s we c o n c lu d e t h a t δ− ( yi ) ≥ 2 fo r a ll yi ∈ Y .
If |Y | = 1 , s a y Y = {y1}, t h e n |Z| ≥ p + m − 1 , wh e r e m = 4 , 5 . S in c e
|D| = p+m− 2 , t h e r e e xis t s z ∈ Z s u c h t h a t δ+ ( z ) = 0 . In t h is c a s e , dF ( z, y1 ) ≥ 3 ,
a c o n t r a d ic t io n . Th u s we m a y n o w a s s u m e t h a t |Y | ≥ 2 a n d δ− ( yi ) ≥ 2 fo r a ll
yi ∈ Y . S in c e |C| = p, we h a ve , fo r m = 4 , 5 , |Y | ≤ 
p
2
, wh ic h im p lie s t h a t




 +m. S in c e |Z| ≥ p
2
 +m a n d |D| = p +m − 2 , t h e r e
e xis t s z ∈ Z s u c h t h a t δ+ ( z ) ≤ 1 . If δ+ ( z ) = 0 , t h e n dF ( z, yi ) ≥ 3 fo r a ll yi ∈ Y , a
c o n t r a d ic t io n . On t h e o t h e r h a n d , if δ+ ( z ) = 1 , le t z → x1. S in c e δ+ ( x1 ) = 1 a n d
|Y | ≥ 2 , t h e r e e xis t s yj ∈ Y s u c h t h a t x1 → yj. N o w dF ( z, yj ) ≥ 3 , a c o n t r a d ic t io n .
Case 2: S u p p o s e t h e r e a r e e xa c t ly p + 1 t yp e 2 a r c s , t h a t is |D| = p + 1 a n d
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|C| = p+m− 3 , wh e r e m = 4 , 5 . N o t e t h a t t h e c a s e wh e r e |C| = p+1 is s im ila r . In
t h is c a s e , b y L e m m a 4 .1 .3 , we m a y a s s u m e t h a t δ− ( x1 ) = 2 a n d δ
− ( xi ) = 1 fo r a ll
i = 2 , ..., p. W it h o u t lo s s o f g e n e r a lit y, le t {y1, y2} → x1, wh e r e y1, y2 ∈ A. S in c e
|D| = p+ 1 , we h a ve |A| ≤ p+ 1 , wh ic h im p lie s |B| ≥ m− 1 , wh e r e m = 4 , 5 . Th u s
B is n o n -e m p t y. D e fi n e t h e fo llo win g s u b s e t o f A:
A′ = {yi ∈ A|yi → xj fo r s o m e j = 1 }.
N o t e t h a t it is p o s s ib le fo r y1 o r y2 ( o r b o t h ) t o b e lo n g t o A
′.
(2.1) S u p p o s e y1, y2 ∈ A′. In t h is c a s e , A = A′ a n d we m a y a s s u m e t h a t
y1 → x2 a n d y2 → x3 in F . S in c e δ− ( xi ) = 1 fo r a ll i = 2 , ..., p, dF ( b, xi ) ≤ 2 fo r a ll
b ∈ B a n d i = 2 , ..., p. Th u s B → A. N o w if t h e r e e xis t s b ∈ B s u c h t h a t δ− ( b) = 0 ,
t h e n dF ( y1, b) ≥ 3 , a c o n t r a d ic t io n . Th u s we m a y a s s u m e t h a t δ
− ( b) ≥ 1 fo r a ll
b ∈ B. A s |C| = p +m − 3 , we m u s t h a ve |B| ≤ p +m − 3 . A ls o , δ+ ( yi ) ≥ 2 fo r
i = 1 , 2 a n d |D| = p + 1 im p ly t h a t |A| ≤ p − 1 . L e t A = {y1, y2, ..., yk}, wh e r e
2 ≤ k ≤ p− 1 , a n d t h u s |B| ≥ p+m− k.
L e t j ∈ {1 , ..., k} b e s u c h t h a t δ+ ( yj ) ≤ δ
+ ( yi ) fo r a ll i = 1 , ..., k. B y o u r c h o ic e
o f j, δ+ ( yj ) ≤ 
p+1
k
. N o w
( i) if |C| = p+ 1 , t h a t is , m = 4 , we h a ve 1 ≤ δ+ ( xi ) ≤ 2 fo r a ll i = 1 , ..., p wit h
e xa c t ly o n e xk wit h δ
+ ( xk ) = 2 ;
( ii) if |C| = p+ 2 , t h a t is , m = 5 , we h a ve 1 ≤ δ+ ( xi ) ≤ 3 fo r a ll i = 1 , ..., p s u c h
t h a t e it h e r
( a ) e xa c t ly o n e k ∈ { 1 , ..., p} wit h δ+ ( xk ) = 3 wh ile δ+ ( xi ) = 1 fo r a ll i = k;
o r
1 5 0
( b ) e xa c t ly t wo k, l ∈ { 1 , ..., p} wit h δ+ ( xk ) = δ
+ ( xl ) = 2 wh ile δ
+ ( xi ) = 1
fo r a ll i = k, l.
In e it h e r c a s e , we h a ve , fo r m = 4 , 5 ,
∑
{xi|yj→xi}
δ+ ( xi ) ≤ 
p+ 1
k
 +m− 3 .




 +m− 3 < p+m− k ≤ |B|.
Th u s , t h e r e e xis t s b ∈ B s u c h t h a t dF ( yj, b) ≥ 3 , a c o n t r a d ic t io n .
(2.2) S u p p o s e e xa c t ly o n e o f y1, y2 b e lo n g s t o A
′. W it h o u t lo s s o f g e n e r a lit y,
we a s s u m e y2 ∈ A′, {y1, y2} → x1, y2 → x2 in F , δ+ ( y1 ) = 1 a n d δ+ ( y2 ) ≥ 2 .
S im ila r t o ( 2 .1 ) , t h a t dF ( b, xi ) ≤ 2 fo r a ll b ∈ B a n d i = 2 , ..., p im p lie s B → A
′.
N o w if t h e r e e xis t s b ∈ B s u c h t h a t δ− ( b) = 0 , t h e n dF ( yj, b) ≤ 2 fo r a ll yj ∈ A′,
wh ic h im p lie s yj → y1 → b. Th u s A
′ → y1 → b. N o w a s dF ( y1, xi ) ≤ 2 fo r a ll
i = 2 , ..., p, x1 → {x2, ..., xp}. A s dF ( xi, x1 ) ≤ 2 fo r a ll i = 2 , ..., p, xi → y1 o r y2.
Th u s δ− ( y1 ) + δ
− ( y2 ) ≥ p− 1 .
If |A′| ≥ m, wh e r e m = 4 , 5 , le t A′ = {y2, y3, ..., yr}, wh e r e r ≥ m+ 1 . If t h e r e
e xis t s j ∈ { 3 , ..., r} s u c h t h a t δ− ( yj ) = 0 , t h e n le t xk ∈ {x2, ..., xp} b e s u c h t h a t
δ+ ( xk ) = 1 . N o t e t h a t s u c h a xk a lwa ys e xis t s s in c e |C| = p+m− 3 a n d δ+ ( xi ) ≥ 1
fo r a ll i = 1 , ..., p. A s dF ( xk, x1 ) ≤ 2 , xk → y1 o r y2. If xk → y2, t h e n dF ( xk, b) ≥
3 , a c o n t r a d ic t io n . Th u s xk → y1. B u t in t h is c a s e , dF ( xk, yj ) ≥ 3 , a g a in a
c o n t r a d ic t io n . Th u s δ− ( yj ) ≥ 1 fo r a ll j = 3 , ..., r, wh ic h im p lie s
∑r
j=3 δ
− ( yj ) ≥
|A′| − 1 ≥ m− 1 . S in c e δ− ( y1 ) + δ− ( y2 ) ≥ p− 1 , we h a ve
∑r
j=1 δ
− ( yj ) ≥ p+m− 2 ,
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wh ic h c o n t r a d ic t s t h e fa c t t h a t |C| = p + m − 3 . W e s h a ll c o n s id e r t h e c a s e s
|A′| = 1 , 2 , ..., o r m− 1 s e p a r a t e ly.
W h e n |A′| = 1 , t h a t is , A′ = {y2}, we h a ve y1 → x1 a n d y2 → {x1, ..., xp}. In
t h is c a s e , le t xk ∈ {x2, ..., xp} b e s u c h t h a t δ+ ( xk ) = 1 . A s dF ( xk, x1 ) ≤ 2 , xk → y1.
N o w dF ( xk, y2 ) ≥ 3 , a c o n t r a d ic t io n .
W h e n |A′| = 2 , we s h a ll c o n s id e r m = 4 a n d m = 5 s e p a r a t e ly. Fir s t c o n s id e r
m = 4 . In t h is c a s e , le t A′ = {y2, y3}. A s dF ( x1, b) ≤ 2 , x1 → b
′ → b fo r s o m e
b′ ∈ B. S in c e |C| = p + 1 , we m u s t h a ve δ− ( y1 ) + δ− ( y2 ) = p − 1 , δ− ( y3 ) = 1 ,
δ− ( b′ ) = 1 a n d δ− ( b′′ ) = 0 fo r a ll b′′ ∈ B\{b′}. A s dF ( x1, b′′ ) ≤ 2 fo r a ll b′′ ∈ B\{b′},
b′ → B \ {b′}. N o w dF ( b, b′ ) ≥ 3 , a c o n t r a d ic t io n . If m = 5 , le t A′ = {y2, y3}. A s
dF ( x1, b) ≤ 2 , x1 → b′ → b fo r s o m e b′ ∈ B. L e t xk ∈ {x2, ..., xp} b e s u c h t h a t
δ+ ( xk ) = 1 . A s dF ( xk, x1 ) ≤ 2 , xk → y1 o r y2. If xk → y2, t h e n dF ( xk, b) ≥ 3 .
Th u s xk → y1. A s dF ( xk, y2 ) ≤ 2 , xk → xs → y2 fo r s o m e xs ∈ {x2, ..., xp}, k = s.
A s dF ( xs, b) ≤ 2 , xs → y1. S in c e xs → {y1, y2} a n d |C| = p + 2 , we m u s t h a ve
δ− ( y1 ) + δ
− ( y2 ) = p, δ
− ( y3 ) = 1 , δ
− ( b′ ) = 1 a n d δ− ( b′′ ) = 0 fo r a ll b′′ ∈ B \ {b′}. A s
dF ( x1, b
′′ ) ≤ 2 fo r a ll b′′ ∈ B\{b′}, b′ → B\{b′}. N o w dF ( b, b′ ) ≥ 3 , a c o n t r a d ic t io n .
W h e n |A′| = 3 a n d m = 4 , le t A′ = {y2, y3, y4}. In t h is c a s e , |C| = p + 1
a n d δ− ( y1 ) + δ
− ( y2 ) = p − 1 , δ− ( yj ) = 1 fo r j = 3 , 4 a n d δ− ( b) = 0 fo r a ll
b ∈ B. N o w dF ( x1, b) ≥ 3 , a c o n t r a d ic t io n . If m = 5 , t h e n |C| = p + 2 , a n d
t h a t dF ( x1, b) ≤ 2 im p lie s x1 → b
′ → b fo r s o m e b′ ∈ B. In t h is c a s e , we h a ve
δ− ( y1 ) + δ
− ( y2 ) = p − 1 , δ− ( yj ) = 1 fo r j = 3 , 4 , δ− ( b′ ) = 1 a n d δ− ( b′′ ) = 0 fo r
a ll b′′ ∈ B \ {b′}. A s dF ( x1, b
′′ ) ≤ 2 fo r a ll b′′ ∈ B \ {b′}, b′ → B \ {b′}. N o w
dF ( b, b
′ ) ≥ 3 , a c o n t r a d ic t io n .
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W h e n |A′| = 4 , we o n ly n e e d t o c o n s id e r m = 5 . In t h is c a s e , le t A′ =
{y2, y3, y4, y5} a n d we h a ve δ− ( y1 ) + δ− ( y2 ) = p − 1 , δ− ( yj ) = 1 fo r j = 3 , 4 , 5 ,
δ− ( b) = 0 fo r a ll b ∈ B. N o w dF ( x1, b) ≥ 3 , a c o n t r a d ic t io n .
S o we m a y n o w a s s u m e δ− ( b) ≥ 1 fo r a ll b ∈ B. A s 1 ≤ |A′| ≤ p− 1 , |B| ≥ m.
If |A′| = 1 , t h e n |B| ≥ p +m − 2 , wh ic h im p lie s
∑
b∈B δ
− ( b) ≥ p +m − 2 . Th is
is a c o n t r a d ic t io n a s |C| = p + m − 3 . If |A′| = 2 , le t A′ = {y2, y3}. In t h is
c a s e , |B| ≥ p + m − 3 . S in c e δ− ( b) ≥ 1 fo r a ll b ∈ B, we o n ly n e e d t o c o n s id e r
|B| = p+m− 3 , t h a t is , q = p+m, m = 4 , 5 . In t h is c a s e , δ− ( b) = 1 fo r a ll b ∈ B
a n d δ− ( yj ) = 0 fo r j = 1 , 2 , 3 . A s δ
+ ( y2 ) ≤ p− 1 a n d δ+ ( y3 ) ≤ p− 2 , we h a ve :
( i) wh e n m = 4 , |C| = p+ 1 ,
∑
{xj |y2→xj}
δ+ ( xj ) ≤ p < |B| a n d
∑
{xk|y3→xk}
δ+ ( xk ) ≤ p− 1 < |B|; o r
( ii) wh e n m = 5 , |C| = p+ 2 ,
∑
{xj |y2→xj}
δ+ ( xj ) ≤ p+ 1 < |B| a n d
∑
{xk|y3→xk}
δ+ ( xk ) ≤ p < |B|.
A s dF ( y2, b) ≤ 2 a n d dF ( y3, b) ≤ 2 fo r a ll b ∈ B, {y2, y3} → y1. A s dF ( y1, xi ) ≤ 2 fo r
a ll i = 2 , ..., p, x1 → {x2, ..., xp}. S in c e δ− ( yj ) = 0 fo r a ll j = 1 , 2 , 3 , dF ( x2, x1 ) ≥ 3 ,
a c o n t r a d ic t io n .
N o w c o n s id e r |A′| = k ≥ 3 . S in c e 3 ≤ k ≤ p− 1 , |B| ≥ p+m− 1 − k. If t h e r e
e xis t s yj ∈ A
′ s u c h t h a t y1 → yj, t h e n
( i) dF ( yj, b) ≤ 2 fo r a ll b ∈ B, wh ic h im p lie s δ+ ( yj ) ≥ p+m− 2 − k = p+ 2 − k
wh e n m = 4 a n d |C| = p+ 1 ; o r
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( ii) dF ( yj, b) ≤ 2 fo r a ll b ∈ B, wh ic h im p lie s δ
+ ( yj ) ≥ p+m− 3 − k = p+ 2 − k
wh e n m = 5 a n d |C| = p+ 2 .
H o we ve r , we h a ve
∑
yj∈A′
δ+ ( yj ) ≥ ( p+ 2 − k ) + ( k− 1 ) = p+ 1 , a n d s o δ
+ ( y1 ) +
∑
yj∈A′
δ+ ( yj ) ≥ p+ 2 ,
a c o n t r a d ic t io n s in c e |D| = p+ 1 . Th u s yj → y1 fo r a ll yj ∈ A′, t h a t is A′ → y1. A s
dF ( y1, xi ) ≤ 2 fo r a ll i = 2 , ..., p, x1 → {x2, ..., xp}; a n d a s dF ( xi, x1 ) ≤ 2 , xi → y1 o r
y2. Th u s δ
− ( y1 ) + δ
− ( y2 ) ≥ p− 1 . H o we ve r , a s |B| ≥ m, we h a ve
∑
b∈B δ




− ( yi ) ≥ p− 1 +m. Th is is a c o n t r a d ic t io n s in c e |C| = p+m− 3 .
(2.3) S u p p o s e b o t h y1 a n d y2 d o n o t b e lo n g t o A
′. In t h is c a s e , δ+ ( y1 ) =
δ+ ( y2 ) = 1 . S im ila r t o t h e p r e vio u s t wo c a s e s , t h a t dF ( b, xi ) ≤ 2 fo r a ll b ∈ B a n d
i = 2 , ..., p im p lie s B → A′. L e t y3 ∈ A
′. If t h e r e e xis t s b ∈ B s u c h t h a t δ− ( b) = 0 ,
t h e n a s dF ( y3, b) ≤ 2 , y3 → y1 → b o r y3 → y2 → b. B y s ym m e t r y, we a s s u m e
y3 → y2 → b. A s dF ( b, x1 ) ≤ 2 , b → y1. S o fo r a ll yj ∈ A
′, dF ( yj, b) ≤ 2 , wh ic h
im p lie s yj → y2. Th u s A′ → y2. A s dF ( y2, xi ) ≤ 2 fo r a ll i = 2 , ..., p, we h a ve
x1 → {x2, ..., xp}; a n d a s dF ( xi, x1 ) ≤ 2 fo r a ll i = 2 , ..., p, xi → y1 o r y2. Th u s
δ− ( y1 ) + δ
− ( y2 ) ≥ p− 1 .
If |A′| ≥ m− 1 , a s |C| = p+m− 3 , t h e r e e xis t s yj ∈ A′ s u c h t h a t δ− ( yj ) = 0 .
L e t xk ∈ {x2, ..., xp} s u c h t h a t δ+ ( xk ) = 1 . A s dF ( xk, x1 ) ≤ 2 , xk → y1 o r y2. If
xk → y1, t h e n dF ( xk, b) ≥ 3 , a c o n t r a d ic t io n . Th u s xk → y2. N o w dF ( xk, yj ) ≥ 3 ,
a g a in a c o n t r a d ic t io n . W e s h a ll c o n s id e r |A′| = 1 , 2 , ..., o r m − 2 s e p a r a t e ly fo r
m = 4 , 5 .
W h e n |A′| = 1 , le t A′ = {y3}. Th e n y3 → {x2, ..., xp}. L e t xk ∈ {x2, ..., xp} s u c h
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t h a t δ+ ( xk ) = 1 . A s dF ( xk, x1 ) ≤ 2 , xk → y2 o r y1. If xk → y1, t h e n dF ( xk, b) ≥ 3 ,
a c o n t r a d ic t io n . On t h e o t h e r h a n d , if xk → y2, t h e n dF ( xk, y3 ) ≥ 3 , a g a in a
c o n t r a d ic t io n .
W h e n |A′| = 2 a n d m = 4 , le t A′ = {y3, y4}. S in c e |C| = p + 1 , we m u s t h a ve
δ− ( y1 ) + δ
− ( y2 ) = p− 1 , δ
− ( yj ) = 1 fo r j = 3 , 4 a n d δ
− ( b) = 0 fo r a ll b ∈ B. N o w
dF ( x1, b) ≥ 3 , a c o n t r a d ic t io n . If m = 5 a n d |C| = p + 2 , le t A′ = {y3, y4}. A s
dF ( x1, b) ≤ 2 , x1 → b
′ → b fo r s o m e b′ ∈ B. W e n o w h a ve δ− ( y1 ) + δ
− ( y2 ) = p− 1 ,
δ− ( yj ) = 1 fo r j = 3 , 4 , δ
− ( b′ ) = 1 a n d δ− ( b′′ ) = 0 fo r a ll b′′ ∈ B \ {b′}. A s
dF ( x1, b
′′ ) ≤ 2 fo r a ll b′′ ∈ B \ {b′}, b′ → B \ {b′}. A s dF ( b, b′ ) ≤ 2 , y1 → b′; a n d
a s dF ( b
′, x1 ) ≤ 2 , b′ → y2. N o w le t xk ∈ {x2, ..., xp} b e s u c h t h a t δ+ ( xk ) = 1 . A s
dF ( xk, b) ≤ 2 , xk → y2. N o w dF ( xk, b′ ) ≥ 3 , a c o n t r a d ic t io n .
W h e n |A′| = 3 , we o n ly n e e d t o c o n s id e r m = 5 a n d |C| = p + 2 . L e t A′ =
{y3, y4, y5}. In t h is c a s e , δ− ( y1 ) + δ− ( y2 ) = p − 1 , δ− ( yj ) = 1 fo r j = 3 , 4 , 5 a n d
δ− ( b) = 0 fo r a ll b ∈ B. N o w dF ( x1, b) ≥ 3 , a c o n t r a d ic t io n .
S o we m a y n o w a s s u m e t h a t δ− ( b) ≥ 1 fo r a ll b ∈ B. A s 1 ≤ |A′| ≤ p − 1 , we
h a ve |B| ≥ m − 1 . If |A′| = 1 , t h e n |B| ≥ p +m − 3 . In t h is c a s e , a s δ− ( b) ≥ 1
fo r a ll b ∈ B, we o n ly n e e d t o c o n s id e r |B| = p+m− 3 , t h a t is , q = p+m. Th u s
δ− ( yj ) = 0 fo r j = 1 , 2 , 3 .
( i) W h e n m = 4 , |B| = p + 1 a n d |C| = p + 1 , s in c e δ+ ( y3 ) = p − 1 a n d
∑p
j=2 δ
+ ( xj ) ≤ p, t h e r e e xis t s b ∈ B s u c h t h a t xj → b fo r a ll j = 2 , ..., p. A s
dF ( y3, b) ≤ 2 , y3 → y2 → b o r y3 → y1 → b. B y s ym m e t r y, we m a y a s s u m e
y3 → y2 → b. N o w a s dF ( y2, xi ) ≤ 2 fo r a ll i = 2 , ..., p, x1 → {x2, ..., xp}.
S in c e δ− ( yj ) = 0 fo r a ll j = 1 , 2 , 3 , dF ( x2, x1 ) ≥ 3 , a c o n t r a d ic t io n .
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( ii) W h e n m = 5 , |B| = p+ 2 a n d |C| = p+ 2 , δ+ ( y3 ) = p− 1 a n d
∑p
j=2 δ
+ ( xj ) ≤
p+ 1 . A g a in t h e r e e xis t s b ∈ B s u c h t h a t xj → b fo r a ll j = 2 , ..., p. S im ila r
a r g u m e n t s a s s h o wn in ( i) a b o ve le a d t o a n o t h e r c o n t r a d ic t io n .
N o w le t |A′| = k, wh e r e 2 ≤ k ≤ p − 1 a n d |B| ≥ p + m − k − 2 . Co n s id e r
yj ∈ A′. S u p p o s e {y1, y2} → yj.
( i) S u p p o s e m = 4 a n d |C| = p + 1 . A s dF ( yj, b) ≤ 2 fo r a ll b ∈ B, we h a ve
δ+ ( yj ) ≥ p + m − k − 3 = p − k + 1 . H o we ve r t h is is n o t p o s s ib le s in c e
∑
yj∈A′
δ+ ( yj ) = p− 1 a n d m a xyj∈A′{δ
+ ( yj ) } ≤ p− 1 − ( k − 1 ) = p− k.
( ii) S u p p o s e m = 5 a n d |C| = p + 2 . A s dF ( yj, b) ≤ 2 fo r a ll b ∈ B, we h a ve
δ+ ( yj ) ≥ p+m− k− 4 = p− k + 1 . S im ila r t o ( i) a b o ve , t h is is n o t p o s s ib le
a s m a xyj∈A′{δ
+ ( yj ) } ≤ p− 1 − ( k − 1 ) = p− k.
Th u s fo r a ll yj ∈ A′, we h a ve y2 → yj → y1, y1 → yj → y2 o r yj → {y1, y2}. S u p p o s e
yj → y1 a n d yj → X ′ ⊂ {x2, ..., xp}. A s dF ( y1, x′ ) ≤ 2 fo r a ll x′ ∈ X ′, x1 → x′. On
t h e o t h e r h a n d , if yj → y2, t h e n t h a t dF ( y2, x
′ ) ≤ 2 fo r a ll x′ ∈ X ′ im p lie s x1 → x
′.
H e n c e we h a ve x1 → {x2, ..., xp}. N o w a s dF ( xi, x1 ) ≤ 2 fo r a ll i = 2 , ..., p, xi → y1
o r y2, wh ic h im p lie s δ
− ( y1 ) +δ
− ( y2 ) ≥ p− 1 . H o we ve r , a s |B| ≥ m− 1 a n d δ
− ( b) ≥ 1
fo r a ll b ∈ B,
∑
b∈B δ
− ( b) ≥ m− 1 . N o w
∑q
j=1 δ
− ( yj ) ≥ ( p− 1 ) +( m− 1 ) = p+m− 2 .
Th is is a c o n t r a d ic t io n s in c e |C| = p+m− 3 .
Th is c o n c lu d e s t h e p r o o f o f t h e p r o p o s it io n .
¤
P r opositon 4.1.11 Th e r e e xis t s a g r a p h G in G ( p, p+4 ; 2 p+3 ) s u c h t h a t
−→
d ( G) =
2 .
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P r oof: A s s u m e t h a t p is o d d . W e fi r s t p r o vid e a n o r ie n t a t io n o f a g r a p h G in
G 2p+3 wit h d ia m e t e r 2 .
Fig u r e 4 .1 .1 1 - Or ie n t a t io n fo r G in G 13 wh e r e p = 5 , q = p+ 4 = 9 .
L e t V ( Kp ) = {a1, a2, ..., ap}, V ( Kq ) = {b1, b2, ..., bp+3, bp+4} a n d G1 b e t h e s u b g r a p h
o f Kq in d u c e d b y {b1, ..., bp}. N o t in g t h a t Kp a n d G1 a r e b o t h c o m p le t e g r a p h s o f
o d d o r d e r p, we d e fi n e t h e fo llo win g o r ie n t a t io n F o f a g r a p h G in G 2p+3:
( i) o r ie n t t h e e d g e s in E ( Kp ) a n d E ( G1 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii) o r ie n t
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( a ) bp+1 → {b1, b2, ..., bp, bp+2, bp+3, bp+4};
( b ) {b1, b3, ..., bp−2, bp} → bp+2 → {b2, b4, ..., bp−1, bp+4};
( c ) {b2, b4, ..., bp−3, bp−1, bp} → bp+3 → {b1, b3, ..., bp−2, bp+2};
( d ) {b1, b3, ..., bp−4, bp−2, bp−1} → bp+4 → {b2, b4, ..., bp−3, bp, bp+3};
( iii) a d d t h e 2 p+ 3 a r c s {a1, a2, ..., ap} → bp+1, bi → ai fo r i = 1 , ..., p, bp+2 → ap,
bp+3 → ap−1 a n d bp+4 → ap−2 b e t we e n Kp a n d Kq.
It is e a s y t o ve r ify t h a t d ( F ) = 2 . A n illu s t r a t ive e xa m p le is g ive n in Fig u r e
4 .1 .1 1 wh e r e p = 5 .
Fo r c la r it y p u r p o s e s , n o t a ll a r c s a r e s h o wn , a n d fo r a ll bibj ∈ E ( Kq ) , 1 ≤ i ≤ 5 ,
7 ≤ j ≤ 9 , if bj → bi in Fig u r e 4 .1 .1 1 , t h e n bi → bj in F .
W e n e xt c o n s id e r t h e c a s e wh e n p is e ve n a n d p r o vid e a n o r ie n t a t io n F ∗ fo r a
g r a p h H in G 2p+3 wit h d ia m e t e r 2 . L e t V ( Kp ) = {a1, a2, ..., ap−1, ap} a n d V ( Kq ) =
{b1, b2, ..., bp+3, bp+4}. L e t G1 a n d G2 b e t h e s u b g r a p h s o f Kp a n d Kq in d u c e d
b y {a1, ..., ap−1} a n d {b1, ..., bp−1} r e s p e c t ive ly. N o t in g t h a t G1 a n d G2 a r e b o t h
c o m p le t e g r a p h s o f o d d o r d e r p − 1 , we d e fi n e t h e fo llo win g o r ie n t a t io n F ∗ o f a
g r a p h H in G 2p+3:
( i) o r ie n t t h e e d g e s in E ( G1 ) a n d E ( G2 ) a s d e s c r ib e d in t h e p r o o f o f P r o p o s it io n
4 .1 .4 ;
( ii) o r ie n t
( a ) {a p
2
+1, ..., ap−1} → ap → {a1, ..., a p
2
};
( b ) {b1, ..., b p
2




( c ) bp+1 → {b1, b2, ..., bp, bp+2, bp+3, bp+4};
( d ) {b1, b3, ..., bp−1, bp} → bp+2 → {b2, b4, ..., bp−2, bp+3};
( e ) {b1, b2, ..., b p
2
, bp} → bp+3 → {bp
2
+1, ..., bp−1, bp+4};
( f ) {b2, b3, b5, ..., bp−1} → bp+4 → {b1, b4, b6, ..., bp−2, bp, bp+2};
( iii) a d d t h e 2 p+3 a r c s {a1, a2, ..., ap} → bp+1, bi → ai fo r i = 1 , ..., p, bp+2 → ap−1,
bp+3 → ap a n d bp+4 → a2 b e t we e n Kp a n d Kq.
Fig u r e 4 .1 .1 2 - Or ie n t a t io n fo r G in G 15 wh e r e p = 6 , q = p+ 4 = 1 0 .
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It is e a s y t o ve r ify t h a t d( F ∗ ) = 2 . A n illu s t r a t ive e xa m p le is g ive n in Fig u r e
4 .1 .1 2 wh e r e p = 6 . Fo r c la r it y p u r p o s e s , n o t a ll a r c s a r e s h o wn , a n d fo r a ll
bibj ∈ E ( Kq ) , 1 ≤ i ≤ 6 , 8 ≤ j ≤ 1 0 , if bj → bi in Fig u r e 4 .1 .1 2 , t h e n bi → bj in
F ∗.
Th is c o n c lu d e s t h e p r o o f o f t h e p r o p o s it io n .
¤
P r opositon 4.1.12 Fo r a ll q ≥ p + 5 , t h e r e e xis t s a g r a p h G in G ( p, q, 2 p + 4 )
s u c h t h a t
−→
d ( G) = 2 .
P r oof: W e fi r s t p r o vid e a n o r ie n t a t io n o f a g r a p h G in G 2p+4 wit h d ia m e -
t e r 2 fo r a ll p ≥ 5 , q ≥ p + 5 b u t p = 6 , 8 . L e t V ( Kp ) = {a1, a2, ..., ap} a n d
V ( Kq ) = {b1, b2, ..., bq}. L e t G1 a n d G2 b e t h e s u b g r a p h s o f Kp a n d Kq in d u c e d
b y {a5, a6, ..., ap} a n d {b5, b6, ..., bq} r e s p e c t ive ly. N o t in g t h a t G1 a n d G2 a r e b o t h
c o m p le t e g r a p h s o f o r d e r g r e a t e r o r e qu a l t o o n e b u t n o t e qu a l t o t wo o r fo u r , we
d e fi n e t h e fo llo win g o r ie n t a t io n F o f G:
( i) o r ie n t t h e e d g e s in E ( G1 ) a n d E ( G2 ) s u c h t h a t d( x, y ) ≤ 2 a n d d( u, v ) ≤ 2
fo r a ll x, y ∈ V ( G1 ) a n d u, v ∈ V ( G2 ) ( n o t e t h a t t h is c a n a lwa ys b e d o n e
s in c e |V ( G1 ) | = 2 , 4 a n d |V ( G2 ) | ≥ 5 ) ;
( ii) o r ie n t {a1, a3} → V ( G1 ) → {a2, a4};
( iii) o r ie n t {b2, b4} → V ( G2 ) → {b1, b3};
( iv) o r ie n t a1 → {a2, a3}, a2 → a3 → a4 a n d a4 → {a1, a2};
( v) o r ie n t b2 → b1 → b4, b3 → {b1, b2} a n d b4 → {b2, b3};
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( vi) a d d t h e 2 p + 4 a r c s b1 → V ( G1 ) → b4, a2 → b1 → {a1, a4}, {a3, a4} → b2 →
a1, a4 → b3 → {a2, a3} a n d {a1, a2} → b4 → a3 b e t we e n Kp a n d Kq.
B y o u r c o n s t r u c t io n , we h a ve dF ( x, y ) ≤ 2 a n d dF ( u, v ) ≤ 2 fo r a ll x, y ∈ V ( G1 )
a n d u, v ∈ V ( G2 ) . Th e fo llo win g t a b le p r o vid e s a c o m p le t e c h e c k fo r t h e r e m a in in g
c a s e s t h a t d( F ) = 2 a n d Fig u r e 4 .1 .1 3 g ive s a n illu s t r a t io n o f t h e o r ie n t a t io n .
Cla im : E xp la n a t io n :
dF ( b1, aj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 b1 → {a1, a4} a n d b1 → a1 → {a2, a3}
dF ( b2, aj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 b2 → a1 → {a2, a3} a n d b2 → b1 → a4
dF ( b3, aj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 b3 → {a2, a3}, b3 → a3 → a4
a n d b3 → b1 → a1
dF ( b4, aj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 b4 → a3 → a4, b4 → b3 → a2
a n d b4 → b2 → a1
dF ( bi, v ) ≤ 2 fo r a ll 1 ≤ i ≤ 4 b1 → v, b2 → b1 → v
a n d v ∈ V ( G1 ) a n d {b3, b4} → a3 → v
dF ( bi, u) ≤ 2 fo r a ll 1 ≤ i ≤ 4 {b2, b4} → u, b3 → b2 → u
a n d u ∈ V ( G2 ) a n d b1 → b4 → u
dF ( bi, bj ) ≤ 2 fo r a ll 1 ≤ i, j ≤ 4 b1 → b4 → {b2, b3}, b2 → b1 → b4
b2 → u→ b3 fo r s o m e u ∈ V ( G2 ) ,
b3 → {b1, b2}, b3 → a2 → b4, b4 → {b2, b3}
a n d b4 → b2 → b1
dF ( a1, bj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 a1 → b4 → {b2, b3} a n d a1 → a2 → b1
dF ( a2, bj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 a2 → {b1, b4} a n d a2 → b4 → {b2, b3}
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dF ( a3, bj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 a3 → b2 → b1, a3 → a4 → b3
a n d a3 → v → b4 fo r s o m e v ∈ V ( G1 )
dF ( a4, bj ) ≤ 2 fo r a ll 1 ≤ j ≤ 4 a4 → {b2, b3}, a4 → b2 → b1
a n d a4 → a2 → b4
dF ( ai, v ) ≤ 2 fo r a ll 1 ≤ i ≤ 4 {a1, a3} → v, a2 → a3 → v
a n d v ∈ V ( G1 ) a n d a4 → a1 → v
dF ( ai, u) ≤ 2 fo r a ll 1 ≤ i ≤ 4 {a1, a2} → b4 → u
a n d u ∈ V ( G2 ) a n d {a3, a4} → b2 → u
dF ( ai, aj ) ≤ 2 fo r a ll 1 ≤ i, j ≤ 4 a1 → {a2, a3}, a1 → a3 → a4
a2 → a3 → a4, a2 → b1 → a1
a3 → a4 → {a1, a2}, a4 → {a1, a2}
a n d a4 → a2 → a3
dF ( u, v ) ≤ 2 fo r a ll u ∈ V ( G2 ) , v ∈ V ( G1 ) u→ b1 → v
dF ( u, bi ) ≤ 2 fo r a ll u ∈ V ( G2 ) u→ {b1, b3}, u→ b1 → b4
a n d 1 ≤ i ≤ 4 a n d u→ b3 → b2
dF ( u, ai ) ≤ 2 fo r a ll u ∈ V ( G2 ) u→ b1 → {a1, a4}
a n d 1 ≤ i ≤ 4 a n d u→ b3 → {a2, a3}
dF ( v, u) ≤ 2 fo r a ll u ∈ V ( G2 ) , v ∈ V ( G1 ) v → b4 → u
dF ( v, bi ) ≤ 2 fo r a ll v ∈ V ( G1 ) , 1 ≤ i ≤ 4 v → b4 → {b2, b3} a n d v → a2 → b1
dF ( v, ai ) ≤ 2 fo r a ll v ∈ V ( G1 ) , 1 ≤ i ≤ 4 v → a4 → a1 a n d v → a2 → a3
1 6 2
N o t e t h a t wh e n p = 6 , 8 , b o t h K2 a n d K4 d o n o t h a ve o r ie n t a t io n s wit h d ia m e t e r
2 . Th e s e t wo c a s e s will n o w b e c o n s id e r e d s e p a r a t e ly.
Fo r p = 6 , 8 , we m o d ify t h e a b o ve o r ie n t a t io n s lig h t ly. Fir s t c o n s id e r p = 6 .
H e r e G1 = K2. L e t V ( G1 ) = {u, w} a n d d e fi n e t h e fo llo win g o r ie n t a t io n F6 o f G
in G 16:
( 1 ) o r ie n t t h e e d g e s in E ( G2 ) s u c h t h a t d ( x, y ) ≤ 2 fo r a ll x, y ∈ V ( G2 ) ;
( 2 ) o r ie n t w → u;
( 3 ) o r ie n t {a1, a3} → u→ {a2, a4} a n d {a3, a4} → w → {a1, a2};
( 4 ) s im ila r o r ie n t a t io n s a s t h o s e d e s c r ib e d a b o ve fo r it e m s ( iii) , ( iv) , ( v) ;
( 5 ) a d d t h e 2 p+ 4 a r c s a s d e s c r ib e d a b o ve fo r it e m ( vi) .
W h e n p = 8 , G1 = K4. L e t V ( G1 ) = {u, v, w, z} a n d d e fi n e t h e fo llo win g
o r ie n t a t io n F8 o f G in G 20 ( s e e Fig u r e 4 .1 .1 4 ) :
( 1 ’) o r ie n t t h e e d g e s in E ( G2 ) s u c h t h a t d ( x, y ) ≤ 2 fo r a ll x, y ∈ V ( G2 ) ;
( 2 ’) o r ie n t v → {w, u}, w → {u, z} a n d u→ z → v;
( 3 ’) o r ie n t {a1, a3} → {u, v, z} → {a2, a4} a n d {a3, a4} → w → {a1, a2};
( 4 ’) s im ila r o r ie n t a t io n s a s t h o s e d e s c r ib e d a b o ve fo r it e m s ( iii) , ( iv) , ( v) ;
( 5 ’) a d d t h e 2 p+ 4 a r c s a s d e s c r ib e d a b o ve fo r it e m ( vi) .
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It c a n b e ve r ifi e d t h a t in d e e d d ( F6 ) = d( F8 ) = 2 . Th e p r o o f o f t h e p r o p o s it io n
is t h u s c o m p le t e .
Fig u r e 4 .1 .1 3 - Or ie n t a t io n fo r G in G 2p+4 wh e r e q ≥ p+ 5 , p ≥ 5 , p = 6 , 8 .
Fig u r e 4 .1 .1 4 - Or ie n t a t io n fo r G in G 20 wh e r e q ≥ p+ 5 a n d p = 8 .
¤
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W e s u m m a r iz e t h e r e s u lt s o b t a in e d in t h is s e c t io n a s fo llo ws :
T heor em 4.1.13 Give n t wo in t e g e r s p a n d q wit h q ≥ p ≥ 5 a n d a n in t e g e r n
wit h 2 ≤ n ≤ pq, le t G n d e n o t e t h e fa m ily o f g r a p h s t h a t a r e o b t a in e d fr o m t h e
d is jo in t u n io n o f t wo c o m p le t e g r a p h s Kp a n d Kq b y a d d in g n e d g e s lin kin g t h e m
in a n a r b it r a r y m a n n e r . S u p p o s e
−→
d ( n) = m in {
−→
d ( G) |G ∈ G n}. Th e n
( a )
−→
d ( 2 ) = 4 ;
( b ) m in {n|
−→
d ( n) = 3 } = 4 ;
( c ) if α = m in {n|
−→




2 p if p ≤ q ≤ p+ 1
2 p+ k − 1 if q = p+ k, k = 2 , 3 , 4
2 p+ 4 if q ≥ p+ 5 .
¤
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4.2 Adding edges among 3 complete gr aphs Kp,
Kq and Kr.
A s a n e xt e n s io n t o t h e p r o b le m d is c u s s e d in t h e p r e vio u s s e c t io n , we n o w c o n s id e r
t h e p r o b le m o f a d d in g e d g e s a m o n g t h r e e c o m p le t e g r a p h s Kp, Kq a n d Kr. W e
b e g in wit h a n in t r o d u c t io n o f d e fi n it io n s a n d n o t a t io n .
Give n t h r e e fi xe d in t e g e r s p, q a n d r wit h r ≥ q ≥ p ≥ 7 a n d a n in t e g e r n wit h
3 ≤ n ≤ ( pq + pr + qr ) , le t G ( p, q, r;n) o r G n, if t h e r e is n o d a n g e r o f c o n fu s io n ,
d e n o t e t h e fa m ily o f g r a p h s t h a t a r e o b t a in e d fr o m t h e d is jo in t u n io n o f t h r e e
c o m p le t e g r a p h s Kp, Kq a n d Kr b y a d d in g n e d g e s lin kin g t h e m in a n a r b it r a r y
m a n n e r . It is c le a r t h a t in o r d e r t o s t u d y g r a p h s wit h s t r o n g o r ie n t a t io n s , we
r e qu ir e n ≥ 3 . Th e d e fi n it io n s fo r D ( G n ) a n d t h e p a r a m e t e r
−→
d ( n ) , wh ic h a r e
s im ila r t o t h o s e g ive n in t h e p r e vio u s s e c t io n , a r e p r o vid e d b e lo w a g a in fo r e a s y
r e fe r e n c e . Th u s ,
D ( G n ) = ∪{D ( G) |G ∈ G n} a n d
−→
d ( n) = m in {
−→
d ( G) |G ∈ G n} ( = m in {d ( D ) |D ∈ D ( G n ) } ) .
Ou r fi r s t t a s k is t o d e t e r m in e
−→
d ( 3 ) , a s p r e s e n t e d in t h e fo llo win g p r o p o s it io n .
P r opositon 4.2.1
−→
d ( 3 ) = 6 .
P r oof: N o t e t h a t a ll t h e g r a p h s in G 3 t h a t a d m it s t r o n g o r ie n t a t io n s c a n b e
c la s s ifi e d in t o fo u r c la s s e s . W e s h a ll c o n s id e r e a c h o f t h e m s e p a r a t e ly.
Class 1: Co n s id e r t h e g r a p h G1 ∈ G 3 s h o wn in Fig u r e 4 .2 .1 , wh e r e a ∈ V ( Kp ) ,
b ∈ V ( Kq ) a n d c ∈ V ( Kr ) . L e t F1 b e a s t r o n g o r ie n t a t io n o f G1. W it h o u t lo s s o f
g e n e r a lit y, we m a y a s s u m e t h a t a → b → c → a in F1. S in c e F1 is s t r o n g , t h e r e
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e xis t s x ∈ V ( Kp ) s u c h t h a t d( x, a) ≥ 2 a n d y ∈ V ( Kr ) s u c h t h a t d( c, y ) ≥ 2 . In
t h is c a s e , d( x, y ) ≥ 6 , wh ic h im p lie s t h a t d( F1 ) ≥ 6 .
Fig u r e 4 .2 .1
Class 2: Co n s id e r t h e g r a p h G2 ∈ G 3 s h o wn in Fig u r e 4 .2 .2 , wh e r e a ∈ V ( Kp ) ,
b ∈ V ( Kq ) a n d c, d ∈ V ( Kr ) . L e t F2 b e a s t r o n g o r ie n t a t io n o f G2. W it h o u t lo s s
o f g e n e r a lit y, we m a y a s s u m e t h a t c → b → a → d in F2. Th e r e e xis t s x ∈ V ( Kp )
a n d y ∈ V ( Kq ) s u c h t h a t d( x, a) ≥ 2 a n d d( b, y ) ≥ 2 . In t h is c a s e , d( x, y ) ≥ 7 ,
wh ic h im p lie s t h a t d( F2 ) ≥ 7 . N o t e t h a t if t h e t wo ve r t ic e s c a n d d b e lo n g t o Kp
o r Kq, t h e a n a lys is is s im ila r .
Fig u r e 4 .2 .2
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Class 3: Co n s id e r t h e g r a p h G3 ∈ G 3 s h o wn in Fig u r e 4 .2 .3 , wh e r e a ∈ V ( Kp ) ,
b, c ∈ V ( Kq ) a n d d, e ∈ V ( Kr ) . L e t F3 b e a s t r o n g o r ie n t a t io n o f G3. W it h o u t lo s s
o f g e n e r a lit y, we m a y a s s u m e t h a t b→ a→ e a n d d→ c in F3. L e t x ∈ V ( Kp ) s u c h
t h a t d( x, a) ≥ 2 . In t h is c a s e , d ( x, y ) ≥ 6 fo r a ll y ∈ V ( Kq ) \ {c}, wh ic h im p lie s
t h a t d( F3 ) ≥ 6 . N o t e t h a t t h e m e m b e r s h ip o f a in Kp, Kq o r Kr is im m a t e r ia l t o
o u r a n a lys is .
Fig u r e 4 .2 .3
Class 4: Co n s id e r t h e g r a p h G4 ∈ G 3 s h o wn in Fig u r e 4 .2 .4 , wh e r e a, b ∈ V ( Kp ) ,
c, d ∈ V ( Kq ) a n d e, f ∈ V ( Kr ) . L e t F4 b e a s t r o n g o r ie n t a t io n o f G4. W it h o u t lo s s
o f g e n e r a lit y, we m a y a s s u m e t h a t b→ e, f → d a n d c→ a in F4.
Fig u r e 4 .2 .4
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S u p p o s e o n t h e c o n t r a r y t h a t d( F4 ) ≤ 5 . If a→ V ( Kp ) \ {a}, t h e n d( w, a ) ≥ 6 fo r
a ll w ∈ V ( Kp ) \ {a, b}, a c o n t r a d ic t io n . Th u s t h e r e is s o m e x ∈ V ( Kp ) s u c h t h a t
d( a, x ) ≥ 2 . B u t in t h is c a s e , d( y, x ) ≥ 6 fo r a ll y ∈ V ( Kr ) \ {f}, a c o n t r a d ic t io n .
To c o n c lu d e t h e p r o o f o f t h e p r o p o s it io n , we p r o vid e a n o r ie n t a t io n F o f s o m e
G ∈ G 3 wit h d ( F ) = 6 . L e t a ∈ V ( Kp ) , b ∈ V ( Kq ) a n d c ∈ V ( Kr ) . L e t F b e t h e
o r ie n t a t io n d e fi n e d a s fo llo ws :
( i) t h e e d g e s in Kp, Kq a n d Kr a r e o r ie n t e d s u c h t h a t
−→
d ( Kp ) =
−→
d ( Kq ) =
−→
d ( Kr ) = 2 ;
( ii) a→ b→ c→ a.
It c a n b e e a s ily c h e c ke d t h a t d( F ) = 6 a n d t h e p r o o f o f P r o p o s it io n 4 .2 .1 is t h u s
c o m p le t e .
¤
B e fo r e we p r o c e e d t o c o n s id e r
−→
d ( n) fo r n ≥ 4 , we in t r o d u c e s o m e m o r e n o t a t io n
t h a t will b e u s e d fo r t h e r e m a in in g p a r t o f t h is s e c t io n .
Th e t h r e e c o m p le t e g r a p h s Kp, Kq a n d Kr will, h e n c e fo r t h , b e d e n o t e d b y G1,
G2 a n d G3 r e s p e c t ive ly. Fo r s o m e fi xe d G ∈ G n a n d e a c h x ∈ V ( Gi ) , le t
θ ( x ) = dG ( x ) − dGi ( x ) .
Fo r i = 1 , 2 , 3 , d e fi n e
Ai = {x ∈ V ( Gi ) |θ ( x ) > 0 } a n d h( Gi ) =
∑
x∈V (Gi)
θ ( x ) .
Th e fo llo win g le m m a p r o vid e s a lo we r b o u n d fo r
−→
d ( n) wh e n n ≤ 7 .
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Lemma 4.2.2 L e t G ∈ G n, wh e r e n ≤ 7 . Th e n d ( F ) ≥ 4 fo r a n y s t r o n g o r ie n t a -
t io n F o f G.
P r oof: L e t G ∈ G n, wh e r e n ≤ 7 a n d F b e a n o r ie n t a t io n o f G. Fo r i = 1 , 2 , 3 ,
d e fi n e t h e fo llo win g s e t s o f e d g e s :
O ( Gi ) = {uv|u ∈ V ( Gi ) , v /∈ V ( Gi ) , u→ v in F},
I ( Gi ) = {uv|u ∈ V ( Gi ) , v /∈ V ( Gi ) , v → u in F}.
W e a ls o d e fi n e , fo r i = 1 , 2 , 3 , t h e fo llo win g s u b s e t s o f V ( Gi ) :
X = {x ∈ V ( G1 ) |θ ( x ) = 0 }, Y = {y ∈ V ( G2 ) |θ ( y ) = 0 }, Z = {z ∈ V ( G3 ) |θ ( z ) = 0 }.
N o w if n ≤ 6 , it is c le a r t h a t X, Y a n d Z a r e a ll n o n -e m p t y s e t s . W h e n n = 7 ,
t h e r e is o n ly o n e c la s s o f g r a p h s in G 7 wh e r e e xa c t ly o n e o f X, Y , Z is e m p t y ( wh e n
G1 ∼= K7, X = ∅ ) . ( S e e Fig u r e 4 .2 .5 .)
Fig u r e 4 .2 .5
In t h is c a s e , Y a n d Z a r e b o t h n o n -e m p t y a n d d( z, y ) ≥ 4 fo r s o m e z ∈ Z a n d
y ∈ Y , wh ic h im p lie s t h a t d( F ) ≥ 4 .
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H e n c e fo r t h , we s h a ll a s s u m e t h a t X, Y , Z a r e a ll n o n -e m p t y. S u p p o s e o n t h e
c o n t r a r y t h a t d ( F ) ≤ 3 . S in c e n ≤ 7 , t h e r e e xis t s Gi s u c h t h a t h( Gi ) ≤ 4 . W e
a s s u m e t h a t h( G1 ) ≤ 4 ; a n d it s h o u ld b e n o t e d t h a t we c o u ld m a ke t h is a s s u m p t io n
wit h o u t lo s s o f g e n e r a lit y. Cle a r ly, s in c e F is s t r o n g , we m u s t h a ve h( Gi ) ≥ 2 fo r
e a c h i = 1 , 2 , 3 . A ls o , s in c e h ( G1 ) ≤ 4 , |A1| ≤ 4 .
S u p p o s e h( G1 ) = 2 . In t h is c a s e , |I ( G1 ) | = |O ( G1 ) | = 1 . W e a s s u m e t h a t
a → b in F , wh e r e a ∈ V ( G1 ) a n d b ∈ V ( G2 ) . N o w d( x, z ) ≥ 4 fo r s o m e x ∈ X
a n d z ∈ Z, a c o n t r a d ic t io n .
S u p p o s e h ( G1 ) = 3 . S in c e F a n d it s c o n ve r s e h a ve t h e s a m e d ia m e t e r , we m a y
a s s u m e |O ( G1 ) | = 1 a n d |I ( G1 ) | = 2 . S im ila r ly, if a → b in F , wh e r e a ∈ V ( G1 )
a n d b ∈ V ( G2 ) , t h e n d( x, z ) ≥ 4 fo r s o m e x ∈ X a n d z ∈ Z, a c o n t r a d ic t io n .
S u p p o s e h ( G1 ) = 4 . B y s im ila r a r g u m e n t s a s a b o ve , we s e e t h a t we o n ly n e e d
t o c o n s id e r t h e c a s e t h a t |O ( G1 ) | = |I ( G1 ) | = 2 . B e fo r e we p r o c e e d , o b s e r ve t h a t if
a→ c a n d b→ d in F , wh e r e a, b ∈ V ( G1 ) , c, d /∈ V ( G1 ) a n d c, d b e lo n g t o t h e s a m e
c o m p le t e g r a p h , s a y G2, t h e n d ( x, z ) ≥ 4 fo r a n y x ∈ X a n d z ∈ Z. H e n c e , b y o u r
a s s u m p t io n t h a t d( F ) ≤ 3 , we m a y a s s u m e t h a t c, d b e lo n g t o d iffe r e n t c o m p le t e
g r a p h s . L ike wis e , if c → a a n d d → b, wh e r e a, b ∈ V ( G1 ) a n d c, d /∈ V ( G1 ) , t h e n
we m a y a s s u m e t h a t c, d a r e in d iffe r e n t c o m p le t e g r a p h s .
W e p r o c e e d o u r d is c u s s io n a c c o r d in g t o t h e p o s s ib le c a r d in a lit ie s o f A1.
If |A1| = 1 , le t A1 = {a} a n d θ ( a) = 4 . S in c e F is s t r o n g , t h e r e e xis t s s o m e
x ∈ X s u c h t h a t d( x, a ) ≥ 2 . In t h is c a s e , d ( x, y ) ≥ 4 fo r a n y y ∈ Y , a c o n t r a d ic t io n .
S u p p o s e |A1| ≥ 2 a n d a → {y1, z1} in F , wh e r e a ∈ V ( G1 ) , y1 ∈ V ( G2 ) a n d
z1 ∈ V ( G3 ) ( s e e Fig u r e 4 .2 .6 ) . Fo r a n y x ∈ X, y ∈ Y a n d z ∈ Z, a s d( x, y ) ≤ 3
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a n d d( x, z ) ≤ 3 , we h a ve x→ a, y1 → Y a n d z1 → Z. Th u s X → a. L ike wis e , fo r
a n y k ∈ A1 \ {a}, a s d( k, y ) ≤ 3 , k → a. Th u s V ( G1 ) \{a} → a in F . W e m a y n o w
a s s u m e t h a t y2 → b a n d z2 → c fo r s o m e y2 ∈ V ( G2 ) , z2 ∈ V ( G3 ) a n d b, c ∈ V ( G1 )
( it is p o s s ib le t h a t b = c) . N o w if y1 = y2 ( o r z1 = z2 ) , t h e n d ( y, x ) ≥ 4 fo r s o m e
y ∈ Y a n d x ∈ X ( o r d ( z, x ) ≥ 4 fo r s o m e z ∈ Z a n d x ∈ X ) . On t h e o t h e r h a n d ,
if y1 = y2 a n d z1 = z2, t h e n d ( a, x ) ≥ 4 fo r a ll x ∈ X. In e it h e r c a s e , we h a ve a
c o n t r a d ic t io n t o o u r a s s u m p t io n t h a t d( F ) ≤ 3 .
Fig u r e 4 .2 .6
S u p p o s e |A1| ≥ 2 , a n d a→ y1 a n d b→ z1 in F , wh e r e a, b ∈ V ( G1 ) , y1 ∈ V ( G2 )
a n d z1 ∈ V ( G3 ) . Fo r a n y x ∈ X, y ∈ Y a n d z ∈ Z, a s d( x, y ) ≤ 3 a n d d( x, z ) ≤ 3 ,
we h a ve x → {a, b}, y1 → Y a n d z1 → Z. Th u s X → {a, b}. N o w if |A1| = 2 , ( ie .
A1 = {a, b}) , t h e n F is n o t s t r o n g s in c e d ( a, x ) = ∞ fo r a ll x ∈ X. If |A1| = 3 , le t
A1 = {a, b, c}. In t h is c a s e , a s d( c, y ) ≤ 3 a n d d( c, z ) ≤ 3 fo r a ll y ∈ Y a n d z ∈ Z,
we h a ve c → {a, b}; a n d a s d( a, x ) ≤ 3 fo r a ll x ∈ X, y1 → c → x. Th u s c → X.
L ike wis e , we h a ve z1 → c. ( S e e Fig u r e 4 .2 .7 .)
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H o we ve r , d( y, x ) ≥ 4 fo r a ll y ∈ Y a n d x ∈ X, a c o n t r a d ic t io n .
Fig u r e 4 .2 .7
If |A1| = 4 , le t A1 = {a, b, c, d}. S im ila r t o t h e a b o ve a r g u m e n t s , we h a ve X →
{a, b}, y1 → Y a n d z1 → Z. A s d( c, y ) ≤ 3 a n d d( d, y ) ≤ 3 fo r a ll y ∈ Y , we h a ve
{c, d} → a. W e n o w a s s u m e t h a t y2 → c a n d z2 → d fo r s o m e y2 ∈ V ( G2 ) a n d
z2 → V ( G3 ) .
Fig u r e 4 .2 .8
If y1 = y2 ( o r z1 = z2 ) , t h e n d ( y, x ) ≥ 4 ( o r d ( z, x) ≥ 4 ) fo r a ll x ∈ X a n d y ∈ Y
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( o r z ∈ Z ) . If y1 = y2 a n d z1 = z2, t h e n d( a, x ) ≥ 4 fo r a ll x ∈ X ( s e e Fig u r e
4 .2 .8 ) . In e it h e r c a s e , we a r r ive a t a c o n t r a d ic t io n , a n d t h e p r o o f is c o m p le t e .
¤
W it h L e m m a 4 .2 .2 , t h e fo llo win g p r o p o s it io n c a n b e e a s ily p r o ve n .
P r opositon 4.2.3
−→
d ( n) = 4 fo r 4 ≤ n ≤ 7 .
P r oof: B y L e m m a 4 .2 .2 , we ju s t n e e d t o p r o vid e a n o r ie n t a t io n F o f s o m e
g r a p h G ∈ G 4 wit h d ( F ) = 4 . Co n s id e r t h e g r a p h G ∈ G 4 s h o wn in Fig u r e 4 .2 .9
wit h t h e o r ie n t a t io n F d e s c r ib e d a s fo llo ws :
Fig u r e 4 .2 .9
( i) o r ie n t t h e e d g e s in Kr s u c h t h a t d( u, v ) ≤ 2 fo r a ll u, v ∈ V ( Kr ) ;
( ii) o r ie n t b→ V ( Kp ) \ {a, b} → a a n d b→ a, wh e r e a a n d b a r e a n y t wo ve r t ic e s
in V ( Kp ) ;
( iii) o r ie n t c→ V ( Kq ) \ {c, d} → d a n d c→ d, wh e r e c a n d d a r e a n y t wo ve r t ic e s
in V ( Kq ) ;
( iv) o r ie n t {a, d} → e→ {b, c} fo r a n a r b it r a r y ve r t e x e in V ( Kr ) ;
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( v) a ll o t h e r e d g e s in G c a n b e o r ie n t e d a r b it r a r ily.
It c a n b e e a s ily c h e c ke d t h a t d ( F ) = 4 , a n d t h e p r o o f is c o m p le t e .
¤
P r opositon 4.2.4
−→
d ( 8 ) = 4 .
P r oof: B y P r o p o s it o n 4 .2 .3 , it s u ffi c e s fo r u s t o p r o ve t h a t if G ∈ G 8 a n d F
is a n o r ie n t a t io n o f G, t h e n d ( F ) ≥ 4 . Fo r i = 1 , 2 , 3 , t h e s e t s O ( Gi ) , I ( Gi ) , a n d
t h e s u b s e t s X, Y a n d Z a r e d e fi n e d s im ila r ly a s in L e m m a 4 .2 .2 . S in c e n = 8 a n d
r ≥ q ≥ p ≥ 7 , t h e r e a r e o n ly t wo c la s s e s o f g r a p h s in G 8 wh e r e e xa c t ly o n e o f t h e
s e t s X, Y , Z is e m p t y ( wh e n G1 ∼= K7, X = ∅ ) . Th e s e c la s s e s a r e s h o wn in Fig u r e
4 .2 .1 0 . In b o t h c a s e s , Y a n d Z a r e n o n -e m p t y a n d d ( z, y ) ≥ 4 fo r a n y z ∈ Z a n d
y ∈ Y . ( Fo r t h e s e c o n d c a s e , we m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t a→ b
fo r s o m e a ∈ V ( G2 ) , b ∈ V ( G3 ) .)
Fig u r e 4 .2 .1 0
H e n c e fo r t h , we s h a ll a s s u m e t h a t X, Y , Z a r e a ll n o n -e m p t y. B y t h e p r o o f o f
L e m m a 4 .2 .2 , we s e e t h a t if t h e r e e xis t s s o m e i ∈ { 1 , 2 , 3 } s u c h t h a t h( Gi ) ≤ 4 ,
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t h e n d( F ) ≥ 4 . Fo r n = 8 ,
∑
i h ( Gi ) = 1 6 , if G ∈ G 8 is s u c h t h a t h ( Gi ) ≥ 5 fo r
e a c h i = 1 , 2 , 3 t h e n ( h( G1 ) , h( G2 ) , h( G3 ) ) m u s t b e o n e o f t h e fo llo win g :
( i) ( h( G1 ) , h( G2 ) , h( G3 ) ) = ( 5 , 5 , 6 ) ; o r
( ii) ( h( G1 ) , h( G2 ) , h( G3 ) ) = ( 5 , 6 , 5 ) ; o r
( iii) ( h( G1 ) , h( G2 ) , h( G3 ) ) = ( 6 , 5 , 5 ) .
In wh a t fo llo ws , o u r a n a lys is s h a ll b e in d e p e n d e n t o f t h e r e la t ive s iz e s o f t h e t h r e e
c o m p le t e g r a p h s . Th u s it s u ffi c e s t o c o n s id e r o n ly t h e c a s e wh e n h( G1 ) = h ( G2 ) = 5
a n d h ( G3 ) = 6 .
S u p p o s e o n t h e c o n t r a r y t h a t d ( F ) ≤ 3 . S in c e h( G1 ) = 5 , we m a y a s s u m e wit h -
o u t lo s s o f g e n e r a lit y t h a t |O ( G1 ) | = 2 a n d |I ( G1 ) | = 3 . A ls o , b y o u r a s s u m p t io n ,
if a→ c a n d b→ d a r e t h e t wo a r c s in F s u c h t h a t a, b ∈ V ( G1 ) a n d c, d /∈ V ( G1 ) ,
t h e n c, d m u s t b e lo n g t o d iffe r e n t c o m p le t e g r a p h s . W e p r o c e e d o u r d is c u s s io n
a c c o r d in g t o t h e p o s s ib le c a r d in a lit ie s o f A1.
If |A1| = 1 , le t A1 = {a}. Th e n θ ( a ) = 5 . S in c e F is s t r o n g , t h e r e e xis t s
s o m e x ∈ X s u c h t h a t d ( x, a) ≥ 2 . In t h is c a s e , d ( x, y ) ≥ 4 fo r a n y y ∈ Y , a
c o n t r a d ic t io n .
Fo r |A1| ≥ 3 , we fi r s t a s s u m e t h a t a→ y1 a n d b→ z1 a r e t wo a r c s in F , wh e r e
a, b ∈ A1, y1 ∈ V ( G2 ) a n d z1 ∈ V ( G3 ) . ( S e e Fig u r e 4 .2 .1 1 .) Fo r a n y x ∈ X a n d
y ∈ Y , a s d( x, y ) ≤ 3 , we h a ve x → a a n d y1 → y. L ike wis e , fo r a n y z ∈ Z,
d( x, z ) ≤ 3 im p lie s x→ b a n d z1 → z. Th u s X → {a, b}, y1 → Y a n d z1 → Z. Fo r
a n y c ∈ A1 \ {a, b}, a s d( c, y ) ≤ 3 a n d d( c, z ) ≤ 3 , c → {a, b}. S in c e |I ( G1 ) | = 3 ,
we m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t t h e r e is e xa c t ly o n e a r c fr o m G2 t o
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G1 in F . In t h is c a s e , a s d ( y, x ) ≤ 3 , y → y2 → c → x fo r s o m e y2 ∈ V ( G2 ) wit h
y2 = y1. Th u s Y → y2 a n d c→ X. H o we ve r d( a, x ) ≥ 4 , a c o n t r a d ic t io n .
Fig u r e 4 .2 .1 1
N e xt s u p p o s e t h a t a → {y1, z1}, wh e r e y1 ∈ V ( G2 ) a n d z1 ∈ V ( G3 ) . In t h is
c a s e , we o n ly n e e d t o c o n s id e r t h e c a s e t h a t |A1| = 3 o r 4 .
( i) |A1| = 3 , s a y, A1 = {a, b, c}. ( S e e Fig u r e 4 .2 .1 2 .)
Fig u r e 4 .2 .1 2
Fo r a n y x ∈ X a n d y ∈ Y , a s d( x, y ) ≤ 3 , we h a ve x → a a n d y1 → y.
L ike wis e , fo r a n y z ∈ Z, d ( x, z ) ≤ 3 im p lie s z1 → z. Th u s X → a, y1 → Y
a n d z1 → Z. A ls o , a s d( b, y ) ≤ 3 a n d d ( c, y ) ≤ 3 , {b, c} → a. S in c e
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|I ( G1 ) | = 3 , we m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t t h e r e is e xa c t ly
o n e a r c fr o m G2 t o G1 in F . In t h is c a s e , d ( y, x ) ≤ 3 im p lie s y → y2 → b→ x
fo r s o m e y2 ∈ V ( G2 ) wit h y2 = y1. N o t e t h a t t h e c a s e t h a t y → y2 → c→ x
is s im ila r b y s ym m e t r y. Th u s Y → y2 a n d b → X. L e t x∗ a n d z∗ b e t wo
p a r t ic u la r ve r t ic e s in X a n d Z r e s p e c t ive ly. S in c e d( z∗, x∗ ) ≤ 3 , we h a ve
z∗ → z2 → b o r z∗ → z2 → c → x∗, wh e r e z2 = z1. In t h e fi r s t c a s e , a s
d( a, x ) ≤ 3 fo r a n y x ∈ X, z1 → c → x. Th u s c → X. B u t t h e n d ( x, b) ≥ 4 ,
a c o n t r a d ic t io n . In t h e s e c o n d c a s e , a s d ( a, x ) ≤ 3 fo r a n y x ∈ X, we h a ve
z1 → b o r z1 → c → x. If z1 → b, t h e n a s d ( z, x ) ≤ 3 fo r a ll x ∈ X a n d
z ∈ Z, we h a ve Z → z2 a n d c → X. N o w d ( x, c) ≥ 4 , a c o n t r a d ic t io n . If
z1 → c→ x, we h a ve c→ X. B u t t h e n d ( x, b) ≥ 4 , a g a in a c o n t r a d ic t io n .
( ii) |A1| = 4 , s a y, A1 = {a, b, c, d}. ( S e e Fig u r e 4 .2 .1 3 .)
Fig u r e 4 .2 .1 3
S im ila r t o t h e a r g u m e n t s a b o ve , we h a ve X → a, y1 → Y , z1 → Z a n d
{b, c, d} → a. A g a in , b y a s s u m in g t h a t t h e r e is e xa c t ly o n e a r c fr o m G2 t o
G1 in F , we h a ve Y → y2 → b → X, wh e r e y2 = y1. L e t x∗ a n d z∗ b e
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t wo p a r t ic u la r ve r t ic e s in X a n d Z r e s p e c t ive ly. S in c e d( z∗, x∗ ) ≤ 3 , we h a ve
z∗ → z2 → c→ x∗, wh e r e z2 = z1. N o t e t h a t t h e c a s e t h a t z∗ → z2 → d→ x∗
is s im ila r , a n d z2 → b s in c e θ ( b) = θ ( c) = θ ( d ) = 1 . A s d ( a, x ) ≤ 3 , we h a ve
z1 → d → x, a n d t h u s d → X. S o n o w fo r a n y z ∈ Z a n d x ∈ X ( n o t o n ly
z∗ a n d x∗ ) , d( z, x ) ≤ 3 im p lie s z → z2 a n d c→ x. Th u s Z → z2 a n d c→ X.
H o we ve r , d( x, b) ≥ 4 , a c o n t r a d ic t io n .
If |A1| = 2 , le t A1 = {a, b}. If a → y1 a n d b → z1, wh e r e y1 ∈ V ( G2 ) a n d
y2 ∈ V ( G3 ) , t h e n fo r a n y x ∈ X, y ∈ Y , z ∈ Z, a s d( x, y ) ≤ 3 a n d d ( x, z ) ≤ 3 , we
h a ve x→ {a, b}, y1 → y a n d z1 → z. Th u s X → {a, b}, y1 → Y a n d z1 → Z. B u t
t h e n F is n o t s t r o n g s in c e d( a, x ) = ∞, a c o n t r a d ic t io n . N o w a s s u m e a→ {y1, z1}
in F . Fo r a n y x ∈ X, y ∈ Y a n d z ∈ Z, d( x, y ) ≤ 3 im p lie s x → a a n d y1 → y.
L ike wis e , d( x, z ) ≤ 3 im p lie s z1 → z. Th u s X → a, y1 → Y a n d z1 → Z. A ls o ,
d( b, y ) ≤ 3 im p lie s b→ a. L e t y∗ a n d z∗ b e a n y t wo p a r t ic u la r ve r t ic e s in Y a n d Z
r e s p e c t ive ly. Fo r a n y x ∈ X, d ( y∗, x ) ≤ 3 a n d d( z∗, x ) ≤ 3 im p ly y∗ → y2 → b→ x
a n d z∗ → z2 → b → x, wh e r e y2 = y1 a n d z2 = z1. Th u s b→ X. N o w d ( a, x ) ≤ 3
im p lie s y1 → b o r z1 → b. If y1 → b, t h e n t wo m o r e e d g e s u0v0 a n d u1v1 wit h
ui ∈ V ( G2 ) a n d vi ∈ V ( G3 ) g ive h ( G1 ) = h ( G2 ) = 5 a n d h( G3 ) = 4 . Th is
c o n t r a d ic t s o u r a s s u m p t io n t h a t h( G1 ) = h ( G2 ) = 5 a n d h( G3 ) = 6 . Th u s we
m u s t h a ve z1 → b in F . A ls o , s in c e h ( G2 ) = 5 , b y a p p lyin g s im ila r a r g u m e n t s
( a s |A1|) t o |A2|, we s e e t h a t we o n ly n e e d t o c o n s id e r t h e c a s e t h a t |A2| = 2 , ie .,
A2 = {y1, y2}. Th is im p lie s y → y2 fo r a ll y ∈ Y ( n o t o n ly y∗ ) , t h a t is , Y → y2.
( S e e Fig u r e 4 .2 .1 4 .)
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S in c e h( G3 ) = 6 a n d θ ( z1 ) ≥ 2 , we h a ve 2 ≤ |A3| ≤ 5 . L e t u s c o n s id e r t h e c a s e s
a c c o r d in g t o t h e p o s s ib le c a r d in a lit ie s o f |A3|. Fo r t h e r e m a in d e r o f t h e p r o o f, le t
x, y a n d z b e a r b it r a r y ve r t ic e s in X, Y a n d Z r e s p e c t ive ly.
Fig u r e 4 .2 .1 4
( i) |A3| = 2 a n d A3 = {z1, z2}. In t h is c a s e , Z → z2 a n d d( z, y ) ≤ 3 im p ly
z2 → y1. L ike wis e , d ( y, z ) ≤ 3 im p lie s y2 → z1. N o w d( y1, z ) ≤ 3 im p lie s
y1 → z1 o r y1 → y2. If y1 → z1, t h e n d( z1, y2 ) ≤ 3 im p lie s z1 → z2 a n d
y1 → y2. In t h is c a s e , d( y2, y ) ≥ 4 , a c o n t r a d ic t io n . On t h e o t h e r h a n d , if
y1 → y2, t h e n d( y2, y ) ≤ 3 im p lie s z1 → y1 o r y2 → z2. If z1 → y1, t h e n
d( y1, z2 ) ≤ 3 im p lie s z1 → z2. In t h is c a s e , d ( z2, z ) ≥ 4 , a c o n t r a d ic t io n . If
y2 → z2, t h e n d( z2, z ) ≤ 3 im p lie s z2 → z1; b u t in t h is c a s e , d( z1, y ) ≥ 4 ,
a g a in a c o n t r a d ic t io n .
( ii) |A3| = 3 a n d A3 = {z1, z2, z3}. R e c a ll t h a t z∗ is a p a r t ic u la r ve r t e x in Z.
N o w d( z∗, y ) ≤ 3 im p lie s z2 → y1 o r z
∗ → z3 → y1. L ike wis e , d( y, z
∗ ) ≤ 3
im p lie s y2 → z1 o r y2 → z3 → z∗.
If z2 → y1 a n d y2 → z1, n o t e t h a t s in c e θ ( z3 ) = 1 , d( y1, x ) ≤ 3 im p lie s
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y1 → y2. B u t t h e n d ( y2, y ) ≥ 4 , a c o n t r a d ic t io n .
If z2 → y1 a n d y2 → z3 → z∗, t h e n d( z∗, y2 ) ≤ 3 im p lie s z2 → y2 o r y1 → y2.
If z2 → y2, t h e n d ( y1, x ) ≤ 3 im p lie s y1 → y2; b u t in t h is c a s e , d( y2, y ) ≥ 4 ,
a c o n t r a d ic t io n . On t h e o t h e r h a n d if y1 → y2, t h e n d ( y2, y ) ≤ 3 im p lie s
y2 → z2 o r z3 → y1. In t h e fi r s t c a s e , d ( z1, y ) ≤ 3 a n d d( z3, y ) ≤ 3 im p ly
{z1, z3} → z2. A ls o d ( z, y ) ≤ 3 im p lie s z → z2. Th u s Z → z2, b u t t h e n
d( z2, z ) ≥ 4 , a c o n t r a d ic t io n . In t h e s e c o n d c a s e , d( y, z1 ) ≤ 3 a n d d( y, z2 ) ≤ 3
im p ly z3 → {z1, z2}. A ls o d ( y, z ) ≤ 3 im p lie s z3 → z. Th u s z3 → Z, b u t n o w
d( z, z3 ) ≥ 4 , a g a in a c o n t r a d ic t io n .
If z∗ → z3 → y1 a n d y2 → z1, t h e n d( b, z3 ) ≤ 3 im p lie s z1 → z3. N o w if
z2 → z3 in F , t h e n d( z3, x ) ≤ 3 im p lie s z3 → y2, a n d d( y1, x ) ≤ 3 im p lie s
y1 → y2, b u t n o w d( y2, y ) ≥ 4 , a c o n t r a d ic t io n . On t h e o t h e r h a n d , if z3 → z2
in F , d( z2, y ) ≤ 3 im p lie s z2 → y2 → y1 o r z2 → y1 o r z2 → z1 → y1. In
t h e fi r s t c a s e , d( y1, x ) ≥ 4 , a c o n t r a d ic t io n . In t h e s e c o n d c a s e , d( y1, x) ≤ 3
im p lie s y1 → y2, b u t n o w d ( y2, y ) ≥ 4 , a c o n t r a d ic t io n . In t h e t h ir d c a s e , we
h a ve d ( b, z2 ) ≥ 4 , a g a in a c o n t r a d ic t io n .
( iii) |A3| = 4 a n d A3 = {z1, z2, z3, z4}. In t h is c a s e , d ( z∗, y ) ≤ 3 im p lie s z2 → y1
o r z∗ → z3 → y1. In t h e fi r s t c a s e , d ( y, z
∗ ) ≤ 3 im p lie s y2 → z3 → z
∗. N o t e
t h a t t h e c a s e t h a t y2 → z4 → z∗ is s im ila r a n d t h a t y2 → z1 s in c e θ ( z3 ) ≥ 1
a n d θ ( z4 ) ≥ 1 . N o w s in c e θ ( z4 ) ≥ 1 , d( y1, x ) ≤ 3 im p lie s y1 → y2, b u t t h e n
d( y2, y ) ≥ 4 , a c o n t r a d ic t io n .
L e t u s c o n s id e r t h e c a s e t h a t z∗ → z3 → y1. In t h is c a s e , d( y, z∗ ) ≤ 3 im p lie s
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y2 → z1 o r y2 → z4 → z
∗.
If y2 → z1, n o t in g t h a t θ ( z4 ) ≥ 1 , t h e n d( y1, x) ≤ 3 im p lie s y1 → y2, b u t n o w
d( y2, y ) ≥ 4 , a c o n t r a d ic t io n .
If y2 → z4 → z∗, t h e n d( y1, x) ≤ 3 im p lie s y1 → y2 o r y1 → z2 o r y1 → z1.
In t h e fi r s t c a s e , d( y2, y ) ≤ 3 im p lie s y2 → z3 o r z4 → y1. If y2 → z3, t h e n
d( z3, x ) ≤ 3 im p lie s z3 → z2 o r z3 → z1, b u t n o w d ( z2, y ) ≥ 4 o r d ( z1, y ) ≥ 4 .
If z4 → y1, t h e n d( y1, z1 ) ≤ 3 im p lie s z4 → z1. H o we ve r d( b, z4 ) ≥ 4 , a g a in a
c o n t r a d ic t io n .
In t h e s e c o n d c a s e wh e r e y1 → z2, d ( b, z4 ) ≤ 3 im p lie s z1 → z4, b u t n o w
d( y, z1 ) ≥ 4 . Fin a lly, if y1 → z1, t h e n d( b, z4 ) ≤ 3 im p lie s z1 → z4, a n d
d( y, z1 ) ≤ 3 im p lie s y2 → y1. N o w d( z, y2 ) ≥ 4 , a n o t h e r c o n t r a d ic t io n .
( iv) |A3| = 5 a n d A3 = {z1, z2, z3, z4, z5}. In t h is c a s e , n o t e t h a t θ ( z1 ) = 2 a n d
θ ( zi ) = 1 fo r i = 2 , 3 , 4 , 5 . N o w d( z
∗, y ) ≤ 3 im p lie s z∗ → z3 → y1 ( we a s s u m e
z∗ → z3 wit h o u t lo s s o f g e n e r a lit y) a n d d( y, z∗ ) ≤ 3 im p lie s y2 → z4 → z∗
( a g a in t h e c a s e t h a t y2 → z5 is s im ila r ) . A ls o d( y1, x) ≤ 3 im p lie s y1 → y2.
H o we ve r d ( y2, y ) ≥ 4 , a c o n t r a d ic t io n .
Th is c o n c lu d e s t h e p r o o f o f t h e p r o p o s it io n .
¤
Th u s we h a ve s h o wn t h a t t h e r e is n o g r a p h in G 8 t h a t a d m it s a n o r ie n t a t io n
o f d ia m e t e r 3 . Th e fo llo win g p r o p o s it io n s h o ws t h e e xis t e n c e o f s o m e G ∈ G 9 s u c h
t h a t
−→
d ( G) = 3 .
P r opositon 4.2.5
−→
d ( n) ≤ 3 fo r n ≥ 9 .
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P r oof: It s u ffi c e s t o s h o w t h e e xis t e n c e o f s o m e G ∈ G 9 t h a t a d m it s a n o r ie n t a -
t io n o f d ia m e t e r 3 . L e t V ( Kp ) = V ( Kp−2 ) ∪ {x1, x2}, V ( Kq ) = V ( Kq−2 ) ∪ {y1, y2}
a n d V ( Kr ) = V ( Kr−2 ) ∪ {z1, z2}. Co n s id e r t h e g r a p h G ∈ G 9 s h o wn in Fig u r e
4 .2 .1 5 wit h t h e o r ie n t a t io n F d e fi n e d a s fo llo ws :
( i) t h e e d g e s in t h e s u b g r a p h s o f Kp, Kq a n d Kr in d u c e d b y V ( Kp ) \ {x1, x2},
V ( Kq ) \ {y1, y2} a n d V ( Kr ) \ {z1, z2} r e s p e c t ive ly a r e o r ie n t e d s u c h t h a t
d( u, v ) ≤ 2 fo r a ll p a ir s o f ve r t ic e s u, v b e lo n g in g t o t h e s a m e s u b g r a p h .
N o t e t h a t t h is c a n a lwa ys b e d o n e s in c e 7 ≤ p ≤ q ≤ r;
( ii) o r ie n t x1 → V ( Kp ) \ {x1, x2} → x2 a n d x1 → x2;
( iii) o r ie n t y1 → V ( Kq ) \ {y1, y2} → y2 a n d y1 → y2;
( iv) o r ie n t z1 → V ( Kr ) \ {z1, z2} → z2 a n d z1 → z2;
( v) a d d t h e 9 a r c s {y1, y2, z2} → x1, x2 → {y1, z1}, {z1, z2} → y1 a n d z2 → y2 →
z1 a m o n g t h e c o m p le t e g r a p h s .
Fig u r e 4 .2 .1 5
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It c a n b e c h e c ke d e a s ily t h a t d( F ) = 3 a n d t h is c o n c lu d e s t h e p r o o f.
¤
N a t u r a lly, t h e n e xt qu a n t it y t h a t we wo u ld like t o d e t e r m in e is
α = m in {n|
−→
d ( n) = 2 }.
Fin d in g t h e e xa c t va lu e o f α is a ve r y d iffi c u lt t a s k a n d it is b e lie ve d t h a t t h e va lu e
o f α d e p e n d s o n t h e r e la t ive s iz e s o f p, q a n d r. In t h e t h r e e p r o p o s it io n s t h a t
fo llo w, we p r o vid e u p p e r a n d lo we r b o u n d s fo r α.
P r opositon 4.2.6 If
−→
d ( n) = 2 , t h e n n ≥ p+ q + m in {p+ q, r}.
P r oof: R e c a ll t h a t we d e n o t e Kp, Kq a n d Kr b y G1, G2 a n d G3 r e s p e c t ive ly.
S u p p o s e G ∈ G n a n d F is a n o r ie n t a t io n o f G s u c h t h a t d ( F ) = 2 . A n a r c u → v
in F is s a id t o b e o f t yp e i if u ∈ V ( Gi ) a n d v /∈ V ( Gi ) . W e fi r s t c la im t h a t t h e r e
m u s t b e a t le a s t p t yp e 1 a r c s in F . S u p p o s e t h is is n o t t h e c a s e . Th e n t h e r e e xis t s
u ∈ V ( G1 ) s u c h t h a t u → v fo r a ll v ∈ V ( G2 ) ∪ V ( G3 ) . In t h is c a s e , a s d( u, v ) ≤ 2
fo r a ll v ∈ V ( G2 ) ∪ V ( G3 ) , t h e fo llo win g s e t
{wv ∈ E ( G) |u→ w,w → v, v ∈ V ( G2 ) ∪ V ( G3 ) }
h a s c a r d in a lit y a t le a s t q + r ( > p) , c o n t r a d ic t in g o u r a s s u m p t io n . L ike wis e , it c a n
b e s h o wn t h a t t h e r e m u s t b e a t le a s t q t yp e 2 a r c s in F .
N o w le t k = m in {p+ q, r}. If t h e r e a r e a t le a s t r t yp e 3 a r c s in F , t h e n c le a r ly
n ≥ p+q+r ≥ p+q+k = p+q+ m in {p+q, r}. S u p p o s e t h e r e a r e le s s t h a n r t yp e
3 a r c s in F , t h e n t h e r e e xis t s z ∈ V ( G3 ) s u c h t h a t z → y fo r a ll y ∈ V ( G1 ) ∪V ( G2 ) .
In t h is c a s e , a s d( z, y ) ≤ 2 fo r a ll y ∈ V ( G1 ) ∪ V ( G2 ) , t h e fo llo win g s e t
{xy ∈ E ( G) |z → x, x→ y, y ∈ V ( G1 ) ∪ V ( G2 ) }
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h a s c a r d in a lit y a t le a s t p+ q ( ≥ k ) . Th u s t h e r e a r e a t le a s t k t yp e 3 a r c s in F a n d
n ≥ p+ q + k = p+ q + m in {p+ q, r}.
¤
P r opositon 4.2.7 Th e r e e xis t s s o m e G ∈ G 2(p+q+r) s u c h t h a t
−→
d ( G) = 2 .
P r oof: L e t V ( Kp ) = {a, b, x1, x2, ..., xp−2}, V ( Kq ) = {c, d, y1, y2, ..., yq−2} a n d
V ( Kr ) = {e, f, z1, z2, ..., zr−2}. D e n o t e A = {a}, X ′ = {x1, ..., xp−2} a n d X =
{b} ∪ X ′. S im ila r ly, C = {c}, Y ′ = {y1, ..., yq−2}, Y = {d} ∪ Y ′, E = {e},
Z ′ = {z1, ..., zr−2} a n d Z = {f} ∪ Z ′. Co n s id e r t h e g r a p h G ∈ G 2(p+q+r) s h o wn in
Fig u r e 4 .2 .1 6 wit h t h e o r ie n t a t io n F d e fi n e d a s fo llo ws :
Fig u r e 4 .2 .1 6
( i) o r ie n t X ′ → a→ b→ X ′, Y ′ → c→ d→ Y ′ a n d Z ′ → e→ f → Z ′;
( ii) o r ie n t t h e e d g e s in t h e s u b g r a p h o f Kp in d u c e d b y X
′ s u c h t h a t d( u, v ) ≤ 2
fo r a ll u, v ∈ X ′. D o like wis e fo r t h e e d g e s in t h e s u b g r a p h s o f Kq a n d Kr
in d u c e d b y Y ′ a n d Z ′ r e s p e c t ive ly. N o t e t h a t t h is c a n a lwa ys b e a c h ie ve d
s in c e 7 ≤ p ≤ q ≤ r;
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( iii) t h e 2 ( p+ q + r ) a r c s a d d e d a m o n g t h e c o m p le t e g r a p h s a r e :
( a ) a→ c→ e→ a a n d b→ d→ f → b;
( b ) a→ Y → e→ X → c→ Z → a.
W e s h a ll p r o ve t h a t d( F ) = 2 . N o t e t h a t , b y s ym m e t r y, it s u ffi c e s t o s h o w t h a t
d( u, v ) ≤ 2 fo r a ll u ∈ V ( Kp ) a n d v ∈ V ( G) . Th e fo llo win g t a b le s h o ws t h a t t h is
is in d e e d t h e c a s e .
Cla im : E xp la n a t io n :
d( u, v ) ≤ 2 fo r a ll u ∈ A, v ∈ X a→ b→ v
d( u, v ) = 1 fo r a ll u ∈ A, v ∈ C a→ c
d( u, v ) = 1 fo r a ll u ∈ A, v ∈ Y a→ v
d( u, v ) = 2 fo r a ll u ∈ A, v ∈ E a→ c→ e
d( u, v ) = 2 fo r a ll u ∈ A, v ∈ Z a→ c→ v
d( u, v ) = 2 fo r a ll u ∈ X \X ′, v ∈ A b→ x→ a fo r s o m e x ∈ X ′
d( u, v ) = 1 fo r a ll u ∈ X \X ′, v ∈ X ′ b→ v
d( u, v ) = 1 fo r a ll u ∈ X \X ′, v ∈ C b→ c
d( u, v ) ≤ 2 fo r a ll u ∈ X \X ′, v ∈ Y b→ d→ v
d( u, v ) = 2 fo r a ll u ∈ X \X ′, v ∈ E b→ c→ e
d( u, v ) = 2 fo r a ll u ∈ X \X ′, v ∈ Z b→ c→ v
d( u, v ) = 1 fo r a ll u ∈ X ′, v ∈ A u→ a
d( u, v ) = 2 fo r a ll u ∈ X ′, v ∈ X \X ′ u→ a→ b
d( u, v ) ≤ 2 fo r a ll u ∈ X ′, v ∈ X ′ B y o u r o r ie n t a t io n
d( u, v ) = 1 fo r a ll u ∈ X ′, v ∈ C u→ c
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Cla im : E xp la n a t io n :
d( u, v ) = 2 fo r a ll u ∈ X ′, v ∈ Y u→ a→ v
d( u, v ) = 2 fo r a ll u ∈ X ′, v ∈ E u→ c→ e
d( u, v ) = 2 fo r a ll u ∈ X ′, v ∈ Z u→ c→ v
Th is c o m p le t e s t h e p r o o f o f t h e p r o p o s it io n .
¤
P r opositon 4.2.8 Th e r e e xis t s s o m e G ∈ G 4(p+q) s u c h t h a t
−→
d ( G) = 2 .
P r oof: L e t V ( Kr ) = {z1, z2, ..., zr}. Fir s t s u p p o s e r is o d d , a n d c o n s id e r t h e
o r ie n t a t io n o f Kr d e s c r ib e d in P r o p o s it io n 4 .1 .4 , wh ic h is s h o wn a g a in b e lo w:
( i) wh e n i is o d d , zi → {zi+1, zi+3, ..., zr−1} ∪ {zj|j < i, j = 1 , 3 , 5 , ..., i− 2 };
( ii) wh e n i is e ve n , zi → {zi+1, zi+3, ..., zr} ∪ {zj|j < i, j = 2 , 4 , ...i− 2 };
( iii) fo r i = j, if zi → zj in t h e o r ie n t a t io n d e fi n e d in ( i) a n d ( ii) , t h e n zj → zi.
W it h t h is o r ie n t a t io n , if we le t {zr−1, zr} → a→ {z1, z2}, wh e r e a is a n e w ve r t e x
n o t b e lo n g in g t o V ( Kr ) , we h a ve d( a, zi ) ≤ 2 a n d d( zi, a ) ≤ 2 fo r i = 1 , 2 , ..., r a s
ju s t ifi e d in t h e fo llo win g t a b le :
Cla im : E xp la n a t io n :
d( a, zi ) ≤ 2 a→ {z1, z2}, a→ z2 → zi fo r i o d d a n d i ≥ 3
a→ z1 → zi fo r i e ve n a n d i ≥ 4
d( zi, a) ≤ 2 {zr−1, zr} → a, zi → zr → a fo r i e ve n a n d i ≥ 2
zi → zr−1 → a fo r i o d d a n d i ≥ 1
It c a n b e s h o wn s im ila r ly t h a t if we le t {z1, z2} → b→ {zr−1, zr}, wh e r e b is a n e w
ve r t e x n o t b e lo n g in g t o V ( Kr ) , we h a ve d ( b, zi ) ≤ 2 a n d d ( zi, b) ≤ 2 fo r a ll i.
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If r is e ve n , we o r ie n t t h e e d g e s o f Kr a s fo llo ws :
( i) fo r t h e e d g e s in t h e s u b g r a p h o f Kr in d u c e d b y {z1, z2, ..., zr−1}, o r ie n t t h e m
a s d e s c r ib e d a b o ve ( n o t e t h a t r − 1 is o d d ) ;
( ii) o r ie n t {z2, z3, ..., z r
2





It is c le a r t h a t d ( zi, zj ) ≤ 2 fo r a ll 1 ≤ i, j ≤ r − 1 . W e a ls o h a ve d( zr, zi ) ≤ 2 a n d
d( zi, zr ) ≤ 2 fo r a ll 1 ≤ i ≤ r − 1 a s s h o wn in t h e fo llo win g t a b le :
Cla im : E xp la n a t io n :





fo r a ll 1 ≤ i ≤ r − 1 If r
2
+ 1 is o d d ,
t h e n zr → z r
2




a n d zr → z r
2






+ 1 is e ve n ,
t h e n zr → z r
2




a n d zr → z r
2




d( zi, zr ) ≤ 2 {z2, z3, ..., z r
2
} → zr, z1 → z2 → zr.
fo r a ll 1 ≤ i ≤ r − 1 If r
2
+ 1 is o d d ,
t h e n zi → z3 → zr fo r i o d d a n d
r
2
+ 1 ≤ i ≤ r − 1
a n d zi → z2 → zr fo r i e ve n a n d
r
2
+ 2 ≤ i ≤ r − 2 .
If r
2
+ 1 is e ve n ,
t h e n zi → z2 → zr fo r i e ve n a n d
r
2
+ 1 ≤ i ≤ r − 2
a n d zi → z3 → zr fo r i o d d a n d
r
2
+ 2 ≤ i ≤ r − 1 .




+1} → a → {z1, z2}, wh e r e a is a n e w
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ve r t e x n o t b e lo n g in g t o V ( Kr ) , we h a ve d ( a, zi ) ≤ 2 a n d d ( zi, a) ≤ 2 fo r i = 1 , 2 , ..., r
a s ju s t ifi e d in t h e fo llo win g t a b le :
Cla im : E xp la n a t io n :
d ( a, zi ) ≤ 2 a→ {z1, z2}, a→ z2 → zr.
a→ z1 → zi fo r i e ve n a n d 4 ≤ i ≤ r − 2 a n d
a→ z2 → zi fo r i o d d a n d 3 ≤ i ≤ r − 1 .









+ 1 is o d d , t h e n {z1, z3, ..., z r
2







+5, ..., zr−1} → z r
2
+1 → a,
{z2, z4, ..., z r
2
−2} → z r
2










+ 1 is e ve n , t h e n {z1, z3, ..., z r
2







+4, ..., zr−1} → z r
2
→ a,
{z2, z4, ..., z r
2
−1} → z r
2





+5, ..., zr−2} → z r
2
+1 → a.




+1}, wh e r e b is a n e w
ve r t e x n o t b e lo n g in g t o V ( Kr ) , we h a ve d ( b, zi ) ≤ 2 a n d d ( zi, b) ≤ 2 fo r a ll i.
W e a r e n o w r e a d y t o s h o w t h e e xis t e n c e o f s o m e G ∈ G 4(p+q) s u c h t h a t
−→
d ( G) =
2 . Co n s id e r t h e g r a p h G ∈ G 4(p+q) wit h t h e o r ie n t a t io n F d e s c r ib e d a s fo llo ws :
( i) o r ie n t t h e e d g e s in Kp a n d Kq s u c h t h a t d ( u, v ) ≤ 2 a n d d( x, y ) ≤ 2 fo r e a c h
p a ir o f ve r t ic e s u, v ∈ V ( Kp ) a n d x, y ∈ V ( Kq ) ;
( ii) d e p e n d in g o n t h e p a r it y o f r, o r ie n t t h e e d g e s in Kr a s d e s c r ib e d a b o ve ;
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( iii) t h e 4 ( p+ q ) a r c s a d d e d a m o n g t h e c o m p le t e g r a p h s a r e :





+1} → a→ {z1, z2} wh e n r is e ve n ;
( b ) fo r e a c h b ∈ V ( Kq ) , le t {z1, z2} → b → {zr−1, zr} wh e n r is o d d a n d




+1} wh e n r is e ve n .
It is n o w c le a r t h a t d( F ) = 2 a n d t h e p r o o f o f t h e p r o p o s it io n is c o m p le t e .
¤
Co m b in in g P r o p o s it io n s 4 .2 .6 t o 4 .2 .8 , we a r r ive a t t h e fo llo win g t h e o r e m .
T heor em 4.2.9 If α = m in {n|
−→
d ( n ) = 2 }, t h e n


2 ( p+ q ) ≤ α ≤ 4 ( p+ q ) if r ≥ p+ q;
( p+ q + r ) ≤ α ≤ 2 ( p+ q + r ) if r < p+ q.
¤
Remar k: Fu r t h e r r e s e a r c h m a y b e d o n e t o n a r r o w t h e b o u n d o r e va lu a t e t h e
e xa c t va lu e o f α.
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4.3 Adding edges between Kp and Oq.
In t h is fi n a l s e c t io n , we c o n s id e r a fa m ily o f g r a p h s o b t a in e d wh e n e d g e s a r e a d d e d
a r b it r a r ily b e t we e n a c o m p le t e g r a p h Kp a n d a n e m p t y g r a p h Oq. W e a s s u m e p ≥ 7
t h r o u g h o u t t h is s e c t io n . ( Th e c a s e s wh e r e p ≤ 6 c a n b e c o n s id e r e d s e p a r a t e ly o n a n
a d -h o c b a s is .) S in c e
−→
d ( Kp ) = 2 , it is in t e r e s t in g t o fi n d o u t h o w ( a n d h o w m a n y)
e d g e s m u s t b e a d d e d s u c h t h a t t h e r e s u lt in g g r a p h s t ill h a s ‘2 ’ a s it s o r ie n t a t io n
n u m b e r .
Give n a g r a p h G = G( p, q ) wh ic h is t h e d is jo in t u n io n o f Kp a n d Oq, le t G n
b e t h e fa m ily o f g r a p h s o b t a in e d wh e n n e d g e s a r e a d d e d t o lin k Kp a n d Oq.
N o t e t h a t we d o n o t c o n s id e r a d d in g a n y e d g e jo in in g a n y t wo d is t in c t ve r t ic e s in
Oq. Fo r e xa m p le , t h e t wo g r a p h s s h o wn in Fig u r e 4 .3 .1 b o t h b e lo n g t o G 4, wh e r e
G = G( 8 , 2 ) .
Fig u r e 4 .3 .1
A s in t h e p r e vio u s s e c t io n s , we d e fi n e
−→
d ( n ) = m in {
−→
d ( G) |G ∈ G n} a n d α = m in {n|
−→
d ( n) = 2 }.
In wh a t fo llo ws , we will fi r s t d e t e r m in e t h e e xa c t va lu e o f α wh e n q = 1 , 2 , 3 . W e
p r o vid e a lo we r b o u n d fo r α wh e n p ≥ q + 4 in L e m m a 4 .3 .2 a n d a ls o a n u p p e r
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b o u n d fo r α wh e n q is a r b it r a r ily la r g e .
Th r o u g h o u t t h is s e c t io n , we le t V ( Kp ) = {v1, v2, ..., vp} a n d V ( Oq ) = {u1, u2, ..., uq}.
P r opositon 4.3.1 If q = 1 , t h e n α = 4 .
P r oof: Co n s id e r t h e g r a p h G = G( p, 1 ) . Cle a r ly, G 2 c o n t a in s o n ly o n e g r a p h
H. L e t F b e a s t r o n g o r ie n t a t io n o f H. W e m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y
t h a t v2 → u1 → v1 in F . S u p p o s e d ( F ) = 2 . Th e n d( u1, vi ) ≤ 2 fo r i = 2 , 3 , ..., p
im p lie s t h a t v1 → {v2, ..., vp}. N o w d( v3, v1 ) ≥ 3 , a c o n t r a d ic t io n . It c a n b e s h o wn
s im ila r ly t h a t fo r a n y H ∈ G 3,
−→
d ( H ) ≥ 3 . Th u s α ≥ 4 .
It n o w s u ffi c e s t o s h o w t h e e xis t e n c e o f a g r a p h G ∈ G 4 t h a t h a s o r ie n t a t io n
n u m b e r 2 . L e t u s fi r s t c o n s id e r p ≥ 7 wit h p = 8 a n d t h e g r a p h G ( s e e Fig u r e
4 .3 .2 ) wit h o r ie n t a t io n F d e fi n e d a s fo llo ws :
Fig u r e 4 .3 .2
( i) o r ie n t {v1, v2} → u1 → {v3, v4};
( ii) o r ie n t v1 → v2 → v4, v3 → {v1, v2} a n d v4 → {v1, v3};
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( iii) o r ie n t {v2, v3} → vi → {v1, v4} fo r a ll o d d i ≥ 5 ;
( iv) o r ie n t {v4, v1} → vj → {v2, v3} fo r a ll e ve n j ≥ 5 ;
( v) le t K ′ b e t h e s u b g r a p h o f Kp in d u c e d b y {v5, ..., vp}. Or ie n t t h e e d g e s in K
′
s u c h t h a t
−→
d ( K ′ ) = 2 , N o t e t h a t t h is c a n a lwa ys b e d o n e s in c e p = 8 .
Th e fo llo win g t a b le p r o ve s t h a t d( F ) = 2 .
Cla im : E xp la n a t io n :
d( u1, vi ) = 2 , i = 1 , 2 u1 → v3 → {v1, v2}
d( u1, vi ) = 1 , i = 3 , 4 u1 → {v3, v4}
d( u1, vi ) = 2 fo r a ll 5 ≤ i ≤ p u1 → v3 → vi fo r o d d i, u1 → v4 → vj fo r e ve n j
d( v1, u1 ) = d( v1, v2 ) = 1 v1 → {u1, v2}
d( v1, vi ) = 2 , i = 3 , 4 v1 → u1 → {v3, v4}
d( v1, vi ) ≤ 2 fo r a ll 5 ≤ i ≤ p v1 → v2 → vi fo r o d d i, v1 → vj fo r e ve n j
d( v2, u1 ) = d( v2, v4 ) = 1 v2 → {u1, v4}
d( v2, vi ) = 2 , i = 1 , 3 v2 → v4 → {v1, v3}
d( v2, vi ) ≤ 2 fo r a ll 5 ≤ i ≤ p v2 → vi fo r o d d i, v2 → v4 → vj fo r e ve n j
d( v3, vi ) = 1 , i = 1 , 2 v3 → {v1, v2}
d( v3, u1 ) = d( v3, v4 ) = 2 v3 → v2 → {u1, v4}
d( v3, vi ) ≤ 2 fo r a ll 5 ≤ i ≤ p v3 → vi fo r o d d i, v3 → v1 → vj fo r e ve n j
d( v4, vi ) = 1 , i = 1 , 3 v4 → {v1, v3}
d( v4, u1 ) = d( v4, v2 ) = 2 v4 → v1 → {u1, v2}
d( v4, vi ) ≤ 2 fo r a ll 5 ≤ i ≤ p v4 → v3 → vi fo r o d d i, v4 → vj fo r e ve n j
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Cla im : E xp la n a t io n :
d ( vi, vj ) = 1 fo r o d d i ≥ 5 , j = 1 , 4 vi → {v1, v4}
d ( vi, vj ) = 2 fo r o d d i ≥ 5 , j = 2 , 3 vi → v1 → v2, vi → v4 → v3
d ( vi, u1 ) = 2 fo r o d d i ≥ 5 vi → v1 → u1
d ( vi, vj ) ≤ 2 fo r a ll 5 ≤ i, j ≤ p B y d e fi n it io n o f F
d ( vj, vi ) = 1 fo r e ve n j ≥ 5 , i = 2 , 3 vj → {v2, v3}
d ( vj, vi ) = 2 fo r e ve n j ≥ 5 , i = 1 , 4 vj → v2 → v4, vj → v3 → v1
d ( vj, u1 ) = 2 fo r e ve n j ≥ 5 vj → v2 → u1
W h e n p = 8 , t h e s u b g r a p h K ′ is in fa c t K4 a n d we kn o w t h a t
−→
d ( K4 ) = 3 .
Co n s id e r t h e o r ie n t a t io n o f K ′ s h o wn in Fig u r e 4 .3 .3 .
Fig u r e 4 .3 .3
In t h is o r ie n t a t io n o f K ′, d( u, v ) ≤ 2 fo r a ll u, v ∈ {v5, v6, v7, v8} e xc e p t d( v6, v5 ) =
3 . W e m a y u s e t h is o r ie n t a t io n o f K ′ in p la c e o f ( v) in t h e o r ie n t a t io n F d e s c r ib e d
a b o ve . Th e r e s u lt in g o r ie n t a t io n will s t ill h a ve d ia m e t e r 2 s in c e v6 → v3 → v5 in
F .
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Th is c o m p le t e s t h e p r o o f o f P r o p o s it io n 4 .3 .1 .
¤
L e t H ∈ G n a n d F b e a s t r o n g o r ie n t a t io n o f H. L e t u ∈ V ( Oq ) a n d v ∈ V ( Kp ) .
If u→ v in F , we s a y t h a t t h e a r c u→ v is o f t yp e A a n d if v → u in F , t h e n v → u
is o f t yp e B . Th e n u m b e r s o f t yp e A a n d B a r c s in F a r e d e n o t e d r e s p e c t ive ly b y
n( A ) a n d n( B ) . Th e n e xt le m m a g ive s a lo we r b o u n d o n α wh e n p ≥ q + 4 .
Lemma 4.3.2 If p ≥ q + 4 a n d H ∈ G n s u c h t h a t
−→
d ( H ) = 2 , t h e n n = n( A ) +
n( B ) ≥ 4 q.
P r oof: L e t F b e a n o r ie n t a t io n o f H wit h d( F ) = 2 . It is c le a r t h a t fo r e a c h
i = 1 , ..., q, ui is in c id e n t wit h a t le a s t o n e t yp e A a r c . Co n s id e r t h e fo llo win g t wo
c a s e s .
Case 1: Th e r e is e xa c t ly o n e ve r t e x ui ∈ V ( Oq ) in c id e n t wit h o n ly o n e t yp e
A a r c . Th a t is , a ll o t h e r ve r t ic e s in V ( Oq ) o t h e r t h a n ui a r e in c id e n t wit h a t le a s t
t wo t yp e A a r c s .
Case 2: Th e r e a r e a t le a s t t wo ve r t ic e s ui, uj ∈ V ( Oq ) in c id e n t wit h o n ly o n e
t yp e A a r c .
Fo r t h e fi r s t c a s e , we a s s u m e wit h o u t lo s s o f g e n e r a lit y t h a t u1 → v1 in F .
S in c e fo r i = 2 , ..., q, ui is in c id e n t wit h a t le a s t t wo t yp e A a r c s , we s e e t h a t
n( A ) ≥ 2 q − 1 . N o w d( u1, vi ) = 2 fo r i = 2 , ..., p im p lie s v1 → {v2, ..., vp}, a n d
t h u s d ( vi, v1 ) = 2 fo r i = 2 , ..., p im p lie s t h a t e a c h vi, i = 2 , ..., p, is in c id e n t wit h
a t le a s t o n e t yp e B a r c . Fu r t h e r m o r e , d( u1, uj ) = 2 fo r j = 2 , ..., q im p lie s t h a t
v1 → {u2, ..., uq}, wh ic h , in t u r n , im p lie s t h a t t h e r e a r e a t le a s t a n o t h e r q− 1 t yp e
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B a r c s in c id e n t wit h v1. Th u s , in t o t a l,
n = n( A) + n ( B ) ≥ ( 2 q − 1 ) + ( p− 1 ) + ( q − 1 ) = 3 q + p− 3 > 4 q.
Fo r t h e s e c o n d c a s e , we a s s u m e t h a t u1 a n d u2 a r e in c id e n t wit h e xa c t ly o n e t yp e A
a r c e a c h . S in c e d( u1, u2 ) = d ( u2, u1 ) = 2 , we m a y a s s u m e wit h o u t lo s s o f g e n e r a lit y
t h a t u1 → v1 → u2 → v2 → u1. H o we ve r , d ( u1, v2 ) = 2 im p lie s v1 → v2 b u t
d( u2, v1 ) > 2 , a c o n t r a d ic t io n .
H e n c e we h a ve p r o ve n t h a t u n d e r t h e t wo c a s e s a b o ve , if d( F ) = 2 , t h e n n ≥ 4 q.
S u p p o s e n o w t h a t fo r i = 1 , ..., q, ui is in c id e n t wit h a t le a s t t wo t yp e A a r c s in F .
Th is im p lie s t h a t n( A ) ≥ 2 q. If n ( B ) < 2 q a n d n( A) + n( B ) < 4 q, c o n s id e r F¯ , t h e
c o n ve r s e o f F . N o t e t h a t t h e r e a r e s t r ic t ly le s s t h a n 2 q t yp e A a r c s in F¯ a n d t h e
t o t a l n u m b e r o f t yp e A a n d B a r c s in F¯ is s t ill le s s t h a n 4 q. W e h a ve s h o wn in t h e
t wo c a s e s a b o ve t h a t d( F¯ ) ≥ 3 , wh ic h , in t u r n im p lie s d( F ) ≥ 3 .
¤
P r opositon 4.3.3 If q = 2 , t h e n α = 8 .
P r oof: W it h L e m m a 4 .3 .2 , it s u ffi c e s t o s h o w t h e e xis t e n c e o f G ∈ G 8 s u c h
t h a t
−→
d ( G) = 2 . L e t u s fi r s t c o n s id e r p ≥ 8 wit h p = 9 . L e t G ∈ G 8 wit h t h e
o r ie n t a t io n F d e fi n e d b e lo w:
( i) o r ie n t {v3, v4} → u1 → {v1, v2} → u2 → {v3, v4};
( ii) o r ie n t v1 → {v2, v3}, v2 → {v4, v5}, v3 → {v2, v5}, v4 → {v1, v3}, v5 →
{v1, v4};
( iii) o r ie n t {v1, v3, v5} → vi → {v2, v4} fo r a ll o d d i ≥ 6 ;
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( iv) o r ie n t {v2, v4} → vj → {v1, v3, v5} fo r a ll e ve n j ≥ 6 ;
( v) le t K ′ b e t h e s u b g r a p h o f Kp in d u c e d b y {v6, ..., vp}. Or ie n t t h e e d g e s in K ′
s u c h t h a t
−→
d ( K ′ ) = 2 . N o t e t h a t t h is c a n a lwa ys b e d o n e s in c e p ≥ 8 , p = 9 .
It c a n b e e a s ily c h e c ke d t h a t d ( F ) = 2 .
W h e n p = 7 , K ′ ∼= K2. W e o r ie n t t h e e d g e s in G a s d e s c r ib e d a b o ve fo r it e m s
( i) t h r o u g h ( iv) . A lt h o u g h K2 d o e s n o t h a ve a s t r o n g o r ie n t a t io n a s r e qu ir e d in ( v)
a b o ve , if we o r ie n t v7 → v6, t h e n d( v7, v6 ) = 1 a n d d ( v6, v7 ) = 2 s in c e v6 → v1 → v7.
Th u s d ( F ) = 2 , a s r e qu ir e d .
W h e n p = 9 , K ′ ∼= K4. W e a g a in o r ie n t t h e e d e s in G a s d e s c r ib e d in ( i) -( iv)
a b o ve t o g e t h e r wit h t h e o r ie n t a t io n o f K ′ s h o wn in Fig u r e 4 .3 .4 . In t h is o r ie n t a t io n
o f K ′, d( u, v ) ≤ 2 fo r a ll u, v ∈ {v6, v7, v8, v9} e xc e p t t h a t d( v7, v6 ) = 3 . H o we ve r
d( F ) = 2 s in c e v7 → v2 → v6 in F .
Fig u r e 4 .3 .4
Th is c o n c lu d e s t h e p r o o f o f t h e p r o p o s it io n .
¤
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B e fo r e e va lu a t in g α wh e n q = 3 , we fi r s t p r o ve a s im p le r e s u lt a b o u t o r ie n t a t io n s
o f Kn, wh e r e n ≥ 5 , wit h d ia m e t e r 2 .
Lemma 4.3.4 A s s u m e t h a t n ≥ 5 a n d le t V ( Kn ) = {v1, ..., vn}. Th e n t h e r e is a n
o r ie n t a t io n F o f Kn s u c h t h a t
( i) d( F ) = 2 ;
( ii) fo r a ll o d d i wit h 1 ≤ i ≤ n, vi → vj fo r s o m e e ve n j wit h 2 ≤ j ≤ n in F .
P r oof: W e s h a ll p r o ve t h e le m m a b y in d u c t io n o n n, b y s h o win g t h a t if a n
o r ie n t a t io n o f Kn wit h t h e a b o ve p r o p e r t ie s e xis t s , t h e n Kn+2 wo u ld a ls o h a ve a n
o r ie n t a t io n wit h t h e r e qu ir e d p r o p e r t ie s . Co n s id e r t h e o r ie n t a t io n s o f K5 a n d K6
s h o wn in Fig u r e 4 .3 .5 .
Fig u r e 4 .3 .5
N o t e t h a t b o t h o r ie n t a t io n s h a ve t h e p r o p e r t ie s s t a t e d in t h e le m m a .
N o w, if F is a n o r ie n t a t io n o f Kn wit h t h e s t a t e d p r o p e r t ie s , le t F
′ b e t h e
o r ie n t a t io n o f Kn+2 d e s c r ib e d a s fo llo ws ( s e e Fig u r e 4 .3 .6 ) :
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( i) o r ie n t t h e e d g e s in t h e c o m p le t e s u b g r a p h in d u c e d b y {v1, ..., vn} a c c o r d in g
t o F ;
( ii) o r ie n t {v1, ..., vn} → vn+1 → vn+2 → {v1, ..., vn}.
Fig u r e 4 .3 .6
It is e a s y t o c h e c k t h a t F ′ d o e s s a t is fy t h e t wo c o n d it io n s in t h e s t a t e m e n t o f t h e
le m m a a n d t h e p r o o f is c o m p le t e .
¤
P r opositon 4.3.5 If q = 3 , t h e n α = 1 2 .
P r oof: B y L e m m a 4 .3 .2 , it s u ffi c e s t o s h o w t h a t t h e r e is a g r a p h G ∈ G 12 s u c h
t h a t
−→
d ( G) = 2 . W e fi r s t c o n s id e r p = 7 a n d 8 . Co n s id e r t h e o r ie n t a t io n o f t h e
g r a p h G ∈ G 12 s h o wn in Fig u r e 4 .3 .7 wh e n p = 7 . ( Fo r c o n ve n ie n c e , t h e ve r t ic e s
vi, i = 1 , 2 , ..., 7 a r e d e n o t e d b y i.)
It is e a s y t o c h e c k t h a t d( F ) = 2 . W h e n p = 8 , we u s e t h e o r ie n t a t io n F
d e s c r ib e d a b o ve t o g e t h e r wit h t h e a r c s {v2, v4, v5, v7} → v8 → {v1, v3, v6}. S in c e
we a lr e a d y h a ve d ( F ) = 2 , it s u ffi c e s t o c h e c k t h a t d( ui, v8 ) ≤ 2 , d ( v8, ui ) ≤ 2 fo r
i = 1 , 2 , 3 a n d d ( vj, v8 ) ≤ 2 , d( v8, vj ) ≤ 2 fo r j = 1 , ..., 7 . Th is is in d e e d t h e c a s e
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s in c e
{u1, u2} → v2 → v8, u3 → v4 → v8, v8 → v3 → u1, v8 → v1 → {u2, u3};
{v2, v4, v5, v7} → v8, {v1, v3} → v5 → v8, v6 → v7 → v8;
v8 → {v1, v3, v6}, v8 → v3 → {v2, v4, v5, v7}.
Fig u r e 4 .3 .7
W e n e xt c o n s id e r p ≥ 1 2 a n d t h e g r a p h G′ ∈ G 12 wit h o r ie n t a t io n F ′ d e fi n e d a s
fo llo ws :
( i) a d d t h e s e t {uivj|1 ≤ i ≤ 3 , 1 ≤ j ≤ 4 } o f e d g e s b e t we e n Kp a n d Oq;
( ii) o r ie n t t h e s u b g r a p h o f G′ in d u c e d b y {u1, u2, u3, v1, v2, ..., v7} in t h e s a m e
m a n n e r a s in F ;
( iii) o r ie n t {v1, v3, v6} → vi → {v2, v4, v5, v7} fo r a ll o d d i ≥ 8 ;
( iv) o r ie n t {v2, v4, v5, v7} → vj → {v1, v3, v6} fo r a ll e ve n j ≥ 8 ;
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( v) fo r t h e s u b g r a p h K ′ o f G′ in d u c e d b y {v8, ..., vp}, o r ie n t t h e e d g e s in K
′ s u c h
t h a t
−→
d ( K ′ ) = 2 , a n d fo r a ll o d d i ≥ 9 , vi → vj fo r s o m e e ve n j ≥ 8 ( t h is is
a lwa ys p o s s ib le b y L e m m a 4 .3 .4 ) .
S in c e t h a t d( F ) = 2 h a s a lr e a d y b e e n e s t a b lis h e d , we o n ly n e e d t o c o n s id e r t h e
fo llo win g c a s e s t o e n s u r e t h a t d( F ′ ) = 2 .
Cla im : E xp la n a t io n :
d( u1, vi ) = 2 fo r o d d i ≥ 8 u1 → v1 → vi
d( u1, vj ) = 2 fo r e ve n j ≥ 8 u1 → v2 → vj
d( u2, vi ) = 2 fo r o d d i ≥ 8 u2 → v3 → vi
d( u2, vj ) = 2 fo r e ve n j ≥ 8 u2 → v2 → vj
d( u3, vi ) = 2 fo r o d d i ≥ 8 u3 → v3 → vi
d( u3, vj ) = 2 fo r e ve n j ≥ 8 u3 → v4 → vj
d( vi, vj ) = 1 fo r i = 1 , 3 , 6 a n d o d d j ≥ 8 {v1, v3, v6} → vi
d( vi, vj ) = 2 fo r i = 1 , 3 , 6 a n d e ve n j ≥ 8 {v1, v3} → v5 → vj, v6 → v7 → vj
d( vi, vj ) = 2 fo r i = 2 , 4 , 5 , 7 a n d o d d j ≥ 8 {v2, v4, v7} → v1 → vi, v5 → v6 → vi
d( vi, vj ) = 1 fo r i = 2 , 4 , 5 , 7 a n d e ve n j ≥ 8 {v2, v4, v5, v7} → vj
d( vi, uj ) = 2 fo r o d d i ≥ 8 a n d j = 1 , 2 , 3 vi → v4 → {u1, u2}, vi → v2 → u3
d( vi, vj ) = 1 fo r o d d i ≥ 8 a n d j = 2 , 4 , 5 , 7 vi → {v2, v4, v5, v7}
d( vi, vj ) = 2 fo r o d d i ≥ 8 a n d j = 1 , 3 , 6 vi → v2 → {v1, v6},
vi → vj → v3 fo r s o m e e ve n j ≥ 8
d( vi, uj ) = 2 fo r e ve n i ≥ 8 a n d j = 1 , 2 , 3 vj → v1 → {u2, u3}, vj → v3 → u1
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Cla im : E xp la n a t io n :
d( vi, vj ) = 1 fo r e ve n i ≥ 8 a n d j = 1 , 3 , 6 vj → {v1, v3, v6}
d( vi, vj ) = 2 fo r e ve n i ≥ 8 a n d j = 2 , 4 , 5 , 7 vj → v3 → {v2, v4, v5, v7}
d( vi, vj ) ≤ 2 fo r a ll 8 ≤ i, j ≤ p B y d e fi n it io n o f F ′
Fin a lly, fo r 9 ≤ p ≤ 1 1 , we c o n s id e r t h e fo llo win g o r ie n t a t io n s fo r G.
W h e n p = 9 , we fo llo w t h e o r ie n t a t io n F ′ d e s c r ib e d a b o ve e xc e p t fo r ( v) . In
t h is c a s e , V ( K ′ ) = {v8, v9} a n d we s im p ly o r ie n t v9 → v8. S in c e v9 → v8 → v3 a n d
v8 → v1 → v9, it is c le a r t h a t t h is o r ie n t a t io n h a s d ia m e t e r 2 .
W h e n p = 1 0 , we fo llo w t h e o r ie n t a t io n F ′ d e s c r ib e d a b o ve e xc e p t fo r ( v) .
In t h is c a s e , V ( K ′ ) = {v8, v9, v10} a n d we o r ie n t v8 → v9 → v10 → v8. S in c e
v9 → v10 → v3, it is c le a r t h a t t h is o r ie n t a t io n h a s d ia m e t e r 2 .
W h e n p = 1 1 , we fo llo w t h e o r ie n t a t io n F ′ d e s c r ib e d a b o ve e xc e p t fo r ( v) . In
t h is c a s e , V ( K ′ ) = {v8, v9, v10, v11} a n d we o r ie n t v8 → {v9, v10}, v9 → {v10, v11},
v10 → v11 a n d v11 → v8. In t h is c a s e , v9 → v10 → v3, v11 → v8 → v3 a n d
d( v10, v9 ) = 2 s in c e v10 → v1 → v9. It is n o w c le a r t h a t t h is o r ie n t a t io n h a s
d ia m e t e r 2 .
Th is c o m p le t e s t h e p r o o f o f t h e p r o p o s it io n .
¤
S o fa r , we h a ve o b t a in e d α = 4 q fo r q = 1 , 2 , 3 . In t u it ive ly, it is c le a r t h a t wh e n
q is la r g e , a n aver age o f 4 e d g e s in c id e n t wit h e a c h ui is in s u ffi c ie n t t o e n s u r e
t h a t t h e r e s u lt in g g r a p h h a s a n o r ie n t a t io n o f d ia m e t e r 2 . Th e va lu e o f α d e p e n d s
ve r y m u c h o n t h e va lu e o f q a n d t h u s , h e n c e fo r t h , we will d e n o t e α a s α ( q ) . In
wh a t fo llo ws , we s h a ll c o n s id e r q t o b e a r b it r a r ily la r g e a n d t h e va lu e o f p t o b e
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c o m p a r a b le t o t h a t o f q. W e will p r o vid e a n o r ie n t a t io n o f s o m e G ∈ G n, wit h
d ia m e t e r 2 , wh e r e o n t h e aver age, e a c h ui is in c id e n t wit h a b o u t
q
2
e d g e s . Th is
im p lie s t h a t n is a p p r o xim a t e ly o f t h e o r d e r q ( q
2
) .
L e t u s fi r s t c o n s id e r t h e c a s e wh e n q is o d d a n d q ≥ 5 . L e t V ( Oq ) = {u1, u2, ..., uq}
a n d V ( Kp ) = { 1 , 2 , ..., p}. Or ie n t t h e e d g e s in Kp a s fo llo ws .
( a ) Fo r t h e e d g e s in t h e s u b g r a p h o f Kp in d u c e d b y { 1 , 2 , ..., q + 1 }, o r ie n t
( 1 ) i→ {i+ 1 , i+ 3 , ..., q + 1 } ∪ { 1 , 3 , ..., i− 2 } wh e n i is o d d ,
( 2 ) i→ {i+ 1 , i+ 3 , ..., q} ∪ { 2 , 4 , ..., i− 2 } wh e n i is e ve n ,
N o t e t h a t t h e o u t -s e t s o f 1 a n d q + 1 a r e {2 , 4 , ..., q + 1 } a n d { 2 , 4 , ..., q − 1 }
r e s p e c t ive ly.
( b ) Or ie n t { 1 , 3 , ..., q} → q + 2 → { 2 , 4 , ..., q + 1 }.
( c ) Or ie n t { 2 , 4 , ..., q + 1 } → {q + 3 , q + 4 , ..., p} → {1 , 3 , ..., q}.
( d ) Or ie n t {q + 4 , q + 5 , ..., p} → q + 2 → q + 3 .
( e ) Fo r t h e s u b g r a p h o f Kp in d u c e d b y {q + 3 , q + 4 , ..., p}, o r ie n t it s e d g e s s u c h
t h a t t h e s u b g r a p h h a s d ia m e t e r 2 .
B e fo r e we p r o c e e d , it is im p o r t a n t t o t a ke n o t e o f t h e fo llo win g o b s e r va t io n s fo r
t h e o r ie n t a t io n d e s c r ib e d in ( a ) .
( O1 ) If a ve r t e x x is s u c h t h a t x → {i, i + 1 }, wh e r e i = 1 , ..., q, t h e n d( x, i ) ≤ 2
fo r i = 1 , 2 , ..., q + 1 . Th e t a b le b e lo w s h o win g t h e o u t -s e t o f e a c h ve r t e x i,
i = 1 , 2 , ..., q + 1 , wh e n q = 5 illu s t r a t e s t h is o b s e r va t io n .
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V e r t e x i: Ou t -s e t o f i:
1 { 2 , 4 , 6 }
2 { 3 , 5 }
3 { 4 , 1 , 6 }
4 { 5 , 2 }
5 { 1 , 3 , 6 }
6 { 2 , 4 }
( O2 ) d( i, j ) ≤ 2 fo r i, j ∈ { 1 , 2 , ..., q + 1 } wit h i = j e xc e p t d( q + 1 , 1 ) . In d e e d ,
( 1 ) wh e n i is o d d ,


i→ j if j is e ve n , i+ 1 ≤ j ≤ q + 1 ,
i→ 1 → j if j is e ve n , 2 ≤ j ≤ i− 1 ,
i→ j − 1 → j if j is o d d , i+ 2 ≤ j ≤ q,
i→ j if j is o d d , 1 ≤ j ≤ i− 2 ;
( ii) wh e n i is e ve n ,


i→ j − 1 → j if j is e ve n , i+ 2 ≤ j ≤ q + 1 ,
i→ j if j is e ve n , 2 ≤ j ≤ i− 2 ,
i→ j if j is o d d , i+ 1 ≤ j ≤ q,
i→ q → j if j is o d d , i = q + 1 , 1 ≤ j ≤ i− 1 ,
q + 1 → 2 → j if j is o d d , 3 ≤ j ≤ q.
N e xt we d e s c r ib e t h e a r c s a d d e d b e t we e n Oq a n d Kp:
( i) ui → {i, i+ 1 } fo r i = 1 , 2 , ..., q ( t o t a l n u m b e r o f s u c h a r c s is 2 q ) ;
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( vi) fo r i = 3 , 4 , ..., q − 2 ,
1 . if i is e ve n , {i− 1 , i− 3 , ..., 3 , 2 }∪{i+ 2 , i+ 4 , ..., q− 1 , q+ 1 } → ui ( t o t a l
n u m b e r o f s u c h a r c s is q+1
2
) ;
2 . if i is o d d , {i − 1 , i − 3 , ..., 2 } ∪ {i + 2 , i + 4 , ..., q, q + 1 } → ui ( t o t a l
n u m b e r o f s u c h a r c s is q+1
2
) .




q ( q+ 5 ) .
W e s h a ll n o w p r o c e e d t o s h o w t h a t t h is o r ie n t a t io n d o e s h a ve d ia m e t e r 2 .
Or ie n t a t io n Ju s t ifi c a t io n
d ( u1, uj ) = 2 , u1 → 1 → u2. S e e ( iv) .
j ∈ { 2 , ..., q}. u1 → 2 → {u3, ..., uq−2, uq−1, uq}. S e e ( vi) ,( v) ,( iii) .
d ( u2, uj ) = 2 , u2 → 3 → u1. S e e ( ii) .
j ∈ { 1 , 3 , ..., q}. u2 → 2 → {u3, ..., uq−2, uq−1, uq}. S e e ( vi) ,( v) ,( iii) .
d ( uq−1, ui ) ≤ 2 , uq−1 → q → {u1, u2, ui}, fo r S e e ( ii) ,( iv) ,( vi) .
i ∈ {1 , ..., q − 2 , q}. i ∈ { 3 , ..., q − 2 }, i o d d .
uq−1 → q − 1 → {ui, uq}, fo r S e e ( vi) ,( iii) .
i ∈ { 3 , ..., q − 2 }, i e ve n .
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d( uq, ui ) ≤ 2 , uq → q + 1 → ui, fo r S e e ( ii) ,( vi) ,( v) .
i ∈ {1 , 2 , ..., q − 1 }. i ∈ { 1 , 3 , ..., q − 1 }.
uq → q → u2. S e e ( iv) .
d( ui, uj ) ≤ 3 W h e n i is o d d ,
i ∈ {3 , ..., q − 2 }, ui → i→ {u1, uq−1}. S e e ( ii) ,( v) .
j ∈ { 1 , ..., q}, j = i. ui → i+ 1 → {u2, uq}. S e e ( iv) ,( iii) .
ui → i→ uj, fo r j ∈ { 3 , ..., q − 2 }, S e e ( vi) .
j ≤ i− 2 , j o d d o r j ≥ i+ 1 , j e ve n .
ui → i+ 1 → uj, fo r j ∈ { 3 , ..., q − 2 }, S e e ( vi) .
j ≤ i− 1 , j e ve n o r j ≥ i+ 2 , j o d d .
W h e n i is e ve n ,
ui → i→ {u2, uq}. S e e ( iv) ,( iii) .
ui → i+ 1 → {u1, uq−1}. S e e ( ii) ,( v) .
ui → i→ uj, fo r j ∈ { 3 , ..., q − 2 }, S e e ( vi) .
j ≤ i− 2 , j e ve n o r j ≥ i+ 1 , j o d d .
ui → i+ 1 → uj, fo r j ∈ { 3 , ..., q − 2 }, S e e ( vi) .
j ≤ i− 1 , j o d d o r j ≥ i+ 2 , j e ve n .
d( ui, j ) ≤ 2 , S e e o b s e r va t io n ( O1 ) .
i ∈ {3 , ..., q − 2 },
j ∈ { 1 , ..., q + 1 }.
d( ui, q + 2 ) ≤ 2 , If i is e ve n , ui → i+ 1 → q + 2 . S e e ( b ) .
i ∈ {3 , ..., q − 2 }. If i is o d d , ui → i→ q + 2 .
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d( ui, j ) ≤ 2 , If i is e ve n , ui → i→ j. S e e ( c ) .
j ∈ {q + 3 , ..., p}. If i is o d d , ui → i+ 1 → j.
d( 1 , ui ) ≤ 2 , 1 → q + 1 → u1. S e e ( a 1 ) ,( ii) .
j ∈ { 1 , ..., q}. 1 → u2. S e e ( iv) .
1 → 2 → uj fo r j ∈ { 3 , ..., q}. S e e ( a 1 ) ,( vi) ,( v) ,( iii) .
d( 2 , uj ) ≤ 2 , 2 → 3 → u1. S e e ( a 2 ) ,( ii) .
j ∈ { 1 , ..., q}. 2 → q → u2. S e e ( a 2 ) ,( iv) .
2 → uj fo r j ∈ { 3 , ..., q}. S e e ( vi) ,( v) ,( iii) .
d( q, uj ) ≤ 2 , q → {u1, u2}. S e e ( ii) ,( iv) .
j ∈ { 1 , ..., q}. q → q + 1 → uj fo r j ∈ { 3 , ...q − 2 }. S e e ( a 1 ) ,( vi) .
q → 3 → {uq−1, uq}. S e e ( a 1 ) ,( iii) ,( v) .
d( q + 1 , uj ) ≤ 2 , q + 1 → uj fo r j ∈ {1 , 3 , ..., q − 1 }. S e e ( ii) ,( vi) ,( v) .
j ∈ { 1 , ..., q}. q + 1 → q − 1 → {u2, uq}. S e e ( a 2 ) ,( iv) ,( iii) .
d( i, uj ) ≤ 2 , W h e n i is o d d ,
i ∈ { 3 , ..., q − 1 }, i→ {u1, uq−1}. S e e ( ii) ,( v) .
j ∈ { 1 , .., q}. i→ i+ 1 → {u2, uq}. S e e ( a 1 ) ,( iv) ,( iii) .
i→ q + 1 → uj fo r j ∈ { 3 , ..., q − 2 }. S e e ( a 1 ) ,( vi) .
W h e n i is e ve n ,
i→ i+ 1 → u1. S e e ( a 2 ) ,( ii) .
i→ {u2, uq}. S e e ( iv) ,( iii) .
i→ i+ 1 → uq−1 ( fo r i = q − 1 ) . S e e ( a 2 ) ,( v) .
q − 1 → 2 → uq−1. S e e ( a 2 ) ,( v) .
i→ 2 → uj, fo r j ∈ {3 , ..., q − 2 }. S e e ( a 2 ) ,( vi) .
2 0 7
d( i, j ) ≤ 2 , S e e o b s e r va t io n ( O2 ) , e xc e p t d( q + 1 , 1 ) .
i ∈ {1 , ..., q + 1 }, q + 1 → q + 3 → 1 S e e ( c ) .
j ∈ { 1 , ..., q + 1 }, i = j.
d( i, q + 2 ) ≤ 2 , If i is o d d , i→ q + 2 . S e e ( b ) .
i ∈ {1 , ..., q + 1 }. If i is e ve n a n d i = q + 1 , i→ q → q + 2 . S e e ( a 2 ) ,( b ) .
q + 1 → q + 4 → q + 2 . S e e ( c ) ,( d ) .
d( i, j ) ≤ 2 , If i is e ve n , i→ j. S e e ( c ) .
i ∈ {1 , ..., q + 1 }, If i is o d d , i→ q + 1 → j. S e e ( a 1 ) ,( c ) .
j ∈ {q + 3 , ..., p}.
d( q + 2 , uj ) ≤ 2 , q + 2 → q + 1 → {u1, uq−1}. S e e ( b ) ,( ii) ,( v) .
j ∈ { 1 , 2 , q − 1 , q}. q + 2 → 4 → u2. S e e ( b ) ,( iv) .
q + 2 → 2 → uq. S e e ( b ) ,( iii) .
d( q + 2 , uj ) ≤ 2 , q + 2 → 2 → uj. S e e ( b ) ,( vi) .
j ∈ { 3 , ..., q − 2 }.
d( q + 2 , j ) ≤ 2 , If j is e ve n , q + 2 → j. S e e ( b ) .
j ∈ { 1 , ..., q + 1 }. If j is o d d a n d j = 1 , q + 2 → 2 → j. S e e ( b ) ,( a 2 ) .
If j = 1 , q + 2 → q + 3 → 1 . S e e ( d ) ,( c )
d( q + 2 , j ) ≤ 2 , q + 2 → 2 → j. S e e ( b ) ,( c ) .
j ∈ {q + 3 , ..., p}.
d( i, uj ) ≤ 2 , i→ 3 → {u1, uq−1, uq}. S e e ( c ) ,( ii) ,( v) ,( iii) .
i ∈ {q + 3 , ..., p}, i→ q → u2. S e e ( c ) ,( iv) .
j ∈ { 1 , 2 , q − 1 , q}.
2 0 8
d ( i, uj ) ≤ 2 , If j is e ve n , i→ 3 → uj. S e e ( c ) ,( vi) .
i ∈ {q + 3 , ..., p}, If j is o d d , i→ q → uj. S e e ( c ) ,( vi) .
j ∈ {3 , ..., q − 2 }.
d ( i, j ) ≤ 2 , If j is o d d , i→ j. S e e ( c ) .
i ∈ {q + 3 , ..., p}, If j is e ve n , i→ j − 1 → j. S e e ( c ) ,( a 1 ) .
j ∈ {1 , ..., q + 1 }.
d ( i, q + 2 ) ≤ 2 , {q + 4 , ..., p} → q + 2 . S e e ( d ) .
i ∈ {q + 3 , ..., p}. q + 3 → q → q + 2 . S e e ( c ) ,( b ) .
d ( i, j ) ≤ 2 , B y o u r o r ie n t a t io n . S e e ( e ) .
i ∈ {q + 3 , ..., p},
j ∈ {q + 3 , ..., p}, j = i.
Th u s we h a ve s h o wn t h a t wh e n q ( o d d ) is la r g e a n d p ≥ q+ 7 , t h e r e e xis t s G ∈
G n, wh e r e n =
1
2
q ( q + 5 ) , s u c h t h a t
−→
d ( G) = 2 . Th is p r o vid e s u s wit h a n u p p e r
b o u n d fo r α ( q ) fo r a n y a r b it r a r y va lu e o f q.
W h e n q is e ve n a n d q ≥ 6 , c o n s id e r t h e fo llo win g o r ie n t a t io n o f G ∈ G n, wh e r e
n = 1
2
( q + 2 ) 2. W e a g a in le t V ( Oq ) = {u1, u2, ..., uq} a n d V ( Kp ) = {1 , 2 , ..., p}.
Or ie n t t h e e d g e s in Kp a s fo llo ws .
( a ) Fo r t h e e d g e s in t h e s u b g r a p h o f Kp in d u c e d b y { 1 , 2 , ..., q + 1 }, o r ie n t
( 1 ) i→ {i+ 1 , i+ 3 , ..., q} ∪ { 1 , 3 , ..., i− 2 } wh e n i is o d d ;
( 2 ) i→ {i+ 1 , i+ 3 , ..., q + 1 } ∪ { 2 , 4 , ..., i− 2 } wh e n i is e ve n .
N o t e t h a t t h e o u t -s e t s o f 1 a n d q + 1 a r e {2 , 4 , ..., q} a n d {1 , 3 , ..., q − 1 }
r e s p e c t ive ly.
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( b ) Or ie n t { 1 , 3 , ..., q + 1 } → q + 2 → { 2 , 4 , ..., q};
( c ) Or ie n t { 2 , 4 , ..., q} → {q + 3 , q + 4 , ..., p} → {1 , 3 , ..., q + 1 };
( d ) Or ie n t q + 2 → {q + 3 , q + 4 , ..., p};
( e ) Fo r t h e s u b g r a p h o f Kp in d u c e d b y {q + 3 , q + 4 , ..., p}, o r ie n t it s e d g e s s u c h
t h a t t h e s u b g r a p h h a s d ia m e t e r 2 .
N e xt we d e s c r ib e t h e a r c s a d d e d b e t we e n Oq a n d Kp:
( i) ui → {i, i+ 1 } fo r i = 1 , 2 , ..., q ( t o t a l n u m b e r o f s u c h a r c s is 2 q ) ;








( iv) {1 , 4 , 6 , ..., q, q − 1 } → u2 ( t o t a l n u m b e r o f s u c h a r c s is
q
2
+ 1 ) ;
( v) {q + 1 , q − 2 , q − 4 , ..., 2 , 3 } → uq−1 ( t o t a l n u m b e r o f s u c h a r c s is
q
2
+ 1 ) ;
( vi) fo r i = 3 , 4 , ..., q − 2 ,
1 . if i is e ve n , {i− 1 , i− 3 , ..., 3 , 2 }∪ {i+ 2 , i+ 4 , ..., q} → ui ( t o t a l n u m b e r
o f s u c h a r c s is q
2
) ;
2 . if i is o d d , {i − 1 , i − 3 , ..., 2 } ∪ {i + 2 , i + 4 , ..., q − 1 , q} → ui ( t o t a l
n u m b e r o f s u c h a r c s is q
2
) .
It is e a s ily c h e c ke d t h a t t h e t o t a l n u m b e r o f a r c s a d d e d is 2 q+q ( q
2
) + 2 = 1
2
( q+ 2 ) 2.
Th e a b o ve o r ie n t a t io n is ve r y s im ila r in d e s ig n t o t h e o n e u s e d wh e n q is o d d . It c a n
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a ls o b e s h o wn in a s im ila r fa s h io n t h a t it s d ia m e t e r is 2 . Th e d e t a ils a r e o m it t e d
h e r e .
In c o n c lu s io n , t h e la s t t wo o r ie n t a t io n s p r o vid e d in t h is s e c t io n g ive a n u p p e r
b o u n d fo r α ( q ) ( ≈ 1
2
q2 ) wh e n q c a n b e a r b it r a r ily la r g e b u t we r e qu ir e t h a t p is a ls o
‘la r g e e n o u g h ’. It is n o t kn o wn wh e t h e r t h is b o u n d is s h a r p , b u t t h e a u t h o r b e lie ve s
t h a t it is u n like ly t h a t α ( q ) c a n b e e xp r e s s e d a s a fu n c t io n o f q in c lo s e d fo r m . A
n a t u r a l p r o b le m t o fo llo w wo u ld b e a t t e m p t in g t o lo we r t h e b o u n d o b t a in e d in t h is
e xe r c is e .
Th e fo llo win g t h e o r e m s u m m a r iz e s t h e r e s u lt s o b t a in e d in t h is s e c t io n :
T heor em 4.3.6 L e t G n b e t h e fa m ily o f g r a p h s o b t a in e d wh e n n e d g e s a r e a d d e d
b e t we e n Kp a n d Oq,
−→
d ( n ) = m in {
−→
d ( G) |G ∈ G n} a n d α = m in {n|
−→





= 4 q if q = 1 , 2 , 3 ;
≤ 1
2
q ( q + 5 ) if q is o d d a n d a r b it r a r ily la r g e ;
≤ 1
2
( q + 2 ) 2 if q is e ve n a n d a r b it r a r ily la r g e .
N o t e t h a t t h e t wo u p p e r b o u n d s a b o ve fo r a n y a r b it r a r ily la r g e q is c o n d it io n e d o n




A linear programming problem is a n o p t im iz a t io n p r o b le m fo r wh ic h we d o t h e
fo llo win g :
( 1 ) W e a t t e m p t t o m a xim iz e ( o r m in im iz e ) a linear fu n c t io n o f t h e d e c is io n va r i-
a b le s . Th e fu n c t io n t h a t is t o b e m a xim iz e d o r m in im iz e d is c a lle d t h e objec-
tive function.
( 2 ) Th e va lu e s o f t h e d e c is io n va r ia b le s m u s t s a t is fy a s e t o f constraints. E a c h
c o n s t r a in t m u s t b e a lin e a r e qu a t io n o r lin e a r in e qu a lit y.
A min-max p r o b le m is a c la s s o f o p t im iz a t io n p r o b le m s wh e r e t h e o b je c t ive
fu n c t io n is o f t h e t yp e
Min im iz e Ma xim u m {f1 ( c1, ..., cn ) , f2 ( c1, ..., cn ) , ..., fm ( c1, ..., cn ) },
wh e r e c1, ..., cn a r e t h e d e c is io n va r ia b le s o f t h e p r o b le m a n d fi, i = 1 , ...,m a r e
lin e a r fu n c t io n s o f t h e va r ia b le s c1, ..., cn. Th e m in -m a x p r o b le m a ls o c o m e s wit h
a s e t o f k c o n s t r a in t s , wh ic h is u s u a lly a s e t o f lin e a r in e qu a lit ie s ( o r e qu a t io n s ) a s
fo llo ws :
a11c1 + a12c2 + ...+ a1ncn ≤ b1;






ak1c1 + ak2c2 + ...+ akncn ≤ bk,
wh e r e a11, a12, ..., akn, b1, b2, ..., bk a r e r e a l n u m b e r s .
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n ) is s a id t o b e a n optimal solution o f t h e m in -m a x
p r o b le m if it s a t is fi e s t h e s e t o f c o n s t r a in t s a b o ve a n d is s u c h t h a t








n ) } ≤ m a x{f1 ( c1, ..., cn ) , ..., fm ( c1, ..., cn ) }
fo r a n y ( c1, ..., cn ) t h a t a ls o s a t is fy t h e s e t o f c o n s t r a in t s .
S in c e t h e o b je c t ive fu n c t io n d o e s n o t fi t in t o t h e s t a n d a r d lin e a r p r o g r a m -
m in g s e t t in g , we n e e d t o reformulate t h e m in -m a x p r o b le m in t o a s t a n d a r d lin e a r
p r o g r a m m e b e fo r e t h e s t a n d a r d m e t h o d s o f h a n d lin g lin e a r p r o g r a m m e s c a n b e
a p p lie d . Th is r e fo r m u la t io n in vo lve s t h e in t r o d u c t io n o f a n auxiliary variable z t o
r e p r e s e n t t h e m a xim u m va lu e a m o n g t h e m fu n c t io n s ,
z = m a x{f1, f2, ..., fm}.
In t r o d u c in g t h is a u xilia r y va r ia b le e n a b le s u s t o h a ve t h e fo llo win g r e fo r m u la t io n :
Min im iz e z ( o b je c t ive fu n c t io n )
s u b je c t t o t h e fo llo win g c o n t r a in t s :
fi ( c1, ..., cn ) ≤ z; fo r i = 1 , 2 , ...,m
a11c1 + a12c2 + ...+ a1ncn ≤ b1;






ak1c1 + ak2c2 + ...+ akncn ≤ bk.
In S e c t io n 3 .5 , t h e d is c u s s io n le a d in g u p t o P r o p o s it io n 3 .5 .1 r e s u lt e d in u s
wa n t in g t o e va lu a t e t h e fo llo win g







m a x{L1, L2, L3, L4, L5, L6},
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wh e r e
L1 = p+ y2 + x− 1 , L2 = p+ y1 + x− 1 ,
L3 = q + y1 + y2 − 1 , L4 = ( p− y1 ) + ( q − x ) + y2 + 1 ,
L5 = ( p− y2 ) + ( p− y1 ) + x+ 1 , L6 = ( p− y2 ) + ( q − x ) + y1 + 1 .
Fo r s o m e fi xe d p a n d q ≥ p, t h is is in d e e d a m in -m a x o p t im iz a t io n p r o b le m
wit h d e c is io n va r ia b le s x, y1 a n d y2. B y r e fo r m u la t in g t h is p r o b le m in t h e wa y
d is c u s s e d a b o ve , we h a ve t h e fo llo win g lin e a r p r o g r a m m e .
Min im iz e z
s u b je c t t o
p+ y2 + x− 1 ≤ z;
p+ y1 + x− 1 ≤ z;
q + y1 + y2 − 1 ≤ z;
( p− y1 ) + ( q − x) + y2 + 1 ≤ z;
( p− y2 ) + ( p− y1 ) + x+ 1 ≤ z;
( p− y2 ) + ( q − x) + y1 + 1 ≤ z;
−x ≤ −2 ( s in c e x ≥ 2 ) ;








 fo r i = 1 , 2 .
B y fi xin g p a r t ic u la r va lu e s fo r p a n d q, a n d t h e n r u n n in g t h e a b o ve lin e a r p r o -
g r a m m e in a p o p u la r lin e a r p r o g r a m m in g s o ft wa r e p a c ka g e like L IN D O, we we r e
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a b le t o o b t a in o p t im a l s o lu t io n s x∗, y∗1 a n d y
∗
2 fo r a n y fi xe d p a n d q. B y le t t in g p
a n d q va r y a n d t h e n o b s e r vin g h o w t h e o p t im a l s o lu t io n s o b t a in e d c h a n g e s wit h
d iffe r e n t va lu e s o f p a n d q, we we r e a b le t o d e r ive t h e a c t u a l e xp r e s s io n s fo r x∗, y∗1
a n d y∗2 in t e r m s o f p a n d q. Th e s e va lu e s o f x
∗, y∗1 a n d y
∗
2 we r e t h e n t e s t e d fo r t h e ir
o p t im a lit y a s s h o wn in S e c t io n 3 .5 .
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